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Introduction. In their study of the calculus of variations in the large [36; 37],! 
in particular, of the existence of geodesics on a surface of the topological type 
of the sphere, Lusternik and Schnirelmann were led [38; 39; 40; 42] to introduce 
new topological invariants—the category and the combinatorial or homology 
(mod 2) category. The réle of the homology category was to furnish a medium 
for the application of homology theory to the calculation of the category of 
manifolds. 

Although the category occupies a unique place in the theory of the calculus 
of variations in the large—a place which invites further study—it is not to this 
application that this investigation is directed. My principal objective is to 
study the relationships between the categories and the standard topological in- 
variants (homology and homotopy groups, homotopy type, etc.). This is a 
particularly interesting view-point, first noted by Borsuk [14], because the 
categories seem to have a large measure of independence from these invariants. 

The carrying out of this program is greatly facilitated by ‘‘dimensionalization”’ 
of the categories. It is reasonable to expect that such an analysis of the cate- 
gories should prove to be a useful tool. This dimensionalization is relatively 
easy to carry out in the case of homology category and has been implicitly 
indicated by Eilenberg [20, p. 187]; in the case of the homotopy category it is 
necessary to define an “n-dimensional homotopy.” It is hoped that this dimen- 
sionalized homotopy will be of much wider use than in the study of category. 
There is a strong analogy between the homotopy categories and the homotopy 
groups, and between the homology categories and the homology groups. 

In Chapter 1, I redefine the category, making use of open, instead of the 
previously used closed, coverings. This is by no means a trivial change. The 
old definition, as Borsuk [14] has observed, applies to any topological space, 
while the new definition is not so generally applicable. A little reflection will 
convince one that those places for which the new definition fails are of little 
interest in connection with category. Furthermore, the new definition is readily 
susceptible to the dimensionalization mentioned above. Chapter 1 is written 
: such a way that the results are valid for the categories defined in Chapters 

and 3. 

In Chapter 2, I define homotopy in dimension n and introduce the corresponding 
n-dimensional category. Relations between category, n-dimensional category, 


‘The numbers in brackets refer to the bibliography at the end of the paper. 
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and various classical invariants are developed. Chapter 3 is devoted to the 
homology categories. 

In Chapter 4, I consider invariants which I call the strong categories. The 
strong homotopy category was defined implicitly by Borsuk [15]. Just as in 
the case of the categories, a strong category is defined for each*of the relations: 


homology in dimension n, homology 


homotopy in dimension n, homotopy. 


The strong categories exhibit a much greater degree of independence than the 
categories; for instance, they are not dependent on either the categories, the 
homotopy type, or deformation retraction. Whether these independencies hold 
over the class of manifolds is an open and vital question. 

Finally, in Chapter 5, I indicate some extensions of the notion of category; in 
particular a connection between the categories and the multicoherence. 

In addition to new results on category many of the previous results have been 
extended, deepened, and recast. 

I have intended this paper to be definitive; I believe that almost all previous 
results (except applications to calculus of variations and differential geometry) 
have been included. The bibliography is believed to be complete. Professors 
Lefschetz and Hurewicz have made many kind suggestions and criticisms. 
Their inspiration has been invaluable. 


I. Homotopy CATEGORY 


1. Definitions. Let X and M be separable, metric spaces’ and let fy and fi 
be mappings’ « M*. The mappings fy and f, are said to be homotopic in M, 
written fo ~ f, in M, if there is a mapping f e M**"" such that f(z, 0) = folz) 
and f(z, 1) = fi(z) for every eX. Sueh a mapping f is called a homotopy 
between fo and f:. In general it is important to know in what space a given 
homotopy occurs, because a mapping space K* is considered (in an obvious way) 
as a subspace of M* whenever K C M. If there is no danger of confusion the 
phrase “in M” may be omitted. 

When X C M, X is said to be deformable in M into Y C M if there is a map- 
ping fo « Y* which is homotopic in M to f,; = 1, the identity’ mapping of X. 
A homotopy between fo and 1 is called a deformation of X into Y. 

If there is a point m e M such that X can be deformed in M into m then the 
set X is said to be contractible in M. Thus X is contractible in M when the 
identity mapping f; of M* is homotopic to a constant® mapping fo of M*. A 
deformation of X into m is called a contraction of X in M. 

A subset A of M will be called a categorical subset of M if there is an open 


2 In this paper only separable metric spaces will be considered. 

3 By a mapping of MX is meant a continuous function defined on X with values in M. 

‘ An identity mapping of X is the function defined by f(z) = x for every 2 « X. 

5 A constant mapping fo is defined by fo(x) = m for every x ¢ X. It is sometimes con- 
venient to confuse the mapping fo and the point m e M. 
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set U of M which contains A and is contractible in M. Since any subset of a 
set contractible in M is itself contractible in M every categorical subset of M 
is contractible in M; the converse is not true. A covering of X by categorical 
subsets of M will be called a categorical covering of X in M. We shall denote 
the collection of categorical coverings of X in M by Cy(X). 

For any covering o of some space let us denote by | «| the number of sets of o. 
The category, cata X, of X in M is here® defined to be the smallest of the cardinal 
numbers |o | as o ranges over Cy(X). A categorical covering o of X in M 
will be said to be minimal if |o| = caty X. 


2. The Basis for Abstraction. Many theorems on category do not utilize 
fully the special character of the relation of homotopy. In the present chapter 
results of this type will be developed. For this purpose I shall write < for any 
relation of equivalence (i.e. one which is symmetric, reflexive and transitive) 
which has the following properties: 

(2.1). If fo<+ fi in K then fo < f; in M for every M which D K. 

(2.2) If ¢ and X” and fy and f, M~ are such that ¢o and fy f,, 
then <> fidr « 

(2.3) If A and B are mutually separated,’ M arewise connected and fy and 
fieM*™” such that fo| A of, | A and fo| Bof,| Bthenfro fi. 

(2.4) If fo and f,¢M™~ such that fo <@ fi and if 2 and 2 ¢X are such that 
fo(ao) and fi(ao) belong to an are of M then fo(2:) and fi(x1) also belong to an 
are of M. 

(2.5) Ifd;and Mz‘ (¢ = 1, 2) such that ¢ and then 
where = , and = (y , M* and X = X, X X,and M = M, X 

The relation h (homotopy) has these properties. Later we shall meet rela- 
tions h, (homotopy in dimension n), H (homology) and H, (homology in dimen- 
sion n) which also have these properties. In the remainder of this chapter 
(till §13) the definitions in §1 of deformation, contraction and category are to 
be read in the sense that the underlying equivalence relation is any predeter- 
mined <>. In particular, < may be h, ha, H or H,. 

Two consequences of (2.2) are sufficiently important to be explicitly pointed 
out: 

(2.6) If fo and f, eM* such that fy fy and A C X then fy| A A. 
(2.7) The relation < is a topological invariant. 

To demonstrate (2.6) choose P = A C X and ¢% = ¢: = identity mapping 

ofA. Then fodo = fo| A and fd: = fi| A. The proof of (2.7) is trivial. 


* This definition is applicable only to spaces X, M which have the property that every 
point of X is a categorical subset of X in M. This restricts the range of the definition 
from the generality of the definition used by Borsuk [14]. Moreover, even when they both 
apply , they need not be the same. However, as we shall see later, the definitions coincide 
in the important case that M is an absolute neighborhood retract, (see §14). 


"Spaces X and ¥ are said to be mutually separated if they are disjoint and open in their 
union X + Y, 
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From now on we assume that C(M) is not vacuous; this condition is satisfied, 
for instance, when M is locally contractible. 


3. Elementary Relations. The function caty X is an increasing function of 
X and a decreasing function of M in the following sense: 

(3.1) If X CY then caty X S caty Y. If M is open in N then caty X > 
caty X. 

The proof is obvious. 

Let o and o’ be two coverings. I shall say that o is a precise refinement of 

o’ if there is a (1, 1) correspondence between the sets of o and o’ such that 
every set of o is contained in the corresponding set of o’. 
(3.2) There is always a minimal covering belonging to Cu(X) which is open. 
If X is closed and cat X is finite there is a closed minimal covering « Cy(X). If 
X is closed and M is a complex* there is a closed minimal covering € C y(X) whose 
sets are subcomplex of M in a certain subdivision.° 

For every categorical covering of X in M is a precise refinement of an open 
categorical covering. Every finite open categorical covering has a closed 
categorical precise refinement. If M is a complex it may be subdivided so fine 
that every simplex is contained in at least one of the sets of a preassigned open 
categorical covering. 

It is easy to verify that 
(3.3) If X is compact, caty X is finite. 


4. Further Elementary Relations. There is a “triangle inequality” for 
category: 
(4.1) For any collection of subsets of M, catw (>, Xa) S caty X 

If, for each a the covering 4 belongs to Cy(X.q) then the covering ¢ of )> Xa 
which consists of all the sets of all the c4’s is a covering belonging to Cu(>, X«). 
Clearly, |o| = >>| 
(4.2) If M is arcwise connected and X and Y are mutually separated’ then 
caty (X + Y) = max {caty X, caty Y}. 

Since M is completely normal, X and Y are contained in disjoint open sets 


8 In this paper complexes are understood to be finite. 

* But there is no integer k such that there is always a closed minimal covering ¢Cu(X) 
whose sets are subcomplexes of M in the kt* subdivision. Let X = M be the 2-dimensional 
Mobius strip mod m, Mj, , [2, chapters IV, V, VI, Anhang, 12] obtained from a triangulated 
pseudoprojective space, Pi, , by removing the interior of a 2-simplex, Q. The category of 
M is clearly 2. The required number, k, of subdivisions of M must be so large that each 

1-simplex of the boundary of Q is subdivided into at least 2m/3 1-simplexes. Thus 2* 
must be 2 2m/3 so that k must be = log, 2/3 + log: m. 

This example, kindly shown to me by S. Eilenberg, was constructed by Eilenberg and 
J. H. C. Whitehead, to answer the following question of H. Hopf: Can one find, for every 
integer j, a multicoherent complex which is “simplicially” unicoherent in the j* subdivi- 
sion? The complex M3, has this property with j the largest integer in log: 2/3 + logy. 

It would be interesting to investigate these problems further; especially with the added 
restriction that the complex M be a manifold. 
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U and V respectively. Let o be a categorical covering of X in M by open sets 
of U and o’ a categorical covering of Y in M by open sets of V. The covering 
a of X and Y whose sets are unions of pairs of sets, one from ¢ and one from o’, 
is open and, by (2.3), belongs to Cu(X + Y). But o” contains a subcovering 
for which | | = max {|@|, | o’ |}. Thus caty (X + Y) S max {caty X, 
caty Y}. But, by (8.1), cat (X + Y) 2 max {caty X, caty Y}. 

A space M will be said to be a divisor of a containing space N if for any space 
X and mappings f and g « M* the homotopy of f and g in N implies their homot- 
opy in M. For example a retract [6] M of N is a divisor of N, by (2.2). 

(4.3) If M is a divisor of N then caty X S caty X. 

For a categorical subset of X in N, which is C M is then a categorical subset 
of X in M. 

(4.4) If M, and Mz are mutually separated and X C M, then catu,im, X = 
cat 

For M, is a retract of M, + Mz and is open in M, + M,. 

(4.5) If X = Xi + X2:, M = M, + M2 and Xi C M,, X2 C Mz where M, 
and M; are mutually separated then caty X = caty, X: + caty, Xe. 

By (2.4), every categorical subset of X in M is a categorical subset of either X, 
or X,in M. Hence, caty X1 + caty X2 S caty X. But, by (4.1), caty X S 
caty + caty X2 so that caty X = caty Xi + caty X2. By (4.4), caty X; = 
caty, X; and caty X2 = caty, Xe. 

If M is locally arewise connected, so that the components of M are open, 
then, by an extension of (4.5), catu X = >> caty, (X-M,), the summation 
extended over the components M; of M. Thus no generality is lost in the 
investigation of caty X if M is supposed connected (hence, arcwise connected). 
If one is willing to restrict oneself to locally connected X, it follows in the same 
way from (4.2) that no generality is lost if X is also assumed connected (hence 
arewise connected). 


5. Categorical sequences. I shall call a finite sequence {A,, As,---, 
A, = X} of closed subsets of X a categorical sequence for X in M if Ay C Arc 
C A,,and if As — Ai, +--+ , Ax — Axa are categorical subsets of M. 
The length of a categorical sequence {A;, Az, +--+ , Ax} isk. 

TaroreM 5.1. If M is arewise connected and caty X is finite then caty X is 
the minimum of the lengths of the categorical sequences for X in M. Furthermore, 
if X is finite dimensional, a categorical sequence {A,, Ao, --+ , Ax} of minimum 
length can be chosen so that 


dim A; < dim A, < --- < dim Ax. 


First we prove that if {A,,---, Ax} is a categorical sequence for X in M 
then caty X < k. This is obvious for k = 1; suppose that it has been proved 
fork Sr — 1 and let Ao, --- , A,} be a categorical sequence for X in M. 


Since A is, by assumption, categorical in M there is an open set X, containing 
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A, which is contractible in M. It is easy to verify that {A2 — X,, A; — z. 

- , A, — Xi} is a categorical sequence for X — X, in M of lengthr — 1, By 
the induction hypothesis, caty (X — Xi) S$r—1. Hence, by (4.1) caty X < r, 
completing the induction. 

Next we prove that there is a categorical sequence for X in M of length < 
caty X. This is obvious for caty X = 1; suppose that it has been proved for 
caty X <r — 1 and let {X,, ---, X,} be an open minimal covering belonging 
to Cy(X). Denote by F; the set of points of X which belong to X; for j < i 
but not to X,; for 7 > 7. Thus the sets F; are closed in X. Since F; and X ~ 
X, are closed disjoint sets of the normal space X, there is an open set G, of X 
such that F; C G, and G,.(X — X,) = 0. If X is finite dimensional, G, can be 
chosen so that dim X-(G, — G,) < dim X. 

Suppose we have constructed 7 — 1, open sets G, , --- , G;. of X such that, 
fort Sj — 1, 

(5.2) G; F; 4. Gi-1), and 
(5.3) G;.(X — = 0, 
and, if X is also finite dimensional, dim X-(G; — G;) < dim X. 

The sets X — X; and F; — )oic;G; are closed in X. Since (G; + --- + 

G;-2) Gj j-1 we have 


(F; — 2) Gi).(X — Xj) C (Fj — Fja)-(X — Xj) CX;-(X — = 0. 
i<i 


Hence there is an open set G; of X containing F; — >>:<; G; and such that 
G;-(X — X,;) = 0. Thus we construct inductively r open sets Gy, --- , G; 
which satisfy (5.2) and (5.3) for every 7 S r. If X is finite dimensional, 
dim X ., (G; — Gi) < dim X. 
Since G, — — Fy CX, +.--. + X,, it follows, by (5.3), that 
- +X, 

so that the category of }°i<, (Gi — G;) in Mis S$ r — 1. Hence, by the induc- 
tion hypothesis, there is a categorical sequence {A;, --- , Axa} for (Gi 
G;) in M whose length k — lis S r — 1. 

Since X- ic, (G; — G,) is closed in X, the sets X-A; are closed in X. In 
order to show that {|X-A,,---, X-A,x 1, X} is a categorical sequence for X in 
M it remains only to show that X — X-A,_; is categorical in M. But X - 
X-Apa = X — X-Diic, (G; — G) is open in X and every component is con- 
tained in one of the sets G; C X;. Since each X; is contractible in M it follows 
from (3.1) and (4.2) that X — X-Aj,_; is categorical in M. 

If X is finite dimensional the last statement of the theorem follows induc- 
tively from the possibility of choosing the G’s in such a way that dim X- 
Dis-(G; Gi) < dim X. 

From theorem 5.1 we can quickly deduce the Lusternik-Schnirelmann- 
Borsuk theorem, [14, Satz 4; 18; 40, p. 33; 42, p. 132]. 

(5.4) If M is arewise connected and caty X is finite then caty X < 1+ dim Xx. 

If X is not finite dimensional there is nothing to prove. For finite dimensional 
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X this is an immediate consequence of the existence of a categorical sequence of 
minimum length whose sets are of increasing dimension. 


6. A property of minimal coverings. If M is arecwise connected and the 
finite covering o of X by open sets of M is a minimal categorical covering of X in 
M then 
a) the nerve of « is a simplex and the image of X under the Alexandroff mapping” 
intersects every open face of this simplez. 

b) The distributive lattice generated by the sets of o, under the operations of union 
and intersection, is free.” 

Let o = {X;, --- , Xx} be an open minimal categorical covering of X in M. 
Since X is normal there is a closed covering {Wi,---, Wx} with W; C X,, 
(3.2). Let T;,7 = 1, +++, k, denote the set of points of X which belong to at 
least k — 7 + 1 of the sets W,,---,W;. Using (4.2) it is not difficult to see 
that {72 — T1,--+-, Tx — Ti} is a categorical sequence for X — 7) in M so 
that catw (X — T;) S$k-—1. Since caty X = k by hypothesis, 7; ~ 0. Hence 
X,-X_--- X; ¥ 0, ie. the nerve of o is a simplex (of dimension k — 1). 

The inverse images of the open faces of this simplex under the Alexandroft 
mapping are the sets X;,-Xi, --- Xi; — >’ X:,i Sj S k, where the summation 
extends over 7 It is to be shown that no such set is vacuous. 
Suppose, for example, that X,--- X; C + --- + Choose a closed 
covering {W,,--- , Wi} which is a precise refinement of o, with W; C X;. 

The j closed sets W; — (Xja1 +--+» + X;), i = 1,---, 7, have a vacuous 
intersection; hence we may choose open sets U’,, --- , U;, satisfying 


U;-U,--- = 0 and W; +X) CU; 


Let o’ = {U,, U2, +995 U;, X j41, cee, X;}. Then | a’ | =k= caty X, 
so that o’ is a minimal covering of Cy(X). On the other hand U;-U,--- Ui = 
0, so that the nerve is not a simplex. Hence the set X:--- X; — (Xjui + 
++» + X;) is not vacuous. 

To prove the second statement it is sufficient to show that a distributive lat- 
tice generated by elements X,,--- , Xz is free if no relation of the form 
+ Xj + = +--+ + Xe holds.” 


” By the Alexandroff mapping I mean here the one defined, say, in [30, p. 93]. 

“For the definition of distributive lattice the reader is referred to [5]. A distributive 
lattice is free if the only relations are those implied by the axioms for a distributive lattice. 

* A relation of the lattice is of the form 


Let X, --» X, be any product of shortest length in this relation and let Xi41, -++ , Xz be 
the rest of the elements. Then, adding + + X; to both sides, Xe + Xeyi 
t+ + Xe = Xu. +--+ + since every product, with the single exception of 
X;, contains at least one of the elements Xu1, Xe. 
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A, which is contractible in M. It is easy to verify that {A2 — X,, A; - Ki, 

. , A, — Xj} is a categorical sequence for X — X; in M of lengthr — 1, By 
the induction hypothesis, caty (X — X1) Sr—1. Hence, by (4.1) caty X <r, 
completing the induction. 

Next we prove that there is a categorical sequence for X in M of length < 
caty X. This is obvious for caty X = 1; suppose that it has been proved for 
caty X < r — 1 and let {X., --- , X,} be an open minimal covering belonging 
to Cy(X). Denote by F; the set of points of X which belong to X; for j < i 
but not to X; for 7 > 7. Thus the sets F; are closed in X. Since F; and X ~ 
X, are closed disjoint sets of the normal space X, there is an open set G, of X 
such that F; C G, and G,.(X — X) = 0. If X is finite dimensional, G, can be 
chosen so that dim X.(G, — G,) < dim X. 

Suppose we have constructed 7 — 1, open sets G,, --- , Gj; of X such that, 
fori Sj — 1, 

(5.2) G; D F; - (Gy eee + Gi), and 
(5.3) G(X — Xi) = 0, 
and, if X is also finite dimensional, dim X.(G; — G;) < dim X. 

The sets X — X; and F; — )oic;G; are closed in X. Since (G; +--+. + 

Gj-2) + Gj1 D F;j-1 we have 


(F; — 20 G).(X — X) — — X) CX;-(X X) =0. 
i<i 


Hence there is an open set G; of X containing F; — }>>,<;G@; and such that 
G;-(X — X,;) = 0. Thus we construct inductively r open sets Gi, ---, G, 
which satisfy (5.2) and (5.3) for every 7 S r. If X is finite dimensional, 
dim X vic, (Gi — Gi) < dim X. 
Since G; — G, CX, — F; CX, +... + X,, it follows, by (5.3), that 
2G — G) CX, +---+X,, 

so that the category of }0i<, (Gi — G;) in Mis < r — 1. Hence, by the induc- 
tion hypothesis, there is a categorical sequence {A;, --- , Axa} for )vicr (Gi - 
G;:) in M whose length k — lis S$ r — 1. 

Since X-}0i<, (G; — G,) is closed in X, the sets X-A; are closed in X. In 
order to show that {X-A,,--- , X-Ax_1, X} is a categorical sequence for X in 
M it remains only to show that X — X.A,_; is categorical in M. But X - 
X-Apa = X — X-DVoic, (Gi — G,) is open in X and every component is con- 
tained in one of the sets G; C X;. Since each X; is contractible in M it follows 
from (3.1) and (4.2) that X — X-A,_, is categorical in M. 

If X is finite dimensional the last statement of the theorem follows induc- 
tively from the possibility of choosing the G’s in such a way that dim X- 
Dis(G: — < dim X. 

From theorem 5.1 we can quickly deduce the Lusternik-Schnirelmann- 
Borsuk theorem, [14, Satz 4; 18; 40, p. 33; 42, p. 132]. 

(5.4) If M is arcwise connected and caty X is finite then caty X < 1+ dim X. 

If X is not finite dimensional there is nothing to prove. For finite dimensional 
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X this is an immediate consequence of the existence of a categorical sequence of 
minimum length whose sets are of increasing dimension. 


6. A property of minimal coverings. If M is arcwise connected and the 
finite covering « of X by open sets of M is a minimal categorical covering of X in 
M then 
a) the nerve of o is a simplex and the image of X under the Alexandroff mapping” 
intersects every open face of this simplex. 

b) The distributive lattice generated by the sets of o, under the operations of union 
and intersection, is free." 

Let o = {X,,---, Xx} be an open minimal categorical covering of X in M. 
Since X is normal there is a closed covering {Wi,---, Wx} with W; C X;, 
(3.2). Let T7;,7 = 1, --- , k, denote the set of points of X which belong to at 
least k — 7 + 1 of the sets W,,---, Wi. Using (4.2) it is not difficult to see 
that {72 — 71, +--+, Tx — Ti} is a categorical sequence for X — 7) in M so 
that caty (X — T7:) Sk —1. Since caty X = k by hypothesis, 7; ~ 0. Hence 
X,-X_--- X; ¥ 0, i.e. the nerve of ¢ is a simplex (of dimension k — 1). 

The inverse images of the open faces of this simplex under the Alexandroff 
mapping are the sets X;,-Xi, --- Xi; — hy X;,1 Sj S k, where the summation 
extends over 2 ¥ %1,%,-+--,%;. It is to be shown that no such set is vacuous. 
Suppose, for example, that X,--- X; C Xj4; + --- + X;. Choose a closed 


covering {W,,--- , Wx} which is a precise refinement of ¢, with W; C X;. 
The j closed sets W; — +--+ + Xi), = 1,--- , have a vacuous 
intersection; hence we may choose open sets U’,, --- , U;, satisfying 


Let o’ = {U,, U2, U;, X jy, Xx}. Then | a’ | =k= caty X, 
so that o’ is a minimal covering of Cy(X). On the other hand U;-U; --- Ux = 
0, so that the nerve is not a simplex. Hence the set X;--- X; — (Xiu + 
+ X;) is not vacuous. 

To prove the second statement it is sufficient to show that a distributive lat- 
tice generated by elements X,,--- , X, is free if no relation of the form 
Xj; + + Xe = Xin + holds.” 


” By the Alexandroff mapping I mean here the one defined, say, in [30, p. 93]. 

" For the definition of distributive lattice the reader is referred to [5]. A distributive 
lattice is free if the only relations are those implied by the axioms for a distributive lattice. 

* A relation of the lattice is of the form 


Let X, --- X, be any product of shortest length in this relation and let X141, -+- , Xz be 
the rest of the elements. Then, adding X141 + + Xz to both sides, Xe + 
+ Xe = Xu. +--+ since every product, with the single exception of 
Xi+-- X;, contains at least one of the elements Xe. 
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7. Deformation. Now I shall show that deformation can not lower the cate- 
gory. More precisely: 

TuroreM 7.1. If X is open in M and can be deformed in M into Y then 
caty X S caty Y. 

By hypothesis there is a mapping foe Y* such that fo <> 1|X in M. Let 
ao = {Y;} be an open contractible covering of Y in M, so that the covering 
fo'(c) = {fo'(Y)} = {X;} is open in X and hence in M. Since 1 | Y;@ con- 
stant, 1 | X; fo| X; constant. Thus X; is contractible so that fy'(c) « 
Cy(X). 

A property is said to be inductive [2, II, Anhang, 1] if, whenever each of a 
decreasing sequence of compact sets has the property, their intersection also 
has the property. 

(7.2) The property caty X = n for fixed M and compact X is inductive. 

To prove this it is sufficient, in view of (3.1), to show that ¢f {X;} 7s a sequence 
of subsets of M such that the closure of >> X; is compact then there is an integer 
iy such that caty X; < caty X for every i = to, where X = lim {Xj}. 

Since the closure of >> X; is compact, X is not vacuous. There is an open 
set U (= }> X; for some open minimal covering ¢ Cy(X)) containing X such 
that caty U = caty X. Since the closure of >> X; is compact, U contains al- 
most all X;. Thus there is an integer % such that X; C U wheni 2 %. Hence, 
by (3.1), caty X; S caty U. 

A set A CM will be said to be essential in M if no neighborhood of A can be 
deformed in M into a proper closed subset of A. 

From (7.2) quickly follows: 

(7.3) If X is compact, there is a closed subset A of X which is essential in M and 
whose catesory in M = caty X. 

By (7.2) and the irreducibility principle [2, II, Anhang, 1] there is a closed 
subset A of X such that caty A = caty X, but caty B < caty X for every proper 
closed subset B of A. This set A is essential in M, for, if it were not, a neigh- 
borhood U could be deformed in M into a proper closed subset B of A. By (3.1) 
and theorem 7.1 it would follow that caty A < caty U < caty B which isin © 
contradiction with the construction of A, since B is compact. 

A closed set X will be said to be essential in M in dimension n if X has a 
closed n-dimensional subset which is essential in M; X will be said to be essential 
in M in exactly r + 1 dimensions if there is a sequence of integers 0 = m < --: < 
n, such that X is essential in M in the dimensions mm, --- , m, and only these. 

We can now prove the following refinement of (5.4): 

THEOREM 7.4. If M is arewise connected and the compact set X is essential in 
M in exactly r + 1 dimensions then caty X S< r + 1. 

The statement is true for r = 0 by (7.3), (3.3), and (5.4). 

Suppose the theorem has been proved for r < m and consider a compact Xx 


% A point x « M belongs to lim {X;,} if every neighborhood of « intersects an infinite 
number of the sets X; . 
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which is essential in M in exactly m + 1 dimensions, 0 = m <--- < nm. 
By (7.3) there is a compact set A C X which is essential in M and such that 
caty 4 = cats X. Since X is inessential in M in the dimensions > n,, , dim A = 
k < mm. Since A is finite dimensional there is a categorical sequence {Aj, --- , 
A,} for A in M of length k such that dim A; < --- < dim A, (theorem 5.1). 
Since dim Ay. < dim A S mm, the compactum Aj,_, is essential in at most m 
dimensions. Hence, by the induction hypothesis, caty Ai; S m. By (4.1), 
we have caty A S caty Axa + caty (Ax — Ari) S m + 1, completing the 
induction. 
Further discussion of this refinement of (5.4) will follow in §18. 


8. Absolute category. Of particular interest is the (absolute) category cat 
M = caty of M. From (3.1) and (4.1) follows 
(8.1) If M and N are open in M + N then cat(M + N) S cat M + cat N. 
From (3.1) and (7.1) follows 
(8.2) If M is open in N, and N can be deformed in itself into M, then cat M = 
cat N. 
From (3.1) and (4.3) follows 
(8.3) Jf M is a divisor of N then cat M S cat N. 
For simplicity of statement I shall restrict myself in the three succeeding 
theorems to absolute category. Removal of this restriction is not difficult. 


9. Product spaces. For the category of a product space the following in- 
equality has been proved by Bassi [4]: 

TueoreM 9. Jf M = M, X Mz is arewise connected and cat M, and cat M2 
are finite, then 


max {cat M,, cat M2} S cat M S cat M, + cat M; — 1 


The first inequality is an immediate consequence of (8.3) since M; X 2 and 
t X Mz where (21, x2), denotes a point of M, are retracts of M and are homeo- 
morphs of M,; and Mz respectively. 

To prove the second inequality let cat M; = m and cat M, = n. There exists 


a categorical sequence {A;,---, Am} for M, in M, of length m; likewise a 
categorical sequence {B,,--- , Bn} for Mz can be found. Suppose m < n and 
define 
C. = A; X B;; k=1,---,m+n-—1. 
It remains only to show that the closed sets C;,--- , Cmin-1 = M form a 
categorical sequence for M. One has only to verify that the sets Cry — Ce, 
k=1,---,m+n — 2are categorical. But, writing Ao = 0, Bo = 0 for 
convenience, 
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From (2.5) it follows that (A; — Ai-1) X (B; — Bj-1) is a categorical subset of 
M. Furthermore, if i < 7’,j > 7’; 
[((A; — Ais) X (B; — — Ava) X (By — Byrd] 
(Ai — Ava): (A — Ava) 
Cc A;- (Ay — Ai) X M2 = 0 


and symmetrically 
[(Ai — X (B; — — Aya) (By — 
(B; By) - By = 0. 


Thus C41 — C; is the union of mutually separated categorical subsets. Hence, 
by theorem 4.2, Ciz: — Ci is a categorical set. 


10. Homotopy type. Two arewise connected spaces, M and N, are said to 
have the same homotopy type [27] if there are mappings f «N™ and g«M* 
such that gf ¢ M™ is homotopic to the identity and fg « N” is homotopic to the 
identity. 

(10.1) Jf there are mappings f «N™ and g'¢ M™ such that gf « M™ is homotopic 
to the identity then cat M S cat N. 

Let ¢ = {Y;} be an open contractible covering of N and let X, = f'(Y,) so 
that f-‘(c) = {X;} is an open covering of M. Since g| Y; is homotopic to a 
constant, gf | X; is homotopic to a constant. But gf | X; is homotopic to the 
identity mapping of M*‘. Hence f~'(c) is contractible. 

(10.2) The absolute category is an invariant of the homotopy type; i.e. if X and Y 
have the same homotopy type cat X = cat Y. 


11. A characterization of category. It has been shown that when M is a 
Hausdorff space for which C(M) is not vacuous the category has the following 
properties: 

(i) If X is a point, caty X = 1 

(ii) If X D Y then caty X = caty Y, (3.1). 

(ili) (>> Xa) Do caty Xa, (4.1). 

(iv) If X is open and can be deformed in M into Y then caty X < catw Y, 
(theorem 7.1). 

It will now be shown that these four properties characterize, in a certain sense, 
the set function caty X. [42; 40]. 

(11) The set of positive-integer valued functions \(X), defined for subsets of M and 
satisfying 

(i) if X is a point then (X) = 1, 

(ii) of X D Y then (X) = XY), 

(iii) AQ) Xa) S MX.), 

(iv) af X is open and can be deformed in M into Y then \(X) S XY), 
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is partially ordered by the rule: 1 S A2 when 4(X) S do(X) for every X; the cate- 
gory, cata X, is the largest element of this partially ordered set. 

Let ¢ = {X.} be an open minimal contractible covering of X in M. By (iv) 
and (i), (Xe) = 1 for each a. By (ii) and (iii) A(X) S > X.) S MX.) 
= |o| = caty X. 


12. Minima of set functions. I conclude this chapter with a theorem which 
may be considered as the topological part of the Lusternik-Schnirelmann 
theorem on category and calculus of variations [38; 39; 40]. Let g be a real 
valued set function defined for the subsets of M and satisfying 

(i*) if X D Y then g(X) 2 g(Y). 

Denote by Nt” the collection of sets X for which caty X = n and let c, = inf 


XeM" 
g(X). Aset X of M” will be said to be minimal (relative to Mt" and g) if g(X) = 
THEOREM 12. If cm = Cn = c (m < n), tf there exists at least one closed mini- 
mal set (relative to I"), and if D is a closed set whose category in M is S$ n — m 
then there exists a closed minimal set (relative to IN”) disjoint to D.™ 

There is an open set U > D such that caty U = caty D. By assumption 
there is a closed minimal set X relative to M”. The closed set Y = X-(M — U) 
is, by construction, disjoint to D. It remains only to show that Y is a minimal 
set relative to I”. 

Since X ¢ IN” the category of Xin Mis =n. But X C Y + U so that, by 
(ii) and (iti) of §11, caty X S cata (Y + U) S caty Y + caty U S caty Y + 
(n — m). Hence caty Y = mso that Y belongs to 2”. 

Since Y belongs to I” it follows that g(Y) = c. But, since Y C X, it follows 
from (7*) that g(Y) S g(X) = cc. Therefore g(Y) = c. 

Since Y belongs to M” and g(Y) = cm, it is a minimal set relative to I”. 


II. THe n-DIMENSIONAL CATEGORY 


13. Homotopy in dimension n. Among the absolute neighborhood retracts [7] 
the contractible spaces are characterized [25] by the vanishing of all their 
homotopy groups. This suggests the possibility of characterizing in an analo- 


* The proof of this theorem uses only properties (ii) and (iii) of §11 and the existence, 
for any X C M, of an open neighborhood of the same category; it is therefore valid if caty 
is replaced by a positive-integer valued set function having these properties. The applica- 
tion of this theorem to the calculus of variations is the following: Let M be a compact, 
connected, finite dimensional Reimannian manifold, f a function on M of class C’’. Let 
g(X) = sup f(x) and let D be the set of points x of M where all the partial derivatives of 

ze 


j vanish, i.e. D is the set of stationary points of f. A theorem of Lusternik and Schnirel- 
mann [36; 38; 40, p. 22] states that D intersects every closed minimal set. It follows that 
ifem = cn, and if there is a closed minimal set relative to Mt" and g, then caty D > n — m. 
From this and the above mentioned theorem of Lusternik and Schnirelmann it follows, 
i particular, that every function of class C’’ on M has at least cat M stationary points. 
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gous way the subsets of an absolute neighborhood retract which are contractible 
in it. On investigation we find the rather surprising result: 

In order that a subcomplex A of a complex M be contractible in M it is not 
sufficient that every continuous sphere f « M *» for which f(S,) © A, be homo- 
topic in M to a constant. 

Let A be a 2-dimensional torus and M a complex obtained from A by addi- 
tion of two 2-cells which span a meridian and an equator respectively, there 
being no other identifications. Every continuous n-sphere f«M *» for which 
f(S,) C A, is homotopic in M toa constant. This is clear for n = 1 because M 
has a vanishing fundamental group. For n > 1 it is a consequence of the fact 
‘that A is an aspherical [28] space. However, A is not contractible in M since 
there is a 2-cycle in A which does not bound in M. 

Thus the contractibility of a subset A of an absolute neighborhood retract 
M can not be determined by continuous spheres alone. We shall see that a 
characterization may be given in terms of continuous complexes. 

However, contractibility is homotopy of a very special kind. The charac- 
terization of contractibility by means of continuous complexes may be extended 
to a characterization of homotopy. This leads to the important notion of 
homotopy in dimension n: 

Mappings ¢ and y of M* will be said to be homotopic in dimension n or n-homo- 
topic if for every continuous n-dimensional complex f ¢« X” the continuous com- 
plexes ¢f and yf e«M” are homotopic. If X is of uniform class LC” then a 
necessary and sufficient condition for ¢ and y to be n-homotopic is that ¢f ~ ¥f 
for every n-dimensional compactum K and mapping f e X*. The proof is along 
the lines of [27, §4] using [31, Theorem 5]. I shall write h for homotopy and h, 
for n-homotopy. 

Observe that homotopic mappings are homotopic in every dimension and 
that homotopy in dimension n implies homotopy in every dimension S 7. 

The characterization of homotopy mentioned above is the following: 

TureoreM 13. Let A be a closed subset of an absolute neighborhood retract X 
and let ¢ and W be mappings of M*. If there is a neighborhood U of A such that 
¢|U and | U are homotopic in every dimension < 1 + dim X then ¢| A and 
vy | A are homotopic. 

For every « > 0 there is a continuous complex f « X” (where dim P S nif 
X is n dimensional) and a mapping g « P* such that the mapping fg eX" is 
homotopic to the identity and d(x, fg(x)) < « for every x €X, [35]. Choose 
e < d(A, X — U) so that fg(A) CU. 

By hypothesis and (2.2), the mappings ¢f | f and yf | f of 
into M are homotopic. Hence the mappings ¢fg| A and yfg|A of M* are 
homotopic. But ¢fg|A is homotopic to ¢ | A and yfg|A is homotopic to 
¥|A. Hence ¢| A and y| A are homotopic. 


14. A subset A of M will be said to be h,—deformable in M into B if there 
is a mapping hy e M*, with ho(A) C B, which is n-homotopic to the identity 
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mapping of M“. I shall say that A is h,-contractible in M if there is a point 
meM such that A can be deformed in M in dimension n into m. 
(14.1) A closed subset A of an absolute neighborhood retract M is contractible in 
M if and only if there is a neighborhood of A which is contractible in M in every 
dimension < 1 + dim M. 

The first part is a specialization of theorem 13. The second part follows 
from 
(14.2) If M is an absolute neighborhood retract in the weak sense’ then a closed 
subset A is a categorical subset in M if and only if A is contractible in M (14, 
theorem 3]. 

If A is contractible in M there is a point me M and a mapping h e M**"" 
such that h(x, 0) = m and h(x, 1) = x for every x ¢ A. Define a mapping 
i’ eM° where Q = M X [0] + A X [0,1] + M x [1] by 


h'(x, 0) = m for x eM 
h'(x, t) = h(a, t) for (x, t) e A X [0, 1] 
1) = forreM 


Since M is an absolute neighborhood retract in the weak sense and Q is a 
closed subset of M xX [0, 1], the mapping h’ may be extended [31, p. 276 remark 
3] to a mapping h”’ e M° where G is a neighborhood of Q in M X [0, 1]. Let 
U be an open neighborhood of A in M such that U X [0,1] CG. It is clear 
that h’’ | U X [0, 1] is a contraction of U in M. Hence A is a categorical sub- 
set of M. 


15. A subset A of M will be called an h,-categorical subset of M if there is an 
open set U of M which contains A and is h,-contractible in M. Clearly every 
h,-categorical subset is h,-contractible in M. In contrast to (14.2), without 
local assumptions on the closed set A, its h»-contractibility in M does not imply 
that it is h,-categorical in M, even with the strongest (non-trivial) assumptions 
on M. An example to keep in mind is the following: M is a circular ring ob- 
tained from the rectangle | x | < 2/7, | y! S 1 in the Cartesian plane by identifying 
the points (—2/x, y) and (2/z, y), A is the image under this identification of 
the closure of the curve y = cos 1/z, |x| S 2/r and n = 1. In fact it is the 
existence of such examples which necessitates the introduction of the notion of 
categorical set. 

A covering of X by h,-categorical subsets of M will be called an h,-categorical 
covering of X in M. We shall denote the collection of such coverings by 
hCu(X). The n-dimensional (homotopy) category, hn—catu X, of X in M 
is defined to be the smallest of the cardinal numbers |o| as o ranges over 


_ “Tcall a separable metric space an absolute neighborhood retract in the weak sense if 
it is a retract of every separable metric containing space in which it is closed. Cf. [31, p. 
270 footnote (1)]. 
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haCu(X). A covering o of h,Cu(X) will be said to be minimal if |o| = h, 
caty X. 

The results of chapter 1 have been so worded that they apply to the n-dimen- 
sional category. One needs only to substitute homotopy in dimension n for 
«< and make the implied changes in the succeeding definitions. To see that 
this is so, it is sufficient to demonstrate that homotopy in dimension n is sym- 
metric, reflexive, and transitive, and has properties (2.1) --- (2.5). With the 
possible exception of (2.5), these verifications are easy. 

Let ¢; and e be homotopic in dimension n and also and ¢ M3? be 
n-homotopic. It is to be shown that ¢ = (¢1, ¢2) and wy = (x1, yo) « M*, where 
X = X, X X:and M = M, X M2, are homotopic in dimension n. Let f « X” 
be a continuous n dimensional complex. Clearly ¢f = (¢izf, domf) and uf = 
(imi f, Yoref), where 7: and 72 denote the projections of X into X; and X; re- 
spectively. By hypothesis ¢:mf and ymf are homotopic, likewise ¢.7f and 
Yor f are homotopic. Hence, by property (2.5) of homotopy, ¢f and ¢f are 
homotopic. This completes the verification of (2.5) for n-homotopy. 


16. As analogue of (14.2) we have: 

(16.1) If M is of uniform class'’® LC” then a subset A of uniform class LC" 
is an h,-categorical subset of M if and only if tt is h,-contractible in M. 

Since M is of uniform class LC” there” is an ¢ > 0 such that continuous 
n-dimensional complexes g:, g2¢M” are homotopic whenever the distance 
between them is less than ¢. Since A is of uniform class LC” there is an 
n > Osuch that every partial realization of a continuous n-dimensional complex 
in A of mesh < 7 can be completed in A to a full realization of mesh < ¢/3. 

Let U be an 7/3 neighborhood of A and let f ¢ U” be a continuous n-dimen- 
sional complex. Subdivide P so fine that the image of every simplex is of 
diameter < 7/3. For each vertex p of P choose a point x of A such that d(f(p), 
x) < /3. Define f’(p) = x for every vertex p. Thus f’ is a mapping of the 
0-dimensional framework of P into A. The mesh of this partial realization is 
< n, hence f’ can be completed to a full realization f” of mesh < ¢/3. Thus 


and d(f, f”) < + + <«. Hence f and f” are homotopic in M. 


But, by hypothesis, f” is homotopic in M to a constant. Hence f is homotopic 
in M to a constant. Thus U is h,-contractible in M. 
(16.2) If M is connected and of uniform class LC’ and X is compact then there 


is a minimal covering of hiCu(X) whose sets are continuous curves of dimension 
< max {1, dim X}.* 


16 A metric space (not necessarily compact) will be said to be of uniform class LC* if 
for every e > 0 there is a 6 > 0 such that every continuous k-sphere (k < n) of diameter 
< 6 can be extended to a continuous (k + 1)-cell of diameter < «. For compact spaces, 
LC” is identical with uniform LC’. 

17 [34, theorem 1]. The assumption of compactness is unnecessary. In the statement 
Ky, should be at most (p + 1)-dimensional. 

8 cf. [14, theorem 5]. A minimal covering of h,Cy(X) whose sets are continuous of class 
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Let o be an open minimal covering of hiCy(X) and let o’ be a precise closed 
refinement. Let U be a set of o and A the set of o’ contained in U. There is a 
compact set B of class LC*, which contains A - X and is contained in U, such that 
dim (B — A-X) S 1, [14, Lemma 5; 44]. The set B has a finite number, k, 
of components, and, since M is arewise connected, B may be enlarged to a con- 
tinuous curve by the addition of k — 1 spanning arcs. Let C denote such a 
continuous curve constructed inductively by adding spanning arcs one at a time 
in such a way that at each stage the number of components is decreased by one. 
This set C is h;-contractible in M because every continuous 1-dimensional com- 
plex in a component of B is homotopic to a constant in M and such a homotopy 
h(x, t) can be found for which h(x, t) = h(x, 0) for a preassigned 2 of the 
antecedent and every te [0,1]. By its construction, dim C < max {1, dim X}. 
By (16.1), C is an hy-categorical subset of M. The collection of C’s is the re- 
quired minimal covering. 


17. Category and n-dimensional category. It is quite clear that 
(17.1) hn caty X S caty X and, ifk S n, hk, catu X S hy caty X. 


The question: ‘Under what conditions does equality hold?” receives a partial 
answer in 
(17.2) If X is a closed subset of an n-dimensional absolute neighborhood retract, 
M, then hn caty X = caty X. 

Let o be an open covering of h»Cy (X) and let o’ ehnCy (X) be a precise 
closed refinement (3.2). By (14.1), each set of o’ is contractible in M. Hence, 
by (14.2), o’ is a categorical covering of X in M so that catyX S 
lo’ | = hy Caty X. 

Another partial answer is given by 
(17.3) Let X be a finite dimensional closed subset of an aspherical absolute neigh- 
borhood retract M. Then caty X = h, caty X. 

By (16.2), there is a minimal covering o of hiCy(X) whose sets are finite dimen- 
sional continuous curves. Since each set of ¢ is h;-contractible in the aspherical 
absolute neighborhood retract M, each set is contractible in M [28, Principal 
theorem]. Since M is an absolute neighborhood retract it follows from (14.2) 
that each set of o is categorical in M. Thus caty X S |o| = hi caty X. 


18. An upper bound for the category. According to Borsuk [11, p. 254] a 
compact space M is called a homotopy membrane in dimension k if every closed 
at most k-dimensional subset is contractible in M. From (14.2) it follows that 
a homotopy membrane in dimension k which is also an absolute neighborhood 
retract is inessential in all dimensions S k. Hence, from theorem 7.4 we have 


LC* (k = n — 1) can be chosen if X is compact and M is connected and of uniform class 
LC" and has the following property: For every compact set A and open set U > A there is 
acompact set B of class LC* such that AC BCU. It isa little difficult to see what this 
condition means for k > 0. 
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(18.1) If the m-dimensional absolute neighborhood retract M is a homotopy mem- 20 

brane in dimension k(S m) thencatM Sm—k +1. js are 
Since the vanishing of the first k homotopy groups of a finite dimensional 

absolute neighborhood retract M implies that M is a homotopy membrane in (20.1 


dimension k, [25 Satz 5] and, since the first k homotopy groups of an absolute 
neighborhood retract M vanish if and only if M is simply connected and acyelic 


in the dimensions S k, [26], (20.2 
TuroreM 18.2. If the m-dimensional absolute neighborhood retract M is simply Tt 
connected and acyclic in the dimension S k(S m) then cat M Sm—k+1, 

Theorem 18.2 differs from (18.1) only if M is not a complex, for a complex is a 

a homotopy membrane in dimension k if and only zf it is simply connected and “7 

acyclic in the first k dimensions [26, 3’]. The simply connected absolute neigh- 12 

borhood retract B(k, m), 2 S k S m, of Borsuk [11, p. 256] is a homotopy mem- ite 

brane in dimension m — 1 but is acyclic only in the dimensions S$ k — 1. Thus wr 
cat B(k, m) S m — k + 2 by theorem 18.2 but cat B(k, m) S 2 by (18.1). er 
; In the bounds given by theorem 7.4, (18.1), and theorem 18.2 the equality Ma 
sign need not hold, even when M is a manifold. In fact let M = 8S, X &. aad 
: According to corollary 20.3, cat M = 3. But M is essential in dimensions 0, 1, 2, 92, 3 
and 3 so that cat M S 4 is the best bound obtainable from the above mentioned aa 
theorems. 
A similar upper bound for the category follows from an unpublished result attai 
of W. Hurewicz: If M is a simply connected m-dimensional complex and the furth 
last k Betti groups, with the real number mod. 1 for coefficient domain, vanish, A 
then M can be deformed into its (m — k) dimensional framework. Hence from by E 


theorem 7.1 and (5.4) we conclude: Ty 
(18.3) Jf M is a simply connected m-dimensional complex and B;(M) = 0 for 


| 7=m—k-+1,---,m (real numbers mod 1) then cat M m—k +1. 

In a similar vein: 4 heute 

(18.4) If M is a connected aspherical absolute neighborhood retract whose funda- (20.4 

mental group is free with a finite number of generators then cat M S 2. is J 

For, under the conditions of the theorem, there is a compact at most 1-dimen- | A 

sional set which is a deformation retract of M, [21]. As above, the statement Le 

follows from theorem 7.1 and (5.4). ollie 

19. We note some further results connected with the notion of homotopy type. n 4 

(19.1) If M is a finite dimensional aspherical absolue neighborhood retract with pu 

Abelian fundamental group then cat M = hy cat M = 1 + b,(M), where b;(M) Ex 

denotes the 1-dimensional Betti number of M. he ‘a 

For, under the conditions of the theorem, M belongs to the homotopy type eee 

P of the b;(M)-dimensional torus [28]. The result follows from (10.2) and corol- “i 
lary 20.3. ioin A 
: (19.2) If M is an absolute neighborhood retract and if for every « > 0 there is an by ide 
«mapping of M into a metric space M’' then cat M = cat M’. projec 


j _ This follows from (10.2) and a theorem of Eilenberg [22]. 0-sphe 


| 
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90. Product spaces. From theorem 9 it follows that, if M = M, X --- K Mk 
is arewise connected, 


k 
(20.1) max {cat M;} S$ cat M (cat M; — 1), and 


k 
(0.2) max {h, cat Mj} Sh,catM < 1+ 2, (hy cat Mi — 1). 


The simplest examples show that the lower bounds in (20.1) and (20.2) are 
not always attained; I shall now show that it is the same with the upper bounds 
in (20.1) and, for n > 1, in (20.2). 

Let k = 2, M; = the three dimensional pseudoprojective space ras = 
1, 2, (2, VI Anhang 6, 7, 8, p. 266] where m; and m, are relatively prime. It is 
easy to show, by construction” of a categorical covering, that cat Pa; = he 
cat P,, = 2. The complexes M = M; X Mz and T = x X Mz + M X &, 
where (2; , 22) M, are simply connected. Moreover the homology groups of 
M and T are the same in every dimension, and for each r the natural homo- 
morphism of 6,(7’) into 6,(M) is an isomorphism which covers 6,(M) [2, VII, 
§2, 3]. Hence, by an unpublished theorem of Hurewicz, T is a deformation 
retract of M. Since, obviously, hy cat 7 = cat T = 2, it follows from theorem 
7.1 that he cat M = cat M = 2. Thus the upper bound, 3 in this case, is not 
attained. (I do not know whether the upper bound is always attained if the 
further assumption that M be essential is imposed.) 

A lower bound of a different type has been given for the homotopy category 


by Eilenberg [19]. 
TororEM 20.3. If M = M, X--- X M; is an absolute neighborhood retract 
and essential then cat M; = 2 fori = 1, --- , k implies that cat M = k + 1. 


The proof of this theorem, which I omit, depends on the following lemma on 
homotopy : 

(20.4) If A isaclosed subset of an absolute neighborhood retract M and h’ e M*%"4 
is a deformation of A in M then there is a deformation heM™*°" such that 
h{A X [0,1] = h’. 

I do not know whether the theorem or the lemma retains its validity for 
n-homotopy. 

Notice that the example above shows that the condition that M be essential 
in theorem 20.3 can not be removed, or even be replaced by the condition that 
each M ; be essential. 

Examination of the proof of theorem 20.3 reveals that the condition that M 
be essential can be replaced by the apparently weaker condition that M can 


hi It is not difficult to verify that the category of a join AB is min {cat A, cat B}. The 

join A and B of two spaces A and B is the space obtained from the product A X B X (0, 1] 

by identifying (x, y, 0) with # and (z, y, 1) with y for every «A and y«B. The pseudo- 

age space P3, is the join of the 2-dimensional pseudo-projective space P3, and a 
phere So. 
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not be deformed into M”, the set of points x = (2, --- , t%) of M which have 
at least one coordinate identical with the corresponding coordinate of a fixed 
point p = (pi, +--+, px). On observing that, for k = 2, the category of M? is 
the maximum of cat M, and cat M; (the proof is similar to the proofs of (4.2) and 
theorem 22.2), it follows from theorem 7.1 that 

If M = M, X Mz is an absolute neighborhood retract then cat M = 2 if and 
only if M can be deformed into M” and cat M, = cat Mz = 2. 

This is illustrated by the above example. 

The lower bound in theorem 2.15 and the upper bound (20.1) coincide when 
the category of each component is exactly 2. Hence 

Corotuary 20.5. If M = M, X --- X M;, ts an essential absolute neighbor- 
hood retract and if cat M; = 2 fori = 1,---,kthencatM =k +1. 

Illustrative of this corollary, the product of k spheres S,, , --- , S», of various 
dimensions has category k + 1. In particular the category of a k-dimensional 
torus is k + 1. 

Anent the question raised above of the existence of an essential M with 
category < 1 + ) {1 (cat M; — 1), the method of Eilenberg [19] yields the 
following characterization: 

If the absolute neighborhood retract M = M, X --- X M, is essential and if 
{B,, Bs, -+- , By} is a covering of M by closed subsets, where cat 4B; S cat M; — 
1;2 = 1,---, k, (so that cat M < ye cat M; — (k — 1)), then for some i, 
x; | B; maps B; essentially on M;. (x; denotes the projection of M into M;.) 

Suppose that for each 7, z; | B; is essential on M; so that x, | B; is homotopic 
to a mapping ¢; e M?* such that ¢;(B;) is a proper subset of M;. By (20.2) 
there is an extension ¢; « M* of ¢; which is homotopic to 7;. Hence the iden- 
tity mapping --- , 7x) of M is homotopic to ¢@ = --- , But ¢(M) 
is a proper subset of M, which is impossible since M is essential. Hence, for 
some 2, 7; | B; is essential on M;. 

It is conceivable that this situation occurs. The natural mapping of a 
k-sphere onto a k-dimensional projective space (k = 2) is an example of an 
essential mapping which raises the category. (That the category of a k-dimen- 
sional projective space is k + 1 follows from (81.1). 


21. Covering spaces. If the connected space M is of class LC® and has an 
open covering which is contractible in M in dimension 1 then, to every subgroup 
w of the fundamental group 7:(M), there is defined a covering space M, of M 
[43 chapter 8]. Denote by p a fixed point of M so that the points of M, are 
classes [y]. of continuous ares with initial points p, y and y’ belong to the same 
class [y]. if y’y' defines an element of the subgroup w of 7:(M). 

THEOREM 21.1. Jf M, is a covering space of M, where C(M) # 0, and Xe 
denotes the set which lies over X then catu, Xo S caty X. 

Since a set lying over an open set of M is open in M,, it is sufficient to show 
that the set of M., lying over a set A, which is contractible in M, is contractible 
in M,. Let A be contractible in M and h e M**"" be a deformation of A in 
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M into p, so that h(A, 0) = pand A(z,1) = x. Forany ze A and te (0, 1) and 
continuous are y in M from p to z, define 


for OSs St, 
7.1(8) t 


h(z,1+t—s) for tSs 1, 


so that y,,,, is a continuous are from p to h(z, t). Observe that [y},:e depends 
on fy], and not on the particular are . 

Define h’ « M4**"""! where A, is the set lying over A, by h’([yle, 0) = ly+.de- 
Then h’([ylo, 1) = fy]. and h’(A, , 0) © p, where p, denotes the set of points 
lying over p. Thus h’ is a deformation of A into p,. But, by (5.4), p, is con- 
tractible in M. Hence A, is contractible in M. 

TueorEM 21.2. If M, is a covering space of M where h,C(M) # 0 and X, 
denotes the set which lies over X then hy, catu, Xo S hn catu X. 

The proof is analogous to the proof of the preceding theorem. Let A be 
h,-contractible in M and let A, and p, have the same significance as above. 
Let feM), with f(P) C A,, be a continuous n-dimensional complex. By 
hypothesis there is a mapping h e M’*"" such that h(P, 0) = p and h(z, 1) = 
¢f(x), where ¢ denotes the mapping of M,, downward into M, so that @f is a 
continuous n-dimensional complex. For any z e P and ¢ e [0, 1] and continuous 
are y in M from p to ¢f(x) define 


8 
for OSs St, 

= (*) 
h(z,1+t-—s) for 1, 


so that y, is a continuous are from p to h(a, t). 

Define h’ MZ*"" by t) = where [fy]. = f(z). Then h’(z, 1) = 
f(z) and h'(P, 0) C p,. As we have seen that p, is contractible in M, it follows 
that f is homotopic to a constant. Hence A, is h,-contractible in M. 

In the two preceding theorems the equality need not hold. This follows, for 
instance, from the example: M = torus, M, = its universal covering space, 
the Euclidean plane. 


22. Identifications. We next study the effect of certain identifications on the 
category. 

THEorEM 22.1. Let K; and Ko be (closed) disjoint homeomorphic retracts of 
M where M is connected of uniform class LC® and C(M) # 0 (or haC(M) # 0). 
Let N be the space obtained from M by an identification f « N™ of the corresponding 
points of Ky and Kz. Then cat M S cat N (orh, cat M h, cat N). 

Let N denote the space obtained from a sequence {M‘*},i = ---, —1, 0, 
l,-. of copies of M by identifying the corresponding points of Kj and Ki” 
for each 7, where Ki and Kj are the sets of M* which correspond to K, and Ke 
respectively. It is no loss of generality to suppose that M = M°, Ki = Ki, 
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K, = Ki. Thus the mapping ¢ of N into N defined by ¢(x) = f(z°), where 2’ js 
the point of M° which corresponds to « ¢ N, is an extension of the mapping f. 
But ¢ is a covering mapping—that is to say, for every point y e N there is a 
neighborhood U such that ¢ (U) = pe V., where each V, is open in N and 
¢|V,. is a topological mapping of V. on U. It follows [43, chapter 8] that 
is a covering space of N. Hence, by theorem 21.1 (or by theorem 21.2), 
cat N < cat N (or h, cat N cat N). But since Ky and K, are retracts of M, 
M = M’° isaretract of N. Hence, by (8.37), cat M S cat N. 

That the condition that K; and K2 be retracts of M cannot be dropped can be 
seen from the following example: M is the 2-dimensional torus, K, a meridian 
of M, Kz a simple closed curve disjoint to Ki which can be contracted in M. 
K, is a retract of M and Kz is not. The category of M is 3, as we have seen 
earlier, but the category of N is 2. In fact it is not difficult to construct a 
minimal covering e C(N) with two sets, which are images under f of cylinders 
each deformable in M into K,. 

THEOREM 22.2. If K, and Kz of the preceding theorem are points and if 
1 < cat M < ~ (orif 1 < h,cat M < «) then cat M = cat N (orh, cat M = 
h, cat N). 

Let {X;} be an open minimal categorical covering of M. We may assume 
that K, € X; and K, € X,. (From the assumptions that cat M > | follows 
the existence of X, and X2). For if, for example, Ki C []{4," X,, choose a 
closed neighborhood A, of K, such that f(A) is a categorical neighborhood of 
K = f(K;) in N and replace the covering {X;} by the open refinement {X;}, 
where 


Xi = Xi — Ai, 
X; = Xi, for i> 1. 


This operation can be performed simultaneously if necessary on both K, and 
Kz so that we may assume that K, € X, and K, € X.. 

Let U; and Us be open neighborhoods of K; and Kz respectively such that 
f(Ui) and f(U2) are contractible in N, and U;-U, = U,-X, = U2-X2 = 0. 
Let K = f(Ki + Ko). 

The covering o = {f(X;) — K, f(U1 + U2)} of N is open and categorical in N. 
Furthermore | | = 1+ catM. But (f(X,) — K)-(f(X2) — K)-f(U: + U2) = 0 
so that the nerve of ¢ is not a simplex. Hence, by §6, o is not a minimal covering 
e C(N), so that cat N S cat M. 

The above proof applies word for word to the n-dimensional category. 

Using induction it follows from theorem 22.2 that the categories are un- 
changed by a succession of point identifications. 

It would be worth while to generalize theorem 22.2, somehow, to the situa- 
tions of theorem 22.1 (and both theorems if possible, to the type of identifica- 
tion + considered by Borsuk [11]. An upper bound for cat N in this direction 


is the following (Cf. [4, p. 277. (4)] for a special case); probably too generous: 
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Turorem 22.3 Let M be an absolute neighborhood retract in the weak sense 
and K, and Kz be disjoint homeomorphic retracts of M. Let N be the space ob- 
tained from M by an identification f « N™ of the corresponding points of K, and Ke . 
Then cat N S< cat M + k, where k = caty Ki = caty Ke. 

By (14.2), cata Ki S cat K,, (for any closed covering of C(K;) is contained 
in an open covering of Cy K1)). By (4.3), cat Ki S catyw Ki. Thus cat Ki = 
cat K, = caty K, = catyK, = k. For the same reason caty K = cat K = k, 
where K = f(Ki) = f(K2). Since f | (M — (Ki + Kz2)) is a homeomorphism, 
caty (NV — K) S caty(M — (Ki + K2)) Scat M. Hence, by (4.1), cat N S 
caty (V — K) + caty K S cat M + k. 


93. Category and the fundamental group. A generalization, due to Hurewicz, 
of a theorem of Borsuk [14] states that for the fundamental group to be free it is 
sufficient that the category be S 2. If category is replaced by 1-dimensional 
category the condition becomes also necessary. Precisely: 

TuroreM 23.1 The 1-dimensional (homotopy) category of an LC'-continuum 
M is = 2 if and only af the fundamental group 7(M) is free and non-vanishing. 

Suppose, first, that h; cat M = 2. By (16.2), there is a minimal covering 
(M,, M2} « h\C(M) by open, connected sets. Since M is an LC’ continuum, 
M,-M; has a finite number of components. It follows from a theorem on the 
fundamental group of a union [43, chapter 7; 29] that 7:(M) is a free group 
with a finite number of generators; 7:(M) does not vanish because h; cat M > 1. 

Suppose, conversely, that 2,(M) is free and non-vanishing. Since M is an 
LC’ continuum, 7;(M) has a finite number of generators. Hence the number 
of generators of 7(M) is the coherence r(M) [20, p. 175, theorem 1]. Since 
7™(M) is non-vanishing, r(M) > 0. Hence M = M, + Mz, where M, and M; 
are open and connected and M,-M, has 1 + r(M) components (20, p. 172, 
theorem 1]. Then M, and M, must both be hj-contractible in M, for if an 
element of 7:(M) different from the identity had a representative loop in M,, 
for example, then it would follow, from the above quoted theorem on the funda- 
mental group of a union, that 7:(M) had more than r(M) generators. Hence 
{M,, M2} ¢€hiC(M) so that h, cat M < 2. But h, cat M ¥ 1 because 7(M) 
does not vanish. . 

It is really remarkable that h; cat M = 2 can be characterized by means of 
the fundamental group 7;(M) alone. In fact - 

(23.2) The 1-dimensional homotopy category is not an invariant of the funda- 
mental group, even over the class of complexes. 

Let 7; denote the 3-dimensional torus obtained from the 3-dimensional cube 
Q; of Euclidean 3-space by identifying the opposite faces in the usual way, and 


__ let W denote the 2-dimensional subcomplex of 7’; which is the image, under the 


identification, of the boundary of Q;. By (17.3) and corollary 20.3, i: cat 
T; = 4, while from theorem 23.1 and (5.4) it follows that h: cat W = 3. Never- 
theless 7’; and W have isomorphic fundamental groups. 

From theorem 23.1 it follows that if the LC' continuum M is unicoherent, 
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its 1-dimensional category can not be 2. For if hy cat M = 2 then 7(M) is free; 
if M is unicoherent it follows that m(M) = 0 [20, p. 175, theorem 1] thus 
h, cat M = 1 which is a contradiction. From this follows (ef. [14]): 

(23.3) Category and n-dimensional category are not invariants of the homology 
groups (arbitrary modulus) even over the class of manifolds. 

The 3-sphere S; and a Poincare manifold L have the same homology groups 
(arbitrary modulus). It is clear that h; cat S; = 1, ha cat Ss = 2 for every 
n> land cat S; = 2. Since m(L) #0,hicatL > 1. Since b:(L) ¥ 0, m(L) 
is not free [39, chapter 7, §48] so that, by theorem 23.1, hi cat L 2 3. Hence, 
by (17.1), hn cat L = 3, for every n, and cat L 2 3. 

We can now calculate the categories of the compact, connected 2-dimensional 
manifolds. It is more or less obvious that h; cat So = 1, ha cat S. = cat S, = 2 
forn > 1. From theorem 23.1 and (5.4) it follows that for any other compact, 
connected, 2-dimensional manifold M, h, cat M = M = 8. 


III. Homotocy CATEGORIES 


24. Definitions. For any coefficient domain %{ and positive integer k a map- 
ping ¢ e M* induces a (natural) homomorphism of the k-dimensional homology 
group 6.(X) = 6.(X, 2%) of X (with coefficient domain 2%) into the k-dimen- 
sional homology group 6.(M) = 6.(M, %). (Homology groups are defined as 
Vietoris limit cycles [26, p. 521].) Mappings @ and ye M™ are said to be 
homologous (%) in dimension n = 1, or n-homologous (2), if, for every k, 0S 
k the same homomorphism of 6;(X, into 6,(M, %) is induced by @ 
and y. In other terms: ¢ and y are n-homologous (2) if every k-cycle (2), 
0 <k Sn, of X is “mapped” by ¢ and y into homologous cycles of M [2, p. 211]. 

A subset X of M will be said to be H,, deformable (2) in M into Y if there is a 
mapping f « M*, with f(X) C Y, which is n-homologous (2%) to the identity 
mapping of M*. I shall say that X is H,, contractible (%) in M if there is a 
point m « M into which X can be H, deformed (2{) in M. In other words X 
is H,-contractible (2) in M if every k cycle (2%), 0 S k S n, in X bounds in M. 

I shall say that X is H,, categorical (2() in M if X is contained in an open set 
which is H, contractible (2) in M. A covering of X by H, categorical (2) 
subsets of M will be called an H,, categorical (2) covering of X in M; the collection 
of such coverings will be denoted by H,Cu(X) = H,Cu(X, 2%). 

For future use let us observe that 
(24.1) If M is a complex, a subcomplex X is H,, categorical in M if and only if 
at is H,, contractible in M. 

The n-dimensional homology category, H, caty X = H,, cat (X, Y), of X inM 
is defined to be the smallest of the cardinal numbers | «| as o ranges over 
H,Cu(X, A covering of H»Cu(X, is minimal if | | = Hn catu (X, 2%). 

Mappings ¢ and ye M* are homologous (2) if they are homologous (2) in 
every dimension. As above, we define H-deformable (2) in M into B, H-con- 
tractable (2) in M, H-categorical (%) in M, and the homology category, H catu (X, 2) 
in terms of homology (2%). 
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95. Relation to previously defined categories. The results of chapter I apply 
also to the homology category. In fact, homology in dimension n and homology 
are symmetric, reflexive, and transitive and satisfy (2.1), (2.2), and (2.3). 
When M is of class LC’, (2.4) is satisfied. When X and M are absolute neigh- 
borhood retracts, (2.5) is satisfied. For then the Vietoris and singular homology 
groups are the same. Suppose and My" are n-homologous and also 
and are n-homologous. Let X = Xi X X:,M = M, X M2, ¢ = 
(:, #2), ¥ = (vi, ¥2). An n-cycle in X may be represented by a continuous 
complex f eX” and a combinatorial n-cycle y’ on P. Let P’ be a copy of P, 
; a topological mapping of P’ on P and 7’ the cycle of P’ corresponding to 
on P. As in the case of n-homotopy, ¢f = (dim f, and = Yorsf). 
Since by hypothesis ¢171 and are n-homologous to and yore respectively, 
there is a complex Q D> P + FP’ and a chain T on Q whose boundary is y — 7’, 
and mappings a € M@ , a M3 such that P = ¢imf, a| P’ = fimsfr, = 
domof, = Thus a = (a, a) eM such that a|P = ¢f and 
a|P’ = ¥fr. Hence ¢ and y are n-homologous, completing the proof that (2.5) 
is satisfied. In view of (24.1) it follows that §9 applies to homology, at least 
if M is a complex. 

It is quite clear that H, caty X S H caty X, Hi caty X S H, caty X if k <n, 
H, X S h,caty X and Hcaty X S hceaty X(= caty X). Also that 
H,, caty X = H caty X when M is compact and n-dimensional. 


26. Complete homology category. Mappings ¢ and ye M* are said to be 
completely homologous if they are homologous (2) for every choice of coefficient 
domain 2 [2, p. 211]. I shall say that ¢ and y are completely n-homologous if 
they are n-homologous (2{) for every 2%. As in §24 we may define the complete 
homology category and the complete n-homology category. From (24.1) and [2, §4] 
of (27, Satz 1.3] it follows that the complete n-homology category of X in a 
complex M is = H,, caty (X, Z) where” Z is the direct sum of the cyclic groups Zm 
of order m 2 2. If M is a complex without torsion then the complete 
n-homology category of X in M is = H, caty (X, %:) [2, §4, Nr. 13]; this state- 
ment may be false if M has torsion [2, §4, Nr. 13]. 


27. Covering spaces. The question naturally arises as to whether the ana- 
logue of theorems 21.1 and 21.2 holds for the homology categories. The fol- 
lowing example shows that it does not: 

Let M be the manifold with boundary obtained from a 2-dimensional torus 
by removing an open 2-cell and let X be the 1-sphere which is the boundary of M 
(2, VII, §1, Nr. 9]. The fundamental group of M is free with two generators, 
cand b, corresponding to an equator and a meridian of the original torus. Let 
M, be the covering space of M determined by the subgroup w of 7:(M) generated 
bya’. Thus M, may be obtained from a torus by removing two open 2-cells 


pi: shall use, throughout, the following notation: Z» is the group of integers; Zm is the 
tyclic group of order m = 2; 9; is the group of real numbers mod 1. 
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with disjoint closures. Clearly X, is the boundary of M, and consists of a pair 
of disjoint 1-spheres. It is not very difficult to see that H; caty X = 1 while 
Hy, caty X = 2, the coefficient domain 2% chosen arbitrarily. 


28. Homology categories and intersection cycles. A distinct advantage of 
the homology categories is the opportunity to apply the duality theorem to 
their calculation. In this number, the basis of this calculation is developed. 
Let 8 be a locally compact separable group and let %f be the locally compact 
separable group of its characters [41, chapter V]. We require further that 8 
be a ring. We consider an orientable manifold,” M, of dimension n and a sub- 
complex A. A consequence of the duality theorem is: 

If every r cycle (2%) in A bounds in M then every (n — r)-cycle (B) in M has a 
homologous cycle in M — A, (r > 0). 

For there is a natural homomorphism @ of 8,(M, 2) into 8,(M mod A, Y%), 
which reduces every r-cycle mod A. The hypothesis that every r-cycle in A 
bounds in M is equivalent, as an elementary argument shows, to the hypothesis 
that @ is an isomorphism of 6,(M, 2%) into B,(M mod A, %). Let 6’ denote the 
homomorphism, induced by 6, of the group Bn_,(M — A, %) of characters of 
B.(M mod A, %) into the group B,_,(M, 8) of characters of 6,(M, %). A 
character \ of 8,(M mod A, %) is transformed by 6’ into the character )0 of 
BAM, %). It is easy to verify that 6’ is the natural homomorphism of 
Br(M — A, B) into B,_,(M, 8). Since @ is an isomorphism, there is, for 
every u €8,_,(M, 8), a character ’ of a subgroup of B,(M mod A, Y%) such 
that 1» = ’6. But there is a character \ of 8.(M mod A, %) which is an ex- 
tension of \’ [41, chapter 5, §31, theorem 35]. Since 6’A = XO = u we have 
shown that 6’ covers the image group, i.e. 6’(@n_-(M — A, 8)) = Bn+(M, 8). 
This last statement means precisely that every (n — r) cycle (%) in M has a 
homologue in M — A. 

From this corollary of the duality theorem follows: 

THEOREM 28.1 If, on the orientable n-dimensional manifold M, there can be 
found k cycles yi, --- , yx(B), of dimensions < n — 1 and = n — 1, such that 
their intersection cycle (33, p. 171] y = yi-v2 +--+ yx is not homologous to zero, 
then H, cat (M, %) 2k+1. 

Suppose H, cat (M, %) < k so that, by (24.1), k subcomplexes Ai, --+ , Ak 
of M can be found, which cover M and are H, contractible (2{) in M. By the 
above argument, k homologues, 5: , 62, , of v1, ¥2, » Ye respectively, 
can be found in M — 1h M — A.,--.,M — A, respectively. The inter- 
section cycle 6 = 61-62 --- 6; is homologous to y, so that by hypothesis the 
carrier 6 of 6 is not on the other hand § (M — A;)-(M — 
(M — A;) = 0. This contradiction proves the theorem. 

The corresponding theorem for the non-orientable manifolds has been proved 
by Schnirelmann [42; 39, p. 33; 40, p. 42] (in the case r = n) though not ex- 
plicitly formulated: 


*1 An n-manifold is a connected complex such that the linked complex of any r-simplex 
is a homology (n — r — 1)-sphere. 
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TazorEM 28.2 If, on the n-dimensional manifold M, there can be found k 
cycles 11, Of dimensions S n — 1 and 2 n — r, such that their 
intersection cycle = 1-72 +++ 18 not homologous to zero, then H, cat (M, = 

1. 
ee proof is along the same lines; the group Z2 of integers mod 2 replaces 
both {and B and mod 2 characters replace the (real numbers mod 1) characters. 
The extension theorem corresponding to [41, theorem 35] is trivial because sub- 
groups of homology groups (Z2) are closed with respect to both the topology 


and division. 


99, Homology categories and submanifolds. In the applications of §28 to 
the calculation of homology categories it is sometimes sufficient to use weakened 
forms of theorems 28.1 and 28.2. The weaker theorem (for the case Z. and 
; = n) is due to Schnirelmann [42; 39, p. 32; 40, p. 40]. It is based on a se- 
quence of manifolds with properties somewhat analogous to the categorical 
sequence of §5. 

I shall say that a sequence My , M,, --- , Mi = M of submanifolds, of dimen- 
sion %, M1, +++ , M respectively, of an n dimensional manifold M is an S-se- 
quence (2) if 


M, CM, C.-- CM, = M and 
=n and 


for every i = 1, 2,---,k — 1, any ni — nj; cycle (2) in M; which bounds 
in M bounds also in M;. 

(The last condition is somewhat analogous to the “‘divisor’’ of §4.) 

The application of S-sequences to the calculation of homology category de- 
pends on the lemmas immediately below, which are consequences of the duality 
theorems. 

A cycle y’ on a submanifold M’ of a manifold M will be said to have been 
extended to a cycle y on M if the intersection cycle y-u’ of y with the funda- 
mental cycle uw’ of M’ is homologous on M to vy’. This definition is for an 
arbitrary coefficient domain if M and M’ are orientable, for coefficient domain 
Z; otherwise. 

Let M be an orientable n-dimensional manifold, % and % as in §28. 

(29.1) If M’ is an orientable m-dimensional submanifold of M, with the property 
that every (m — i)-cycle (X) of M’ which bounds in M bounds also in M’, then 
every t-cycle (8) on M’ can be extended to an (n — m + 1)-cycle (B) on M. 

The hypothesis that every (m — i)-cycle (2%) of M’ which bounds in M 
bounds also in M’ means precisely that the natural homomorphism @ of 
2) into is an isomorphism. Let y’ be an i-cycle (8) on M’. 
According to the duality theorem, 7’ is a character of Bm-i(M’, 2). Hence 
70" is a character of a subgroup of Bn—(M, %). There is a character y of 
bn-i(M, 2X) which is an extension of 7’ [41, chapter 5, §31, theorem 35]. 
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The character y is an (n — m + 2) cycle (8) on M and y-u’ is homologous 
to y’ on M. 

If we allow M and M’ to be non-orientable we have in an analogous fashion 
(ef. §28): 
(29.2) If M’ is an m-dimensional submanifold of the n-dimensional manifold M 
with the property that every (m — 1)-cycle (Z2) of M’ which bounds in M bounds 
also in M’, then every i-cycle (Z2) on M’ can be extended to an (n — m + 1)-cycle 
(Z2) on M. 

From (29.1) and (29.2) we derive, by parallel arguments, the following two 
theorems of which we exhibit the proof of the first only. 

THeorEM 29.3 If there is an S-sequence (YU), Mo, Mi,---,Mi = M, of 
length k + 1, in the orientable n-dimensional manifold M, such that the submani- 
folds My, M,,---, My, are orientable, then H, cat (M, AX) = k + 1 for any 


r= max {n; — nis}. 


THEOREM 29.4 If there is an S-sequence (Zz), Mo, Mi,---,Mi = M of 
length k + 1, in the n-dimensional manifold M then H, cat (M, Zz) = k + 1 for 
anyr = max {ni — nin}. 


i=1,- 

PRroor oF THEOREM 29.3: Let Mo» Mi, +++ denote fundamental cycles (8) 
of Myo, Mi, ---,M, respectively. Applying (29.1) to the nj; dimensional 
cycle of M; ,7 = 1, 2, --- , k, we construct an (n — n; + 
cycle (B) on M which is an extension of It is easy to prove inductively 
that the n,_; dimensional intersection cycle eer see med is homologous to 
and thus that the intersection cycle is homologous to  , 
hence not homologous to zero. Since the dimension of each of the cycles 
Mea, 18 Sn — landzn— r, it follows from theorem 28.1 that 
H, cat (M, =k +1. 

From theorem 29.3 we deduce the interesting consequence: 

(29.5) If a manifold M has dimension = 2 and B,(M, Z.) # 0 then 
H cat (M, Z:) = 3. 

For there is a simple closed curve M, such that the sequence My = point of 

M,, M,, Mz = M isan S-sequence (Z). 


30. Product manifolds. Consider cycles yi, --- , of dimension 
<n; — land 2 n; — r; on the n;-dimensional manifold M’ (j = 1, 2), where 8 


' is understood to be Z» if the manifolds are not restricted to be orientable, such 


that the intersection cycles y' = - and y= n are not homol- 
ogous to zero. Then the eyeles x X X 
X M' X M?’, where u' and are cycles of and M’ 
respectively, have an idtumeontions not homologous to zero. In fact this inter- 
section is y' X 7’, ef. [2, VII, §3, 5]. Thus 

(30.1) jf on the orientable apdlindinctonsil M; (j = 1, 2), there can be found k; 
cycles yi, of, dimensions nm — 1 and = mn — such that their 
intersection cycles y' andy" are not homologous to zero then H, cat (M' X M’, %) 2 
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ky + ke + 1, wherer = 1% +72. The same statement holds about not-necessarily- 
vrientable manifolds if and B are replaced by 

Similarly one can show that 
(30.2) If there is an S-sequence (%) of orientable manifolds of length k; + 1 on 
ihe orientable manifold M’ (j = 1, 2) then H, cat (M' X M*,%8)>h+t+ht+1 
wherer = "1 + 2 (ef. theorem 29.3). The same statement holds if orientability 
is dropped and % and B are replaced by Zz. 

Thus, in particular, the homology (Zz) category of the product of k mani- 
folds is > & + 1. This is analogous to theorem 20.3. 


31. The projective spaces. The most impressive application of theorem 29.4 
is to the projective spaces. 

(31.1) For the n-dimensional projective space P, we have H, cat (P,, Z2) = 
eat P, =n+ 1. 

For there is an S-sequence (Zz) Po, Pi, ---, Pn of projective spaces. It is 
sufficient to prove that every 1-cycle in P; which bounds in P;,; bounds in P; 
(i= 1,---,n — 1). This is true for 7 = 1 because no 1-cycle of P; bounds 
in P». For 7 > 1, suppose y is a 1-cycle in P; which bounds a 2-chain T in 
Pi4,. Choose a point of P;4; not on P; and not on the carrier f of F and project 
[from this point into P;. The projected 2-chain has y for its boundary. 

Thus H, cat (P,, Z2) 2n+1. But Hi cat(P,, Z2) S cat S n+ 1 by §25 
and (5.4). 

Let us observe that cat P, = n + 1 has, as an immediate consequence, the 
often proved” 

TurorEM 31.2 If the (n — 1)-dimensional sphere S,-1 is covered with n closed 
sets then at least one of these sets contains a pair of antipodal points. 

Let f ¢ P2" be the standard identification of antipodal points of the n-dimen- 
sional cell Q, and suppose that {A;, Az, --- , Ax} is a closed covering of S,, 


the boundary of Q, , where no A; contains any pair of antipodal points. Let a 


be the center of Q, so that {aA,, aA, ---,@Ax} is a closed covering of Q,., 
“~~ 
where a A; denotes the convex join of aand A,;. Since {f(a A1), f(a Az), 


f(a Ax)} is a covering of P,, by closed sets which are contractible in P, , it follows 
that cat P, Sk. Hence n + 1 S k, which proves the theorem. 


32. Complexes with homology category 2. Let % now denote an arbitrary 
coefficient domain, and let K be a connected n-dimensional complex. Suppose 
that H,cat (K, 2) < 2so that K = Ky where K; and K; are subcomplexes 
of K (cf. 24.1) and every i-cycle (9%) in K; or in Kz bounds in K for 


* [39, p. 26, lemma 1; 8, p. 178; 16; 32; 2, XII, §4, 8, Satz XI]. Cf. also (17, 24, 23]. An- 
other consequence is If the n-sphere S,, is covered with n closed sets then at least one of these 
sels contains a symmetric continuum. cf. [39, p. 26, lemma 2], where this is used as the basis 
of the calculation of the category of Pp. 
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4=0,1, Under these conditions the subgroup S:(K) of 8:(K), of these 
elements which can be represented as wre vi + vi with 41 Cc K; (j = 1,2), 
consists of the identity only for 7 = 0, 1, ,r (2, VII, §2, 3]. Fetthiertinns 
the subgroup of 6:(Ki-Ko), of cycles which bound in 
either K, or Kz, is = 6;(Ki-Ke) for 7 = 0, 1,---,7 [2, VII, §2, 4]. (The 
group fo is meant in the sense of [2, V, §1, 5].) Hence, for every 7 S r, the 
isomorphism [2, VII, §2, 8, Satz 5] takes the form 


(32.1) Bi(K, 2) = Biu(Ki- Ke, 


Thus we have derived a necessary condition for {K,, Ke} e«H,C(K, %). 

From (32.1) for z = 1 follows 

THEOREM 32.2 If K is a connected complex and 6,(K, 2X) #¥ 0 and is not the 
direct sum of groups isomorphic with % then H, cat (K, M) = 3. 

For {o(Ki-Ke, %) is the direct sum of ¢ groups isomorphic with Y%, where 
¢ + 1 is the number of components of K;- Ke. 

Theorem 32.2 is the analogon of theorem 23.1. The proof of the converse 
breaks down, since we can no longer use the coherence, as in theorem 23.1. 
In iact the converse is false: Let K be the 2-dimensional torus and Y& = Z. 
It is well known that 8:(K, Zo.) = Zo + Zo; nevertheless H; cat (K, Zo) = 3, 
by theorem 29.4. 

From theorems 29.3 and 32.2 

(32.3) If M is an orientable manifold of dimension = 2 and p is a prime such 
that Bi(M, Z,) ¥ 0, then H cat (M, Z,) = 3. Thus if 6.(M, Zo) # 0, the complete 
homology category of M is = 3. 

For if H cat (M, Z,) < 2 then, by theorem 32.2, 6,(M, Z») = Zp +--+» + Zp. 
There is a simple closed curve a of M which carries a non-zero element z of 
Bi(M, Z,). Since Bi(a, Z,) is the cyclic group of order p generated by z, so 
that the only possible homomorphisms of 8;(a@, Z,) into 6:(M, Z,) other than 0 
are isomorphisms, the sequence {My = point of a, M; = a, Mz = M} isan 
S-sequence (Z,). Hence by theorem 29.3, H cat (M, Z,) = 3. The second 
statement follows from §26 because 6:(M, Zo) ¥ 0 implies that 6:(M, Z,) 4 0 
for some prime p [2, V, §4, 9, p. 235]. 


IV. THE Strone CATEGORIES 


33. Definitions. We have considered categories associated with each of the 
relations homotopy, homotopy in dimension n, homology, and homology in 
dimension n. These relations will be denoted by h, h, , H = H(%), Hn = H.(%). 
In this chapter I shall write § to denote an unspecified relation « the collection 
{h, ha, H, 

We shall now study a category-like invariant which I have called the strong 
category (abbreviated cat*). This is defined by considering coverings of X by 
sets which are $-contractible (i.e. not in M but in themselves). Roughly, this 
amounts to confusing the set A and the space M in which it is to be $-con- 
tracted. Hence, it seems advisable to demand not only that the sets be 
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¢-contractible in themselves but that they also possess the properties of M 
which were found in the preceding sections to insure a relatively complete 
theory. For this purpose local -contractibility seems reasonable. However, 
the following definition is slightly more convenient: Let SC*(M) denote the 
wllection” of coverings of M by neighborhood retracts of M which are $-con- 
tractible. (Thus when M is locally §-contractible so is every set of every 
covering of SC*(M).) An §-contractible neighborhood retract of M will be 
called a strong ©-categorical set of M. We define the -strong category,” 
6 cat* M, of M to be the smallest of the cardinal numbers | ¢| as ¢ ranges over 
g(*(M). (There is almost no point in considering a strong category of X in M, 
as, for any decent space X, it would turn out to be independent of M.) Since 
the points of M constitute a covering of SC*(M), the -strong category is 
always defined. If M is an absolute neighborhood retract, its strong h-cate- 
gorical sets are absolute retracts and its strong h,-categorical sets are those 
neighborhood retracts whose first n-homotopy groups vanish [25, Satz 5]. A 
strong S-categorical set need not, even under the most favorable circumstances, 
have an §-contractible neighborhood. In fact the 2-cell of Alexander [1] im- 
bedded in the obvious way in a solid torus is a strong h;-categorical set, but no 
neighborhood is hy-contractible. 


34. From the definition follow immediately 
(34.1) If M, and M, are neighborhood retracts of M, + Mz then 


cat* (M, + M2) S  cat* M, + cat* M: ; 


and 
(34.2) h, cat* M cat* M and, if k h, cat*M Sh, cat*M. The proofs 
are obvious. 

From a theorem of Hurewicz [25, Satz 6] follows 
(34.3) If M is an n-dimensional absolute neighborhood retract then h, cat* M = 
cat*M. 

Similar results are easily obtained for the strong homology categories. Note 

that the complete n-homology category of a complex M = H,, cat* (M, Z), 
[2 ¥, $4, p. 228]. 
(34.4) If M is an absolute neighborhood retract, and A and B are strong $-cate- 
gorical sets of M which have only one point in common, then A + B is a strong 
§-categorical set. Consequently if A’ and B’ are disjoint $-categorical sets of M 
then A’ + B’ can be enlarged to a strong $-categorical set A’ + a + B’ by the ad- 
tition of a spanning arc a. 

Since A and B are absolute neighborhood retracts so is A + B [7, p. 226]. 
For § = h the contractibility of A + B is a consequence of a theorem of Aron- 


* That the collection §C*(M) is a much more complicated invariant than § cat* M is 
indicated by an example due to Borsuk [13] of a 2-dimensional complex, P, in 3-dimensional 
Euclidean space which is $-contractible but for which the least value of || > 1, aso 
anges over HC*(P), is 3. 

*T shall write C*(M) for hC*(M) and cat* M for h cat* (M). 
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zajin and Borsuk [8, p. 194]. For = h, it follows from a theorem of Kura- 
towski [31, p. 277]. For © = H or H, it is more or less trivial. 

Remark: The lemma is false if M does not have suitable local properties, 
Example in the Cartesian plane: 


A= N+ 
B the set symmetric to A with respect to the origin. Every deformation of 
A + B leaves the origin fixed. 

As a consequence of (34.4) and of the theorem of Aronzajin and Borsuk quoted 
above we have 
(34.5) If M is an absolute neighborhood retract and oa is a minimal covering of 
HC*(M), then every pair of sets of o intersects in at least two points. For § = h, 
the intersection of any pair of sets of o is not an absolute retract. 


35. Covering spaces. By a modification of the proof of theorem 2.19 and an 
extension of (34.4) can be proved 
(35) If M is a covering space of an absolute neighborhood retract M then cat* M < 
cat* M and h, cat* M S h, cat* M. 


36. Upper bounds for the strong category. The analogue of (5.4), namely 

THEOREM 36.1 If M is a connected n-dimensional complex then cat* M S$ 
n+l. 
was proved by Borsuk [15], who observed that the theorem becomes false if M 
is required merely to be an n-dimensional absolute neighborhood retract. 

In chapters I and II, I made successive refinements of (5.4), the ultimate 

refinement being theorem (18.2). I shall now show that over the class of con- 
nected complexes the analogue of theorem (18.2) does not hold. 
(36.2) There is a connected m-dimensional complex, which is simply connected 
and acyclic in the first k dimension, for which the strong homology (Zo) category 
is > the upper bound m — k + 1 for the category of a complex satisfying these 
conditions. 

In our example m = 2, k = 1 and the strong homology (Zo) category = the 
strong homotopy category = 3. 

Let P;, denote, for m = 2, the 2-dimensional pseudoprojective space [2, VI, 
Anhang 6, 7, 8, p. 266] obtained from the 2-cell r < 1 (written in polar coordi- 
nates (r, 6)) by identifying the m-points (1, 6), (1, @ + 27x/m),-:-:, 
(1, 6 + 2x(m — 1)/m)) for each 0 S @ S 2x/m. The fundamental group 
m™(Pm) of P;, is the cyclic group of order m whose generator is carried by the 
simple closed curve a, which is the image, under the identification, of the 
boundary, r = 1, of the 2-cell. 

Since 6:(P%,, Zo) = m™(P%,) [43, chapter 7, §48] it follows from theorem 32.2 
and (5.4) that cat (P%,, Zo) = 3. 

Let m and n be relatively prime integers and let X = Xm,» denote the complex 
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sbtained from P2, and P?, by identifying a, and a, and, for simplicity, write 
Y=Pn+Pn. Since m and n are relatively prime it follows from a previously 
quoted theorem on the fundamental group of a union [48, chapter 7 §52] that X 
is simply connected (hence also acyclic in dimension 1). Since 2(X, Zo) # 0, 
X is not H(Z)-contractible, so that H cat* (X, Z) 2 2. Suppose {A, B} isa 
covering of HC*(X, Zo). Since cat Pn. = 3, one of the sets A-P,,, B-Pn, 
ay A-Pp, carries a 1-cycle y which is homologous to gan, 1 S g S m — 1, 
where dm is the generating cycle of 6:(P;,, Zo) carried by an. On the other 
hand, since P, is not H(Zp)-contractible, A-P, is a proper closed subset of P, , 
so that the 1-cycle y can not bound on P,, + A-P,, hence not on A. This isa 
contradiction since A is supposed to be H(Zp)-contractible. 

Thus we have shown that cat* M < m — k + 1 is not true over the class of 
simply connected m-dimensional complexes M acyclic in the first k dimensions. 
There remains a possibility that this be true if M is further restricted to range 
only over pseudomanifolds (or manifolds). 

In a very special case the validity of the inequality cat*M < m—k+1 
follows from a theorem of Borsuk [12, p. 58]. The simple connectivity in this 
special case is a consequence of the acyclicity. 

(36.3) If the connected complex M is acyclic in dimension 1 and can be imbedded 
in 3-dimensional Euclidean space then cat* M S 2. 


37. Identification of a pair of points. The conditions under which an analogue 

of theorem 22.1 can be proved are apparently much more restrictive. 
(37) Let X be an absolute neighborhood retract and Y the absolute neighborhood 
retract obtained from X by an identification, f, of a pair of distinct points, a; and az . 
If Bis a strong $-categorical set of Y then f~'(B) is either a strong $-categorical 
set not containing a; or a2 or is the union of disjoint strong $-categorical sets A; 
and A; , Ay 3 , Ao 9 2, according as B does or does not contain b = = f(a). 
Hence, by (34.4), S cat* X < GH cat* Y. 

If B does not contain b then f~'(B) is homeomorphic with B, so that f~'(B) 
isan §-contractible absolute neighborhood retract contained in X. 

If B contains b then, since B is S-contractible, there is, for any x ef ‘(B) an 
are in B from f(x) to b. Hence there is an arc in f (B) from z to either a 
ra. Thus f'(B) has at most two components. But if f ~(B) were con- 
nected it would contain an arc from a; to a2 which is contrary to the assumption 
that B is §-contractible (cf. 2.4). Hence f"(B) = Ai + Ae where A; is the 
component of which contains a; (i = 1, 2). Now f|A: and are 
lomeomorphisms so that A; is homeomorphic to f(A,), 7 = 1, 2. Hence each 
Ajis strong §-contractible. But f(A,) is a retract of B; in fact the mapping 


p(y) = y for y ef(Ai) 
b foryeB — f(Ai) 


®a retraction of B into f(A,). It follows [7, 6] that f(A.) and hence A; is an 
ibsolute neighborhood retract, hence strong $-categorical. 
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38. Point Identification on an irreducibly closed complex. In direct contras; 
to theorem 22.2, point identification may raise the strong categories. We need 
the following lemma: 

(38.1) If M is an irreducibly closed n-dimensional complex (n = 2) with natural 
domain Z, (m = 0, 2, 3, --- ) [2, VII, §1, 3, 4, 5] and A is a closed subset which 


48s Hn-1(Zm)-contractible in an open subset U of M then M — U is contained in aq 


component of M — A. 

Suppose M — U intersects both D, and D, where M — A = D, + Dy and 
D, and D, are disjoint open sets. Let V be a closed neighborhood of A which 
is H,;(Zm)-contractible in U. Subdivide M so fine that every simplex which 
intersects A is contained in V. Let uw denote an irreducible cycle (Z,,) of M 
and let I be the n-chain which is zero on every n-simplex which meets A + D, 
and agrees with » on every other n-simplex of M. Since the carrier 4 of the 
boundary y = F(I) of T is a subset of V it follows from the construction of V 
that there is an n-chain A in U whose boundary isy. Hence I — Ais an n-cycle 
on M. Since A-(M — U) = O while f D D,.(M — U) 0, the n-cyclel A 
is ~0. On the other hand, since f-D, = 0 and since A does not intersect the 
non-vacuous set D.-(M — U) the n-cycle T — A is carried by a proper subset 
of M. But this is impossible because M is irreducibly closed. Hence M — U 
is contained in a component of M — A. 

THEOREM 38.2 If X is an irreducibly closed n-dimensional complex (n = 2) 
with natural domain Z», (m = 0, 2, 3,---) and Y ts obtained from X by an 
identification, f, of three distinct points a, , a2, a3, then Hy, cat* (Y, Zn) 2 3. 

Since n = 2 and Y is obviously not acyclic in dimension 1, Y is not Hy4(Zn)- 
contractible. It is therefore sufficient to show that there does not exist a 
covering {Y,, Yo} of Y by H,1(Zn)-contractible absolute neighborhood retracts. 
Let b = f(a) = f(a) = f(as) and X; = f'(Y;). Let Y; be the set of the cov- 
ering {Yi, Y:} which contains b. By (37), Xi = Xi + Xi + Xi, where X, 
Xj, Xj are disjoint absolute neighborhood retracts and a; ¢ Xj for j = 1, 2,3. 
Since X, + X. = X the sets X — X, and X — X; are disjoint. By (38.1) 
X — U is contained in a component of X — X2 for every open neighborhood U 
of X2. Hence X — X2is connected, and therefore is contained in one of the com- 
ponents of X;,say Xi. It follows that the connected set X? + Xi + (X — X) 
is disjoint to X — X, , so that Xj + X} + (X — Xj) isa subset of X.. Thus we 
have constructed a connected subset of X2 which contains both a: and 43. 
This is a contradiction with (37). 


39. Category and strong category. Theorem 38.2 enables us to show that 
category and strong category need not be the same, even for pseudomanifolds. 
(39) The $-category and the strong $-category are not identical over the class of 
pseudomanifolds. In fact for every integer n = 2 there is an n-dimensional pseudo- 
manifold J, for which cat J, = 2 but Hy. cat* (J,, ) = cat* Jn = 3. 

The pseudomanifold J, is obtained by identifying three distinct. points of the 
n-sphere S,. By theorem 22.2, cat J, = 2; by theorem 38.2, H,-1 cat* (Jn, %) 2 
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3, (2, V, $4, 5 and VII, §1, 7]; by actual construction of a covering of C*(J,), 
cat* J, 3. 

From theorem 18.2 and (36.2) we see that the example of the 2-dimensional 
complex Xm,» Of §36 shows that category and strong category are not identical 
over the class of complexes. This is an essentially weaker result than (39); 
however the construction of this example is interesting in this connection for its 
own sake, as its properties seem to depend on a different idea. 

Another example of the same type is the absolute neighborhood retract B 
constructed by Borsuk and Mazurkiewicz [9] whose category is 2 but whose 
strong H,(2{) category is infinite. Borsuk has also constructed [10] plane curves 
of order 3 of arbitrarily large strong category; there is even a curve of finite 
order whose strong category is > No [10, p. 291]. 


40. Homotopy type and strong category. In contrast to (10.2), I now show 
that 
(40) The strong $-category is not an invariant of the homotopy type, even over the 
class of 2-dimensional pseudomanifolds. 

In fact I shall construct 2-dimensional pseudomanifolds, J and K, which 
belong to the same homotopy type and such that  cat* J = 3 but § cat* K = 2. 

The pseudomanifold J will be J2 of §39, obtained from the 2-sphere S. by 
identifying three distinct points. According to (39) © cat* J = 3 for any of 
our relations §. 

Let a; , d2 , 3 , a4 be four distinct points of S, and let K be the pseudomanifold 
obtained from S2 by identifying a; with a, and a3 with a,. Since 6:(K, %) does 
not vanish Hcat* K = 2. But it is easily seen by actual construction of a strong 
§-categorical covering (see figure 1) that 5 cat* K S 2. 

In order to show that J and K belong to the same homotopy type it is con- 
venient to imbed in 3-dimensional Cartesian space (see figure 2) as follows: 

Let W, denote the circle (x + 2)? + y? = 4,2 =ufor-2S5us2. Let D, 
denote the circle (x + 2u)? + y’ = u, z = ufor —2 < u S 0 and the circle 
Qu’? + = u, z= ufor0 u S 2. Let E, denote the circle 
@+4(u+1))?+y = 4(u+ 1), z = ufor —2 < u S —1, the point (0, 0, u) 
for—-1 < u S 1, the circle (x — 4(u — 1))? + y® = 4(u — 1)’, z = Ofor 
1<Su<2. Let T” be a topological cylinder in the half-space z S$ —2 joining 
the circles W_, and D_, = E_s, and let 7* be a topological cylinder in the half- 
space 2 2 2 joining the circles W. and D, = E,. It is unnecessary to further 
specify T = T- + T™ since the mappings f, ¢, g: and h, , to be described, are 
identities on T’. 

It is clear that J = T+ DW. t+ DODandK=T+ DK. 
(the summations extending over —2 < u S 2). In the following description 
the symbol —"-, will mean that the circle on the left-hand side of the symbol is 
transformed into the circle on the right-hand side by a translation and an 
trotational similarity. 
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The mapping f « K” is defined by: f | (7 + W.) is the identity, D, 14 EB, 
for -2 < u S$ 2. The mapping ¢ « J* is defined by: f | T is the identity, 


Wi. —> for -2 —1, 
Wo for -l sus 1, 
Wau» for 2, 
Ey for -2 Sus —1, 


for lsus 2. 
Mappings g: e J” and h, e K* are defined for every ¢ €[0, 1] as follows: 


Wa-ou for-l Sus 
for lous 2, 
Dy for Sus —-1, 
Da-ou for-lSus 1, 
W. Wares for Sus —-1, 
Wa-su for -lsus 1, 
W for lsus 2, 
4+ for -2 Sus —l, 
for lsus 2. 


We observe that g¢J’*"”" is a homotopy between 1e¢J” and ¢fe¢J” and 
that h eK**"") is a homotopy between 1 ¢ K* and foe K*. This completes 
the proof that the pseudomanifolds J and K belong to the same homotopy type. 

Another example of the non-dependence of the strong category on the ho- 
motopy type is the following: X», is the 2-dimensional complex of §36 (m and n 
always relatively prime) and Y is the pseudomanifold which is the union of 
2spheres which have exactly one point in common. By (36.2) cat* Xn = 3; 
by actual construction of a covering, cat* Y = 2. Since Xm,, and Y are both 
simply connected and 62(Xm.n, Zo) and 62(Y, Zo) are isomorphic, Xmn and Y 
belong to the same homotopy type [27, §7]. This example is weaker than the 
preceding one since it shows the non-dependence of the strong $-category only 
for § = h and only over the class of complexes. 


41. Deformation retraction and strong category. A space and a deformation 
retract of it belong to the same homotopy type. It will now be shown that 
the strong G-category is not an invariant of deformation retract over the class of 
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complexes. This result which is partly weaker and partly stronger than (40) 
implies in particular that the analogue of (8.2) is false for strong category. 

Let J be as in §40 and let L = J + a I, where I, denotes the convex 
closure of D,, —1 S u <1. It is trivial that J is a deformation retract of L. 
It remains only to show that  cat* L = 2. Buta decomposition — C*(L) is 
clearly Lz} where Li = + 7+ + 


V. MIscELLANY 


42. Generalizations. In the preceding chapters no attempt was made to 
define the most general category. We have considered a class of categories 
which is natural and has a meaningful theory. I shall now indicate several 
generalizations which are natural extensions. 

First: Let K be a neighborhood retract of the arcwise connected space M; 
a set A is categorical rel K in M if there is an open set containing A which can 
be deformed in M into K; a covering o of X belongs to Cy(X rel K) if each 
set of o is categorical rel K in M. The minimum, caty (X rel K), of |o| aso 
ranges over Cy(X rel K) has many properties similar to those of caty X to 
which it reduces if K is contractible in M. 

We note several properties of cat y.(X rel K): 

If M is an absolute neighborhood retract, a closed set is categorical rel K if 
and only if it can be deformed in M into K. 

If X is closed and M is an absolute neighborhood retract then caty (X rel K) $ 
1 + dim (X-M — K). 

By the method of theorem 20.1 it can be shown that if M = M, X --- X M; 
is an absolute neighborhood retract and 7 denotes the set of points z = 
(a1, +--+ , &) of M which have at least one coorainate identical with the corre- 
sponding coordinate of a fixed point p = (pi, --+ , Pn), then k caty (M rel 7) S$ 
cat M +k — 1. 

This last implies theorem 20.1 because if cat M; = 2 fori = 1, ---,kand M 
is essential then caty (M rel 7’) = 2. 

Secon: Let ® be a subset of W”. A covering o of X by open sets of M 
belongs to Cy(X || ®) if ¢| A is homotopic to a constant for every ¢¢® and 
every Aeo. As usual caty (X || &) is the minimum of | | as o ranges over 
Cy(X |! @). Clearly caty (X || 6) = caty X when W = M and @ consists of 
the single mapping 1. 

In order that a family  ¢ Si‘ be k-compatible [20, p. 158] it is necessary and 
sufficient that caty (M||¢) < k. Thus [20, p. 180] the multicoherence 
r.(M) 2 n if and only if there exist n linearly independent mappings fi, /2, 
such that (M || {fi,---,fa}) 

Furthermore [20, p. 180, theorem 1, and p. 188, theorem 1] H; cat (M, 3) = 
caty (M || Si"), and [20, p. 188, theorem 8] caty (M || S¥“) < 1 + maximum 
number of linearly independent mappings of Sj‘ . 


Princeton, New JERSEY. 


8) 
6) 
| 6) 
8) 
| 0) 
(10) 
(11) 
| (12) 
(13) 
(14) 
(5) 
(6) 
| (17) 
(18) 
(19) 
(21) 
(22) 
(24) 
| (8) 
| | 


WN 


ON THE LUSTERNIK-SCHNIRELMANN CATEGORY 369 


BIBLIOGRAPHY 


(1) Alexander, J. W., An example of a simply connected surface bounding a region which 
is not simply connected. Proc. Nat. Acad. 10 (1924), 8-10. 

(2) Alexandroff, P., and Hopf, H., Topologie I. Springer (1935), Berlin. 

(3) Aronzajn, N., and Borsuk, K., Sur la somme et le produit combinatoire des rétractes 
absolus. Fund. Math. 18 (1932), 193-197. 

(4) Bassi, A., Su alcuni nuovi invarianti delle variet4é topologische. Annalidi Math. 16 
(1935), 275-297. Abstracted: On some new invariants of a manifold. Proc. Nat. 
Acad. 22 (1936), 698-699. 

(5) Birkhoff, Garrett, Lattices and their applications. Bull. of the American Math. Soc. 
44 (1938), 793-800. 

(6) Borsuk, K., Sur les rétractes. Fund. Math. 17 (1931), 152-170. 

(7) Borsuk, K., Uber eine Klasse von lokal zusammenhingenden Raumen. Fund. Math. 
19 (1932), 220-242. 

(8) Borsuk, K., Drei Satze tiber die n-dimensionale euklidische Sphire. Fund. Math. 20 
(1933), 177-190. 

(9) Borsuk, K., and Mazurkiewicz, S., Sur les rétractes absolus indecomposables. 
Comptes Rend. 199 (1934), 110-112. = 

(10) Borsuk, K., Sur la décomposition des courbes réguliéres en dendrites. Fund. Math. 
22 (1934), 287-291. 

(11) Borsuk, K., Quelques rétractes singuliers. Fund. Math. 24 (1935), 249-258. 

(12) Borsuk, K., Contribution 4 la topologie des polytopes. Fund. Math. 25 (1935), 51-58. 

(13) Borsuk, K., Uber das Phinomen der Unzerlegbarkeit in der Polyedertopologie. 
Comm. Math. Helvetici 8 (1935), 142-148. 

(14) Borsuk, K., Uber den Lusternik-Schnirelmannschen Begriff der Kategorie. Fund. 
Math. 26 (1936), 123-136. Abstracted: Sur la notion de la catégorie de M. L. 
Lusternik et Schnirelmann. Comptes Rend. 198 (1934), 1731-1732. 

(15) Borsuk, K., Sur la décomposition des polyédres n-dimensionnels en polyédres contrac- 
tilesen soi. Comp. Math. 3 (1936), 431-434. 

(16) Denjoy, A., and Wolff, J., Sur la division d’une sphére en trois ensembles. Ens. 
Math. 32 (1933), 66-68, 

(17) Eilenberg, S., Sur quelques propriétés topologiques de la surface de sphére. Fund. 
Math. 25 (1935), 267-272. 

(18) Eilenberg, 8., Sur la théoréme de décomposition de la theorie de la dimension. Fund. 
Math. 26 (1936), 146-149. ie 

(19) Eilenberg, S., Sur un théoréme topologique de M. L. Schnirelmann. Math. Sbornik 
N.S. 1 (1936), 557-559. 

(20) Eilenberg, S., Sur les espaces multicohérents I. Fund. Math. 27 (1936), 153-190. 

(21) Eilenberg, S., Un théoréme sur V’homotopie. Ann. of Math. 38 (1937), 656-661. 

(22) Eilenberg, S., Sur les transformations 4 petites tranches. Fund. Math. 30 (1938), 
92-95. 

(23) Hirsch, G., Une généralisation d’un théoréme de M. Borsuk concernant certaines 
transformations de l’Analysis Situs. Bull. Acad. Roy. Belg., 23, (1937), 219-225. 

(4) Hopf, H., Freie Uberdeckungen und freie Abbildungen. Fund. Math. 28, (1937) 
33-57. 

(5) Hurewiez, W.., Topologie der Deformationen I. Proc. Akad. Amsterdam 38 (1935), 
112-119. 

(26) cage W., Topologie der Deformationen II. Proc. Akad. Amsterdam 38 (1935), 
21-528. 

(7) Hurewiez, W., Topologie der Deformationen III. Proc. Akad. Amsterdam 39 (1936), 
117-126. 

(28) —* W., Topologie der Deformationen IV. Proc. Akad. Amsterdam 39 (1936), 
15-224, 


6 


Bee... 
) 
x 
is 
0 
i 
il 
2 
n 
h 
| 
if 
f 
d 
d 
e j 
n | 


370 RALPH H. FOX 


(29) van Kampen, E., On the connection between the fundamental groups of some related 
spaces. American Journal of Math. 55 (1933), 261-267. 

(30) Kuratowski, C., Topologie I. Monografje Matematyczne III (1933), Warsawa-Lwéw, 

(31) Kuratowski, C., Sur les espaces localement connexes et péaniens en dimension n, 
Fund. Math. 24 (1935), 269-287. 

(32) Ldszlé, R., Zu einen geometrischen Satz von K. Borsuk. Math. Fiz. Lap. 41 (1934), 
36-40 


(33) Lefschetz, S., Topology. American Math. Soc. Colloquium Publications (1930), New © 


York. 

(34) Lefschetz, S., On locally connected and related sets. Ann. of Math. 35 (1934), 118-129, 

(35) Lefschetz, S., On locally connected sets and retracts. Proc. Nat. Acad. 24 (1938), 
392-393. 

(36) Lusternik, L., and Schnirelmann, L., Sur un principe topologique en analyse, 
Comptes Rend. 188 (1929), 295-297. 

(37) Lusternik, L., and Schnirelmann, L., Existence de trois lignés géodésiques fermées sur 
toute surface de genre 0. Comptes Rend. 188 (1929), 534-536, and 189 (1929), 
269-271. 

(38) Lusternik, L., Topologische Grundlagen der allgemeinen Eigenwerttheorie. Monat- 
shefte fiir Math. u. Physik 37 (1930), 125-130. 

(39) Lusternik, L., and Schnirelmann, L., Méthodes topologiques dans les problémes 
variationnels. Inst. for Math. and Mechanics (1930), Moscau. (in russian). 

(40) Lusternik, L., and Schnirelmann, L., Méthodes topologiques dans les problémes varia- 
tionnels. Actualités scientifiques et industrielles (1934), Paris. 

(41) Pontrjagin, L., Topological Groups. Princeton U. Press (1939) Princeton (translated 
from the Russian). 

(42) Schnirelmann, L., Uber eine neue kombinatorische Invariante. Monatshefte fiir 
Math. u. Physik 37 (1930), 131-134. 

(43) Seifert, H., and Threlfall, W., Lehrbuch der Topologie. Teubner (1934), Leipzig. 

(44) Wilder, R. L., On the imbedding of subsets of a metric space in Jordan continua. 
Fund. Math. 19 (1932), 45-64. 

(a) Froloff, S., and Elsholz, L., Limite inférieure pour le nombre des valeurs critiques 
d’une fonction, donnée sur une variété. Math. Sbornik 42 (1935), 637-643. 

(b) Gordon, J., On the minimal number of critical points of a real function defined on a 
manifold. Math. Sbornik N.S. 4 (1938), 105-113. 

(c) Elsholz, L., Zur Theorie der Invarianten, die zur Bestimmung der unteren Greuze der 
Anzahl der kritischen Punkte einer stetigen Funktion, die auf einer Mannigfaltig- 
keit bestimmt ist, dienen kénnen. Math. Sbornik N.S. 5 (1939), 551-558 (in 
russian). 

(d) Elsholz, L., Die Lange einer Mannigfaltigkeit und ihre Eigenschaften. Math. Sbornik 
N.S. 5 (1939), 565-571 (in russian). 

(e) Fox, R. H., On Homotopy and Extension of Mappings. Proc. Nat. Acad. 26 (1940), 
26-28. 

(f) Seifert, H., and Threlfall, W. Variationsrechnung in Grossen. Teubner (1938) Leipzig. 


Vol. 


= 
A 
can 
fun 
heir 
| as 
i C 
sett 
arbi 
T 
Nev 
for 
vol. 
exte 
“M 
or— 
h 
gene 
the 
othe 
A fi 
bow 
one 
T 
80 
mer 
my we 
Tl 
to F 
Were 


sig. 


ANNALS OF MATHEMATICS 
Vol. 42, No. 2, April, 1941 


ANALYTIC CURVES 


By Joacuim WEYL 
(Received August 14, 1939) 


INTRODUCTION 
An algebraic curve in the complex k-dimensional space ®: {0 , 21, +++ , 2x} 
can be parametrically represented by setting up 21/2, %2/%0, -++ , Xx/% as 


functions of rational character on a closed Riemann surface, the parameter 
being a point on the latter. From this viewpoint the algebraic curve appears 
as the realization of an abstract Riemann surface. 

Our intention is to investigate curves ©, defined parametrically in ® by 
setting up 21/20, %/%0, +++ ,2%%/%o as functions of rational character on an 
arbitrary Riemann surface §. 

The methods used to accomplish this aim are based essentially upon R. 
Nevanlinna’s theory of meromorphic functions in the generalized form developed 
for the investigation of meromorphic curves: H. and J. Weyl; Ann. of Math. 
vol. 39, pg. 516 (1938). This paper, of which the present endeavour is but an 
extension, will be quoted so frequently that in future it shall be referred to as 
“MC.” In the present context the meromorphic curves appear as the special 
or—as we shall say—classical case where § is the finite z-plane, hence x; = 2;(z) 
are meromorphic functions of z. 

In the initial chapter we develop the first and second main theorems for the 
general case. In addition it contains a section concerned with the behaviour of 
the order of a realization of § under (Kronecker-) multiplication with some 
other such realization, and under its projection into a lower-dimensional space. 
A final section discusses two specific examples; one where § is an n-sheeted un- 
bounded covering surface of the finite z-plane (Algebroid Curves); the second 
one where § is the doubly punctured z-sphere (Ring-meromorphic Curves). 

The second chapter is devoted to the defect relations (Third Main Theorem), 
80 called because they represent the generalization of that relation holding for 
meromorphic functions. Their validity is shown here, besides in the classical 
case, only for the two specific examples mentioned above. The real addition 
‘o our theory made in this part is a modification of these relations so as to make 
their validity independent of the hypothesis that the exceptional points satisfy 
ho accidental linear relations, a restriction which previously had to be imposed. 

The author wishes to express in this place his gratitude and deep indebtedness 
to Professor H. Weyl, whose benevolent advice and frequent encouragement 
Were essential in the completion of this paper. 
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I. Tue First AND Seconp Matin THEOREMS 


1. Preliminary Considerations 


a.) Concerning the space Qt: 


In connection with the k-dimensional projective space Rt we shall make use 
of those concepts and relations between them which were developed for the 
purpose of investigating the meromorphic curves in ®. The notation employed 
then will be used without changes in the present treatment. To avoid repetition 
I shall refer the reader to the part entitled: “Distances and Means in Projective 
Space” of the paper’ mentioned previously, and to H. Weyl’s note on unitary 
metrics in projective space’. 


b.) Concerning the surface §: 


Let § be an arbitrary Riemann surface. Let a compact part Gp of the surface 
be designated as conductor and fixed once and for all. 

The quantities to be defined in the course of this investigation will depend 
on a region G whose closure is compact and which contains Gp in its interior. 
Such a G shall be referred to as an admissible region. If § is compact then § 
itself is an admissible region. Primary consideration will be given to the case 
where both G and G) are connected although the actual treatment allows appli- 
cation to other cases as well. It will be assumed that the boundaries Ty and I 
of G and G, respectively, consist of a finite number of simple closed curves 
whose tangents vary continuously. 

We now think of § as a condenser with Gy as the inner, charged conductor and 
G = § — Gas the outer, grounded one. The electrostatic potential *(p), 
defined in every point » of §, which arises if G) is kept at the potential 1 and G 
at the potential 0, is harmonic in the intermediate dielectric G — Go and con- 
tinuous on the whole surface. It follows from the principle concerning the 
maximum and minimum of a harmonic function that 


*(p) 


throughout §. Consequently the density of charge 


where n designates the normal directed toward the interior of the condenser, 
is 20 and SOQonT. Strictly speaking we describe p* in the neighborhood 
of any point p on Ty or T by means of a local uniformizing-parameter t of § at 
that point. The designation d/dn, and later on ds—the element of arc-length 
of To or I’ at p—-, have to be understood therefore as referring to the image in 


1M C. pp. 516-520. 
* H. Weyl: On Unitary Metrics in Projective Space, Ann. of Math., vol. 40, no. 1, p. 141. 
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the -plane. The operation (8/dn) ds however is independent of the choice of 
the local parameter. This applies in particular to 


which is the charge of an element ds of arc-length on I> or I. Changing the 
sign in the definition of do* for an element ds on I’, we have 


do* = 0 on Ty and Lr. 
The quantity do* =e 


is the charge of the inner conductor which creates the potential 6*. Since the 
outer conductor assumes inductively the same amount of negative charge we 
also have 


[aot = 


The total energy E used to build up the charge e in the conductor G is equal 
to the Dirichlet integral D(®*) of the potential @* taken over G — Gp (or the 
whole surface §): 

1 ob* 
E = D(@*) 
Since * is not constant over the whole surface, D(#*) and therefore e are 
actually greater than zero. The constant C with which the potential difference 
across G — Gy has to be multiplied to obtain the charge creating it is usually 
referred to as the capacity of the condenser §: 


C(@r, — = e. 
For the particular potential 6* we have C = e > 0. Therefore we can form 
= C 


which is the solution of the electrostatic problem for the condenser § with a 
normalized charge equal to unity on the conductor G). We obtain 


[ao = do =1 
with 
da on Io, 
1 
dco = +5 5, on 


i 

1 
—— ds = do*, 
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If the conductor G consists of several connected parts we have to think of the 

latter as initially being connected with each other by thin wires which will be 

eliminated again after the total charge has reached a distribution in equilibrium. 
Let u(p) be a harmonic function on §. We apply Green’s formula 


(1.2) f %)as = 0 


to the whole surface §. Some caution however is required because 06/dn has 


across I'y as well as acrossT’. The indices — and + refer to the values of that 
function at two points lying—so to speak—on opposite banks of these curves. 
The functions u, du/dn, and ® itself remain continuous at these junctions. 
Application of (1.2) results in 


1 Ob 1 Ob 


Ob 
Hic =2rdc onT, | Jas = onl), 


or, since 


in the relation 
(1.3) [ude — | uds=0. 
r To 


Next consider a function F, meromorphic on §, that is a function which in 
every admissible region is of rational character. Then wu = log | F | is harmonic 
on § except for isolated singularities which it has at those points where F either 
possesses a pole or a zero. Before applying (1.3) we therefore cut out these 
isolated points by means of small circles surrounding them whose radii we let 
converge toward zero later on. There are only a finite number of zeros and 
poles of F in any admissible region; for the latter form a closed set of isolated 
points. The resulting equation will be 


(1.4) |F |do — 108 | F |do = — Dive 


in future referred to as the fundamental equation. The sums on the right will 
have to be extended over all zeros pp , and poles p. respectively of F on §, each 
counted with its proper multiplicity. But only the finite number of them which 
are contained in G actually contribute anything to these sums. 


c.) Concerning the curve G: 
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An analytic curve € of class § in ® shall be defined as follows: 
Dertmiti0Nn: In each point p of § there are given (k + 1) function elements 


(1.5) = cr [i = 0,1,---, kl, 


t being a local uniformizing parameter of § in the point p, with the properties 

1.) (Co, C1, # (0, 0, --- , 0). 

2.) The elements in p’, a point sufficiently near p, are obtained from the 2;(p) 

by direct analytic continuation on §. 

3.) Effecting upon the elements (1.5) the changes: 
a.) Replacement of x;(p) by p(p)a:(p), where the common factor p(p) = 
po + pit + --- does not vanish at p: ¢ = 0, 
8.) Replacement of ¢ by some other local uniformizing parameter r 


=gtt+ gor + 0, 


does not alter the point which they define in 

This point shall be called the point p of the curve ©. Furthermore we assume 
that € does not lie in any linear subspace of §. 

This definition makes it appear natural to look at the surface § as the curve 
in the abstract of which € is a concrete realization in the k-dimensional pro- 
jective space 

In order to obtain a truly geometric description of © we have to do this in 
terms of quantities and relations which are invariant not only regarding the 
changes a.) and 8.) but also under 

y.) an arbitrary non-singular linear transformation of the projective 
coordinate system: 


yi = hij; , det (h;;) 0. 


A given linear form 


(ax) a; x;(p), (ao, a1, (0, 0, -++,0), 
will vanish to a certain finite order h = h(p;a) = Oat pif developed into a power 
series of the local parameter t. We shall call h the multiplicity with which € 
cuts the plane a: (ao, a1, +--+ , ax) in the point p. It is not affected by a.) nor 
8), and, for that matter, neither by y.) because the plane coordinates a; of a 


are transformed under the latter’s influence contragrediently to the point coordi- 
hates 2; 


The determinants 
(P) 
where the prime denotes differentiation with respect to t, assume each the factor 
lactor p' under a.) while under 8.) they take on the factor 
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which again amounts to the multiplication with a gauge factor different from 
zero at pir = 0. It follows that the elements 


(1.7) (P) = [ln <--. <i], 


obtained from the determinants (1.6) by removing all factors corresponding to 
possible common zeros: 

possess properties 1.), 2.), and 3.); consequently they define a realization ©, of § 
in a space of ky = — 1 dimensions. (; is the curve € defined as 


the locus of its generating (1 — 1)-spreads. The multiplicities d; = d,(p) are 
not altered by any of the changes a.), 8.), and y.). A detailed local investiga- 
tion of the manifolds ©; can now be carried through along the lines followed 
in MC, pp. 521-522. 


2. The First Main Theorem 


Let (ax) = 0 and (82) = 0 be two planes in &. Into these linear forms 
substitute the function 2;(p) defining a realization © of § in R. Then the 
function 


F = (ax(p))/(6x(p)) 


will be meromorphic on §. Hence we can apply to it the fundamental equation 
(1.4). We introduce the notation 


N(G; a) = (po) = h(p; «)#(p), 


where the first sum is to be extended over all zeros } of F, each counted with 
its proper multiplicity; the second one however over all points p of the Riemann 
surface §. Furthermore we write 


|| ax ||" do = m(G; 2), 


[106 da = "G; a). 
0 


Then (1.4) states that 
(2.1) T(G) = N(G; a) + m(G; a) — mG; @) 


is independent of the particular plane a. This is the first main theorem for 
analytic curves’. It is to be remembered that 


do = OonT andy. 


* A. Dinghas: Bererkungen zur Ahlfors’schen Methode in der Theorie der meromorphen 
Funktionen, Comp. Math. 5. pp. 107-118, 1937. Dinghas generalized R. Nevanlinna’s 
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From the latter it follows that the compensating terms m(G; «) and m’(G; a) 
are >0. In the classical case of a meromorphic curve m’(G; a) proved to be 
independent of G:|z| <r. In the general case this is no longer true, for the 
distribution of charge do on Ty will in general depend on G. m’ may not even 
be bounded as a function of G. It will however be bounded when no inter- 
sections of © with.the plane a lie on Ty , and under these circumstances this is a 
consequence of its continuity as a function of a, a1,---,ax. In any case 
the normalization (1.1) of the charge on G brings it about that the average over 


all planes @ is 


M,m(G; a) = Mam(G; «) = const. 


independently of G. 
The part N(G; a) is invariant under a transformation y.) while the com- 


pensating terms take on under its influence an additive term lying between the 
bounds + log K independently of G, K* being the quotient of the maximum 
and minimum of the Hermitian form |’ under the restriction 
Yilei = 1. Let us call two functions 7,(@) and 7.(G@) equivalent: 
1,(G) ~ T(G) if | T1(G@) — T2(@) | remains below a fixed bound for all ad- 
missible regions G. In the sense of this equivalence 7'(G) is independent of the 
projective coordinate system. ‘Thus it seems natural to say of two realizations 
of the curve § (which are set in correspondence to each other by their co-para- 
metrization through p) that they are of the same order if their T-functions are 
equivalent. 

Next we apply the two averaging processes IN, and IM%, ‘ to the relation (2.1). 
Its left side, being independent of a, will not be affected at all. We shall 
formulate the resulting relations at once for all curves ©; (G; = ©). Denoting 
by the subscript / that the quantities, thus marked, are to be formed in §t; by 
means of the functions (1.7) as their prototypes were formed in § by means of 
the functions (1.5), we introduce the conventions 


M. NAG; a) = Ni(G), 
M2 NAG; «) = Ni(G; a), 
[ log faz}z*do = m;'(G; a), 


and note the relation 


Wem(G; a) — a) = mF(G; a) — mi*G; a). 


characteristic T(r) of a meromorphic function by weighting, for its computation, the points 
inside the circle | z | < r with the values of a twice continuously differentiable, real-valued, 
but otherwise arbitrary function d(z), defined in every point of that circle. We preferred 
to generalize in the other direction, using reasonably arbitrary regions but weighting their 
points by the values of certain functions which are harmonic in their interior, thus avoiding 
the occurrence of the latter’s Laplacian when applying Green’s formula. 

‘MC. pp. 518-520. 
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Then the first main theorem appears in the form of the following three paralle| 
expressions 


T(G) = NAG; a) + m(G; a) — mi(G; a), 
(2.2) T(G) = 
= Ni(G; a) + mi(G; a) — a). 


In what respects our argument so far, as well as the proofs of future results, 
will have to be modified in order to apply also to curves © which are contained 
in a linear subspace of # is a matter which has been discussed in the appendix 
of the previous paper’. This is of importance because the assumption that © 
itself lies in no linear subspace of 9 does not imply a similar behavior on the 
part of the curves ©, with respect to the spaces R:. 

Let there be given two permissible regions G, and G: : G; C G2, and let 4; 
and ®; be the corresponding potentials. Then @; < #2 because the difference 
— is 

firstly = 0 in the complimentary region G; , 
secondly = 0 in G, 
hence thirdly 2 0 on the boundary of the intermediate region G, — Gp, in 
the interior of which it is a regular harmonic function. 
Therefore the same inequality holds throughout G: — G). Consequently we 
have in each point p 


CiPi(p) S 

hence 

(2.3) CiN(Gi ; a) S C.N(Ge ; a) 
or 

N(Gi; a) N(G2; a) 
1 1 = 0 
CT Cr 
From @; < 43 it follows moreover that @; decreases more rapidly in passing 


from a point on I'y (where both of them are equal to unity) towards the interior 
of the intermediate region. Thus 


_ 
on ~ On 


on Ty, therefore e, = e or C; = C,. This last inequality together with (2.3) 
yields 


and doi = doz 


N(G ; a) = NG ; a) 
whence follow the same inequalities for T(G@) by averaging over all planes a. 


5M C. p. 587. 
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T(G:) T(G:) 
,|20 and a forteriori 
(2.4) Cr Ce 
T(G,) T(G,). 


In the classical case, where § is the finite z-plane and G and G are circles 
of radii r) and r > 7 respectively around the origin, 7(G) = 7(r) was found 
to be an increasing convex function of log r. (A function of regular type.) 
The generalization of the first part of this description is contained in the second 
one of the inequalities (2.4). The convexity with respect to log r leads in the 
classical case to the more stringent inequality 


TG) T(G:) T(Gs) 
1 1 1 


for three circular regions G; C G;C G;. An investigation of its validity in the 
general case would meet with considerable difficulty. 

Complete analogy between the classical and the general case will be obtained 
if we exhaust § by means of a sequence of admissible regions G,. This means 
that ris a real parameter and that the sequence {G,} has the following properties: 

1.) G, C G, if r’ > 

2.) If p be a point of § then there exists an r such that p is in G, for all r’ > r. 
Now we define T(r) = T(G,) as the order of the curve ©. In general 7(r) 
depends on the way we exhaust § by regions G,. This applies in particular to 
the classical case where it might have appeared as though one studied the curve 
in a specific parametrization represented by the parameter z. But for the 
fundamental equation (1.4) the choice of parametrization proves of no im- 
portance since this relation is invariant under one-to-one conformal transforma- 
tions of the underlying Riemann surface §. 

If § is closed, and therefore compact, the curve € is algebraic. No exhaustion 
is necessary, the outer conductor can be dispensed with, &* is identically equal 
to unity, and the first main theorem states that the number of intersections of a 
plane a with the curve € is independent of a. 

In (1.4) it is permissible to let the inner conductor G shrink to a point. The 
resulting form of (1.4) was generally used in its stead by previous authors on 
this subject. 


3. Products and Projections 


The simple results derived in the following sections are new also for the 
classical case. To prove them at once for the case of analytic curves brings 
about no additional difficulties. They will strengthen us in the belief that the 
order 7'(G) which we introduced is really a natural concept and has all the prop- 
erties which we expect from an “order.”’ 
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a.) Products: 


The result obtained in this section is essentially a generalization of the fact 
that two algebraic curves of orders m and n respectively intersect in mn points, 

Consider two realizations € and D of the same abstract curve §, one of which 
lies in a k-space, the other one in an h-space. 


D: yorys: +++ = yo(p):ya(p): zya(p). 
By Kronecker-multiplication we obtain a third realization 


= 


in a space of (kh + k + h) dimensions. We shall call it the direct product 
€ X ®D of the realizations € and D. 

Now let us compare the orders of these three curves with each other. We 
shall change our notation and for the order T(G) of € we shall write 7[@) as- 
suming that thus denoted orders of different realizations are taken with respect 
to the same admissible region. 

For the computation of T[€], T[D] and T[€ xX D] we choose the planes 


Qa: (a , +++ , in the k-space, 
B: (Bo, Bi, +--+ 5 Br) in the h-space, 
and Y: Viz = a8; in the product-space 


respectively. Calculating each order for the same region G we readily obtain 
from 


the relations 
X D] = + 
mC X = m[C] + 
Hence 
(3.1) T[C] + T[D] = T[C X D}. 


The order of a direct product of realizations of an abstract curve § is the sum of 
the orders of the factors. 


A similar relation does not hold for the orders of higher rank. 


b.) Powers: 


We apply the theorem (3.1) to the n times reiterated product of the curve 
€ with itself. Let us define this realization ©” of § by the functions 


an 


(3 
wl 
eq 
Wi 
is 
| 
= 
| 
pe 
| 
of 
| 
nu 
f 
; 
| 
| 
| 


act 
nts, 
‘ich 


n of 


irve 


ANALYTIC CURVES 381 


4 
where +--+, run Over all non-negative integers whose sum m, 
equals n. (The advantage of this choice Over 2my...m,(P) = 20°(p) *(p) 
will become apparent as the discussion proceeds.) We calculate the order of 
G fora plane (2x) = 0. On the other hand we remark that [(ex)]" = aii)” 
isa linear combination of the monomials (3.2) with the coefficients 


n! 
ar! +++ ag’. 
mo!m!--- m,! 


Making use of this for the computation of T[C"] we obtain at once 


N[G"] = nN[] 
and m[G"] = nm[G] 
since > | {yo | a 


The result 
T[C"] = nT[C] 
permits the following interpretation: Every plane 


= 0 


in the product-space can at the same time be thought of as an algebraic surface 
of order n in the space # defined by 


In either case the sum is to be extended over all sequences of non-negative 
integers mo, mM, --+ , mz whose sum is n. Viewed in this light 7'[€”] is seen 
to describe the behaviour of € with respect to an algebraic surface of order n 
in the same sense that T[G] describes its behaviour with respect to a plane. 
We found that: The order of © referred to an algebraic suface of order n is equal 
fon times the order of € (referred to a plane). This implies for instance that 
the average density of intersections of © with an algebraic surface of order n 
isn times the average density of its intersections with a plane. (Without the 
numerical factor {n!/molm,! --- m,!}* the final result would have appeared less 
sharply in the form of an equivalence T[G"] ~ nT[G].) 


Projections: 


The projection from a given (k — n — 1)-dimensional linear subspace St* 
wn as center into a linear subspace §%’ of n dimensions which does not intersect 
X* can be described in a suitably chosen projective coordinate system by the 
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passage from the point (ao , 21, +++ Te) to the point (29 , 
Yn, 0, +++, 0). 

Under the influence of such a projection the curve © passes into a curve 6’ 
in ®’. Ifa point p of the original curve lies on {* then the elements 
(3.3) ao(t), x(t), «++ , tn(t) 


will all contain a common factor é(b = b(p)); only after its elimination do the 
power series (3.3) define the corresponding element of the projected cirve. We 
consider a plane a of the special form 


+ + +++ + 
Then it follows that 


h'(p; a) = h(p; a) — b(p), 
where h refers to € and h’ to ©’. Consequently 
h'(p; a) h(p; a) and also 
N'(G; a) S N(G; a). 
The same inequality for the m-part follows directly from the fact that 


( 1 ) s( 1 )- | |? Doo | 


| |’ || ||" || || | 


yielding 
<T + — m”). 
With X? = = | 2; |’, we have 


— m” = / log (X:X") de 
To 
and the final result now appears in the form 
(3.4) < + [log (X:X") do 
0 


which is independent of the particular choice of the plane a. The notation 
used explains itself. 

The additional term on the right side is certainly bounded as a function of G 
if none of the points which € has in common with #* lie on Ty). In the classical 
case the independence of m° from G prevents this difficulty from arising alto- 
gether. The contents of the inequality (3.4) can be expressed with due qualifica- 
tions in the form: Projection cannot essentially increase the order of an analytic 
curve. 

The relation (3.4) has its counter-part for higher J. For our projection C 
we can form the [-curves (@’);. They will lie in spaces of dimensionality 
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— 1, We may think of these spaces as linear subspaces 


of the corresponding 9; respectively. The projection of ® from R* induces 
for higher J the projection of Jt, from R? which is effected through replacing in 
the determinants 


all (¢ + 1)-uples x, 2’, ---+ by the corresponding ones with zeros after the 
(n + 1)st place. This projection throws ©, into %; where it is seen to coincide 
with (€’),: The l-curves (J S n) of the projection are projections of the cor- 
responding ©; . 

Hence writing 


and putting X;’ equal to what arises from Xj under the projection of 9; from 
Ri; , induced by the production of # from §t*, we obtain also 


+ | log (Xi:Xi) do 


which by its very form proves to be independent not only of any particular 
plane but also—in the sense of equivalence—of the particular coordinate system 
employed to derive it. 

We are led to a kind of inverse of the above relations when we consider the 
following situation: By projection from the centers R* and R** the total space 
W be mapped into R’ and R” respectively. By R’ v MR” and RK’ A R” let us 
denote the spaces into which ® turns by projection from the centers R* N KR** 
(intersection of R* and R**) and R* U R** (sum, union of R* and M**) respec- 
tively. We assume in particular that R* NM R** is empty, then 


R vR’=RK and we have 
dim A + dim (R’ v = dim (R’) + dim (RK). 
We shall show that the relation 
A RY + v RY} + 


holding with proper qualifications, connects the corresponding orders. ‘Two 
projections from the centers R* and M** are called complimentary if not only 


R*N = 0 
but also dim (R* U R**) = dim (R) — 1. 


Then we have, since KR’ v 9” = WR, the relation 


dim (9) = dim + dim 
ind T{R} T{R'} + TIR”} 
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The order of an analytic curve does not essentially exceed the sum of orders ob- 
tained when adding the orders of any two complimentary ones of its projections, 
To prove this choose the coordinates so that the vanishing of 


(3.5) Ze, Bi, 

defines R* U R**, whereas 


are the coordinates associated in the same manner with R* and {** respectively. 
The sequence of the x, y, and z together is under these circumstances a full co- 
ordinate system of #. The quantities (3.5), (3.6), and (3.7) are the coordinates 
in R° = RN A KR”, KR’, and KR” respectively. We choose a plane 


+ at, + + apt, = 0. 
Then in the same manner as before 
= h(p;a) — = — = A(p; a) — 


Obviously both b’ and b” are < b’, moreover, since there is no point where all 
coordinates (3.6) and (3.7) are zero, one of the two numbers Db’ or b”’ is neces- 
sarily zero, e.g. b’” = 0. In combining this with b’ < b° one gets the relation 
b’ + b” < b° holding for both alternatives, consequently 


>h+h. 
This leads to 
N'+N">N+N’. 
The corresponding relation for the m-part 
m' +m’ =>m+m’ 
follow at once from the inequality 
X? 4X > 4 


where the quantities X°, X’, and X” are the projections of X from the spaces 
R* U R**, R*, and M** respectively. The exact form of the desired result is 
therefore given in the formula 


+ = TINE TIW AR’ +7° 
with 

0 

-/ log (X’X"": XX") do, 


which is independent of the particular plane used to derive it. 
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4. The Second Main Theorem 


We first derive the second main theorem under the hypothesis that in addition 
to our curve ©:2; = 2,(p) we have a meromorphic function z(p) on § at our 
disposal. Then § may be looked upon as a covering surface of the z-plane. 
Another more appropriate interpretation would be to think of z(p) as a curve 
given in addition to ©,—a realization of § in a one-dimensional space. With 


the abbreviations 
we form the expressions 


{B(za! 
interpreting the prime as signifying derivation with respect to z. This is a 
meromorphic function on §. If we hold on to the convention that the prime 
indicates differentiation with respect to the local parameter t, then 


(4.1) 


r= a(xx’ a) dt 
de” 


The expansion of dz/dt in terms of ¢ at the point p will start with-a certain 
power t’ (j = j(p)). We introduce the quantity 


= 


and the customary 
ViG) = {diys(p) — 2di(p) + dia(p)}®(p), 


the sums extending over all points p of §. The latter may be looked upon as 
a measure of the density of stationary (1 — 1)-spreads of the realization © 
over the part G of the abstract curve. Application of the fundamental equa- 
tion (1.4) to the function yields in the same manner as in the classical case the 
second main theorem: 


(4.2) VAG) + {Tus(G) — 27(G) + Tia(@} = J*(@) + — 


where 


and where “Q; denotes the same integral extended over Ty). The expression 
under the integral sign is independent of both the gauge factor and the choice 
of the local parameter. The entire left side of (4.2) does not depend on the 
particular function z. The fact that the right member also has the same value 
for two meromophic function z and ¢ is realized by applying the fundamental 
equation (1.4) to the function dt /dz. 3 
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In order to obtain a formulation of the second main theorem which does not 
involve the auxiliary realization z(p) of § we argue as follows: According to the 
theory of uniformization the surface § is one of the spatial forms which the 
Euclidean, the spherical, or the Lobatschewskian plane may assume and js 
therefore endowed with a uniquely determined Riemannian line element dg, 
By means of this line element we can form the following expressions 


2(G) = log do 


which depend neither on the gauge factor nor on the local parameter. Now 
consider two realizations € and D of § and form the quotient of two expressions 
(4.1) for € and D. We are not even forced to choose the same rank 1 in both 
cases. By application of the fundamental equation (1.4) to this quotient which 
does not depend on the local parameter we find that 


ViG) + {Tus(@) — 27,(G) + Tia(@)} — — = 


is independent of the choice of the curve € as well as of / and therefore deter- 
mined only by the Riemann surface §. From a theoretical standpoint this 
relation 


(4.3)  Vi@) + — 27(G) + = — 2G) + G) 


is the more satisfactory form of the second main theorem, although, for the 
purpose of our future estimates the equations (4.2) will prove the more useful 
of the two. If we apply (4.3) to € and to the one-dimensional curve defined by 
z, we are led back by subtraction to the previous form. 

In the algebraic case of a compact surface § we shall take G = §. Then 
the integrals along the boundaries vanish and we obtain the well-known Pliicker 
formulae stating that 


(Minn — + 


is a constant independent of | and the curve. 


5. Examples 


A general discussion proceeding along the lines of the previous sections, which 
now would lead naturally to an estimate of first 2,(@) and then ,(@) augmented 
by defect sums, meets with forbidding difficulties. We shall limit ourselves 
therefore to the discussion of two examples which possess the same rotational 
symmetry as the classical case and therefore allow description by polar coordi- 
nates. The regions G which are used to exhaust § will be bounded by concentric 
circles. All quantities involved in our relations will become real-valued func- 
tions of the radii of those circles. This enables us to apply the methods of esti- 
mation which were employed in the classical case to derive the defect relations. 
For the moment let us specialize the results gained so far to fit the cases of the 
proposed examples. 
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a.) Algebroid Curves: 

In this case § is an n-sheeted covering surface over the open z-plane without 
relative boundaries. The conductor Gp shall be that part of § which covers 
the circle |z| < 7 of the z-plane. The parts G, of § which cover the circles 
\2| < rmake up the sequence {G,}, used to exhaust §. A complete treatment 
of this case has been given, though from a different viewpoint, by E. Ullrich.° 


In our case 


1 r , 
d(p) = for p in Go, 


(9) = log = for p in G, (z being its trace in 
7! the z-plane), 

&(p) = 0 for p in G,, 
and 


Indicating by | the integration around the boundary of G, that is, writing 
0 


mi(G; a) = log || ax ||7' de = mi(r; 
and 
mi(@; a) = log = mi(r; a), 
Jo 
we obtain the first main theorem for algebroid curves in the form 
Ti(r) ~ Nilr; a) + mir; @) ~ Nilr) ~ Ni(r; a) + mi(r; a) 
because 
m'(r; a) = m(ro ; @), 


formed by integrating around Ty, is independent of r and therefore bounded, 
which permits us to write the customary equivalences. 

The second main theorem is best stated in the form (4.2) with z as the variable. 
We note immediately that *0°(@) is bounded for all G,. Hence (4.2) appears, 
written as an equivalence, in the form 


Vir) + {Tun(r) — 2Ti(r) + Trar)} ~ Jr) + 


_‘E. Ullrich: Wertverteilung und Verzweigtheit von Algebroiden, Crelle’s Journal fir 
die reine und angew. Mathematik, Bd. 167, p. 198. 
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For the quantity @,(r) = ‘Q,(G,), we have in keeping with the previously adopted 
notation, 


20) = [tog de, 


while J(r) measures the density of branchpoints of § over the dise |z| <r 
of the z-plane. 


b.) Ring-meromorphic Curves: 


As a second example we shall consider the curves © defined by (k + 1) 
functions 


which are meromorphic on the doubly punctured z-plane. Let us assume that 
% is the z-plane punctured at z =Oandz = ©. The natural choice of our region 
G is a ring bounded by two concentric circles of radii R and r, R > r, respec- 
tively. The first one excludes a neighbourhood of z = , the second one a 
neighbourhood of z = 0. Inside the region G we have to fix the conductor G 
which is to contain the charge creating the potential 6. We take, as the most 
convenient one, another ring bounded by the concentric circles of radii Ry and 
ro respectively. 
r<m<h < R. 


So far the ring-meromorphic case escaped the careful treatment which has 
been given to the classical meromorphic as well as to the algebroid cases. The 
customary procedure of letting @ be set up by a point charge destroys the rota- 
tional symmetry in the present case, thus complicating the situation 
considerably. 


The region G — G» consists of two parts separated by the conductor G ; 
one is bounded by the circles of radii R and Ro, let us call it “G; the other one, 
‘G, by the circles of radii r and 7)». Their capacities are 


R\* 
C= (tos z) C= (toe 
Using these designations it is found that the capacity of the condenser § is 


C=C+. (Capacities connected in parallel.) 
Therefore we find for #(z) the following expressions 


= {°C/C} log for z in °G, 


&(z) = {'C/C} log i“ for z in ‘G, 
(z) = {1/C} for zin Go, 
&(z) = 0 everywhere else. 
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The charges carried by elements of arc-length on the various boundaries are 


{°C/C} dp onthe boundary of ‘G, 


{'C/C} dg onthe boundary of ‘G. 


Writing down the relations (2.2) and (4.2) with these specializations it will 
be seen that all quantities involved show a characteristic pattern: They are 
the weighted averages of two quantities each having a similar significance, re- 
garding one of the regions ‘G or ‘G alone, as the total terms have with regard 
to the whole region G. The weights are the capacities of the corresponding 


regions repectively. Thus 
(6.1) = (FCG); FC@)] = 


°C. 
C 


For the compensating terms for example we have 


‘m(°G; a) = "Jog || ax(Re™*) ||" de = m(R; a), 


‘m((G;a) = [log || "dp = m(r3 0), 


and similarly for m’ and 9°. For the terms counting multiplicities let N serve 
as an example: 


> a) log + clog = *N(R; a) 


R>\|2|>Ro 
‘N(G;a)= log +c’ log = ‘N(r; a) 
r<lz|<ro 
where the constants c and c’ must be chosen subject only to the condition 


roX|2|SRo 
In other words: It is immaterial how the contributions to N, coming from 
intersections of € with a in points over the conductor Gp , are divided up among 
‘Nand ‘N. The resulting arbitrariness in the functions 


= ‘Nir; a) + mr; a) — mi(r; «) (r > Ro) 
T(r) = *Ni(r; + a) — mi(r; (r < 


coincides with the one which the very structure of any expression (5.1) allows 
its constituents ‘f and ‘f. These components are not uniquely determined by 
f, for any pair 


(6.2) 


f+e/C; (c = const.) 
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will perform equally well in their stead. The condition f(@) > 0 is satisfied by 
all quantities entering into the formulae of the first and second main theorems, 


We remark that under these circumstances a constant c can be found such that 
also 


ft=F+c/C>0, 
Disregarding the positive denominator we are given two functions f(z) and g(y) 


such that for all values of z and y for which they are explained we have f(x) + 
g(y) > 0. We then have to find a constant ¢ such that also 


=f(z) t+e>0; =gly) —ce>0. 


Denoting by f and g the greatest lower bounds of f(x) and g(y) respectively, 
we see that c = 3(g — f) certainly has the required property, for 


22f+9 20, g*y) 23(f+g) 20, 


where never more than one of the equality signs can possibly hold in any given 
case. 

The specializations r = ro and R = R, respectively show that the first two 
main theorems for ring-meromorphic curves, being originally relations between 
weighted averages, permit the following formulation for the quantities in their 
unaveraged state: The functions (5.2), defined for sufficiently great and suff- 
ciently small values of their arguments respectively, are independent of the 
particular plane a. They define in pairs the orders 


T(G) = ['T(R); 'Ti(r)] 

of a ring-meromorphic curve in the sense that two such pairs are equivalent: 
(‘T(R); ‘T(r)] ~ [T*(R); *T*(r)) 

‘T*(R) = ‘T(R) + ¢ log R + O(1), 

'T*(r) = ‘T(r) + log r + O(1). 
With this same convention the second main theorem appears in the form 
Vilr) + — + °Tia(r)} = Qi(r) — 2(Ro) forr > Ro, 
+ — + *Tia(r)} = Q(r) — for r < 
We finally remark that, since 

‘m'(‘G; a) = m(Roja) ~0; = a) ~ 0 


we have also 


(5.3) 


m(G; a) = [m(Ro ; a); ; «)] ~ 0 
and similarly 
= [21(Ro); 2i(ro)] ~ 0 
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allowing us to replace the equality signs in 6. 2) and (5.3) respectively by 
equivalences and dropping the terms m? and 9. 


Il. Toe Turrp Marin THEOREM 


6. General Relations 


Some of the formulae, leading up to the estimates which finally culminate in 
the defect relations, can be derived in the general case. To do this is the aim 


of this first section. 
Again we consider the function 


w(p) = (ax(p))/(Bx(p)) = w = wi/w, 


which is meromorphic on §. We plot its values w on the w-sphere of diameter 
linto which the w-plane passes by stereographic projection. Let us denote by 


dw dw 


dre = 


its surface element. w(p) maps the surface § in a one-to-one fashion upon a 
Riemann surface §.. covering the va Consider now the integral 


extended over the whole surface §, where ¢ is the local uniformizing-parameter 
and the prime indicates differentiation with respect to 1. The differentia] 
|w! | dt dt is independent of the particular choice of t. Assume that on the 
w-sphere there is a uniform charge of density 1 and that each point on § carries 
the charge of its trace on the w-sphere. Then, if q is the image on §, of p on §, 


is the work required to transport the charge of the surface element of §. at q 
along any path on § from infinity into the point p against the potential ®. 
The integral (6.1) is therefore 1/24 times the work required to assemble the 
charge of §,, on § in such a way that each point carries the charge of its image. 
On the other hand 


— Biwi) drw 


the sum extending over all points p of § is the work required to assemble in the 
proper places on § the charges carried by the elements of §. above the surface 
element dr. of the w-sphere at the point w = wi/w,. Hence 


a = / S(p)h(p; — Biw1) drw 
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where the second integral is to be extended over the whole w-sphere. Following 
the argument previously employed’ we take the average Mtas° on both sides 
and replace w and w’ by their expressions in terms of the 2;(p). We then 
obtain 


with 

Next we normalize the homogeneous form w;/w. of w so that 


Dw, + Dw, = 1. 


Q 


Consequently the vectors 
= aw, — Bn, ni = ai + Bar, 
form a unitary pair if a and 6 do, and in particular we have 
= Dw + = 1. 
Hence replacing a and £ in the second integral by & and 7 it becomes by Lemma 
1. M.C. pg. 519 


and therefore 


If we introduce upon the w-sphere a charge of density uw. > 0 in each points 
varying with w, then the charge carried by an element of surface dz, will be 
udt». The density u may also depend on a and 8, but if it does we presuppose 
that it be a homogeneous function of the combinations £;. Under these condi- 
tions (6.2) is replaced by 


where the =; arise from £; = aw, — Bw, if we replace w; and w, by their values 
do a;x;(p) and B;x;(p) respectively: 


Zi = Do; (a8; — 


7™M C. pp. 528-530. 
5M C. p. 518. 
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The value of either integral equals again the average amount of work required 
to assemble the total charge of an §» on § in such a way that each point carries 


the charge of its image. With the aid of 
8) T@ + m'G; 8) 


we obtain from (6.3) 
64) [ eo) dedi < + 0G) 


where 


c= Malt), = 
Again the difficulty arises that in general c’ will depend on G. But c’ is 


ef =f log do 
To 


and therefore bounded if the mean value appearing under the integral sign is a 
continuous function of 2%, 2%1,-°-+, 2%. (In the cases of meromorphic, alge- 
broid, and ring-meromorphic curves this difficulty does not exist: c’ is finite 
with c.) 

Let us choose the density of charge on the w-sphere in a fashion which closely 
resembles the customary choices made in the theory of meromorphic functions. 


(63) = II lla” = 


where the product extends over g arbitrary points a”, a®,---,a in R. The 
exponents, which are assumed to be real non-negative numbers, must be deter- 
mined such that M;u(€) is finite. With such a determination of the A, the 
particular form (6.5) of u(£) will also assure the finiteness of c’. Independently 
of the curve © we have the relation _ 


(6.6) Mas{log + log u(Z.)} = const. + 2log {X2/Xi} + ra log 
for the choice (6.5) of u(é).° 


7. The Conditions on the X, 


Let us denote by dw; the volume element of the unitary k-sphere ©; : p = 
ya | §|" = 1. Then our task is to determine the exponents or—as we shall 
call them—weights \, in such a manner that the integral 


J= de 
*For a proof see: M C. pp. 530, 535. 
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converges. This convergence does not depend upon the nature of the curve ¢ 
but merely on the linear dependence scheme of the arbitrary points a” in §. 
It can be shown by the methods employed before (M. C. pg. 536) that J is finite 
for \, < 1, (v = 1, 2, --- , g) if the points a” satisfy no accidental linear rela- 
tions, i.e. if any (k + 1) of them are linearly independent. From this restriction 
we wish to free ourselves. 

The integral whose convergence we are to investigate can be written in the 
form 


where the product II(£) is formed over a finite number of linear forms (a£) whose 
coefficients a; are normalized so as to satisfy the condition > la; = 1, 
Each of them is furthermore provided with a weight \ = 0. 

We interprete the £; as components of a vector in a complex (k + 1)-dimen- 
sional vector space. The sum Z d extended over all planes (aé) which contain 
a given /-dimensional linear submanifold S; of that vector space shall be called 
the load carried by S;. 

First we investigate the somewhat simpler space integral 


(7.1) / dV;/T1(é) extended over p’ 1}. 


Before proceeding any further it is necessary to express the volume element 

dV; of the real (2k + 2)-dimensional space with complex coordinates &;. What 

we are seeking is the generalization of the surface element dz dz employed instead 

of dx dy when the (x, y)-plane is described by the complex coordinate z = x + ty. 
Let our space be spanned by the 2k + 2 real basis vectors 


We split our coordinates £; into real and imaginary parts 
= V-1) 

as suggested by the two-dimensional case. An arbitrary line element 

d= (dio, di, , d&) 
then has the components 

, dyo , dx, , dy, +++ , dye 
with respect to the above vector basis. Let the line element 
(tdto , +--+ , id&) 


with the corresponding complex components be called d’. We note that the 
transition from } to 0’ is invariant under an analytic coordinate transformation. 
The real components of bd’ are 


—dyo , dx , —dy; , dx, +--+, 


If we hat 


linearly 
indepenc 
spanned 


From th 


hence tl 


where 


linearly 
tional | 
The 
vector 
intersec 
Vertex 
this kir 
cell 3 
This ca 


Lemy 
dimensi 
= 
the nun 
| 
| 


ANALYTIC CURVES 395 


If we have (& + 1) line elements 
bo = (dé, +++ , d&) 
bi = (50, , 


linearly independent in the complex sense then bb , bo, +++, dk, d¢, are linearly 
independent in the real sense. As volume element we use the parallelopiped 


spanned by them: 
dxo dyo dx, dy: eee 
—dy dx» dx, eee 


dV; = 


From their definitions it follows that 
b+ id’ = dkv(eo + + + + tek), 
b — id’ = — +--+ + d&(ee — ie), 
hence the desired volume element appears in the form 
dV; = AA 
where 


diy diy 


Lemma 1. The integral (7.1) is convergent if each linear vector manifold of 
dimension (k + 1 — 1) carries a load 


Ai <1. 1; B+ 2). 


The proof shall be carried through by means of an induction with respect to 
the number of dimensions. 

| Let us assume that among the planes (a”¢) = 0 there are at least (k + 1) 
linearly independent ones. Should this not be the case we can introduce addi- 
tional linear forms with the weights A = 0. 

The set % of planes a: (at) = 0, >->| a; |? = 1, in the (& + 1) -dimensional 
vector space ©,4; shall shortly be referred to as the configuration {a}. The 
intersection of any & linearly independent planes (at) = 0 shall be called a 
vertex 3. It is our intention to find corresponding to every configuration of 
this kind a cell-division of the t-space such that each vertex 3 is contained in a 
tell 3 which is cut by no other planes of % except those which pass through 3. 
This can be accomplished inductively, for any plane a of 2% is an ©; and its in- 
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tersections 6 with all planes of & different from a form a configuration in this 
lower-dimensional space. Assume therefore that we have found a cell-division 
with the desired property for the configuration {6} in this ©. Let 3, be one 
of its cells with vertex 3, a flat cell, so to speak, which we have to extend into 
space. To this end we perform a unitary transformation 


such that (aé) = {0, i.e. such that the {o-axis is orthogonal to the plane (ag) = 0. 
Then we define 


(So, $1, Se) Buys if 
D1) (0,61, +++, $4) isin Be. 
D2.) | S | (bf) | for all b in Y. 
This inductive definition begins with 


3= 


Let us call 3 the center and {) = 0 the base of 3:4,. The cells thus defined 

have the following properties: 

(1) They are cones in the sense that (fo, , &%) im Bey: implies (Af, 

in for any complex constant X. 

(2) They are closed, as evidenced by the equality sign in D 2.). 

(3) They cover the whole space: Let ¢® be any point of our space then 

there will be an | (ag) | such that none of the expressions | (b¢) | (b in 

%, b ¥ a) have a smaller value, consequently ¢© belongs to a cell with the 

base a. 

(4) A cell contains but one vertex 3, namely its center. 
If 3’ were in 3 then the k linearly independent planes defining 3’ would also have 
to go through 3 which is impossible unless 3’ = 3. Finally we have 

(5) A plane b of & has no point other than the origin (0, 0, - - - ,0)in common 

with a cell unless it passes through its center. 
Assume this to be true for the flat cells 3, in &, and the manifolds 6 of the 
configuration {6}. Let b be a plane such that for some point ¢® # (0, --- , 0) 
in 3x41 we have (b¢) = 0. Either b is the plane ¢ = 0 or itis not. In either 
case b is seen to pass through 3. In the first one this is evident; in the second 
one 6 intersects the plane { = 0 in an G;,_; shortly denoted by 6. We remark 
that it follows from (b¢) = 0 that also ¢ = 0 on account of D 2.). Hence 
the point ¢ is firstly in the flat cell 3, and secondly contained in 6; therefore 
it follows from the induction hypothesis that 6 must contain 3, implying the 
same for b. The contention is evidently true for k = 1 since every © of our 
configuration is some cell’s center, any two of them co-inciding completely as 
soon as they have a point other than (0, 0, --- , 0) in common. 
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For any plane b of & not passing through 3 we even have the quantitative 
estimate 
72) | (bs) | = 


with a positive constant 6 for all points ¢ of a cell 3 with center 3. This follows 
at once from the fact that the function (S05 | (*)4: | (bt) | is a bounded function 
of its arguments on the closed set 8. The quantity 


B = | (b3$”) |:( 00 | 


has the same value for all points a of 3 (The “distance” of the vertex 3 from 
the plane b). If 6 does not pass through 3 we have 6 > 0 and can derive the 
explicit estimate 

6 = (See Appendix) 

If we unite all cells 3.41 with center 3 we obtain the star 3r4.. All points of 3 
with exception of (0, 0, --- , 0) will be interior points of 3f:1. The estimate 
(7.2) remains true for all points of 3r+: if I choose for 6 the smallest one of all 
those 6’s which correspond to the cells combined into 3rn . 

We designate by 3” the intersection of and = 
{So/ ti)? S13} A Bru. The region over which (7.1) is to be integrated 
consists of a finite number of such stumps 3“. In order to evaluate the part 
of (7.1) extending over any one of them we shall specify the coordinate system 
(0, {1, +++ , {%) more accurately than has been done so far. We choose a cell 
341 of the star Brun: Let its base be &. The corresponding flat cell will 
again have a base , and so forth. Now we determine the {1, , 
such that 

ish = 0, 


is fo = 0, a= 0, 


We demand furthermore that the ¢; arise from the ; by a unitary transforma- 
tion. This determines them uniquely to within factors of absolute value 1. 
We refer to the system of the ¢-axes as the frame work spanning the cell 3x4: . 
The coordinate system which we introduce in the star 31: is the frame work 
of any one of its cells. 

Let (bs) = 0 be some plane b of % not going through 3. Then the planes 
=0,6 =0,--+ , ta = 0, (b¢) = 0, form a system of (k + 1) linearly inde- 
pendent planes in terms of which any plane of our configuration {a} can be 
expressed in linear fashion. We denote by co, 1, --- , Ck-1, the coefficients of 
fo, f1, +++, and by the coefficient of (bf) in this representation: 


(at) = ests + cx (bE). 
Furthermore we have from (7.2) that | bk | = 6. 
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Now we perform the substitution 


(66) =2 
So = mz 
i = mz 
= Nk-12. 


The successive transformations 
bring our volume element into the form 
dV; = | by dV; = | by | dz dz dV, 


and our integral can now be written as 


where A = ) A, is the total load carried by the origin. Both integrations are 
to be extended over the stump 3°’. 

The linear forms in the denominator of the second factor will be divided into 
two classes—the first one containing the forms corresponding to planes that do— 
the second one those corresponding to planes that do not pass through 3. For 
any one of the latter kind we have 


| Doo ets + | = (ck ¥ 0) 
hence 
| Como + + Chama + Ce | 26’ (6 = const. > 0). 
This permits us to write 


(7.3) dV./M(é) Sc / dz dz. | no mal dV, 


where c > 0 is some constant, and the product in the denominator of the second 
term is to be extended over all those planes a of % which pass through 3. 
Again both integrals are to be extended over 3". 

Concerning the limits of integration i in the new variables we note that from 
| bs |? = Land S 73 follows |z| ro since 


| Gs) 
On the other hand we have from (7.2) 
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finally yielding 
|m P+) +--+] 


In other words: The stump 3” is contained in the region described by 
Sm, Dorlas 


Integrating (7.3) over this region rather than 3“ will increase the integral. 
We introduce polar coordinates for the complex variable 


z = = Y-1) 


where the last integral is to be extended over the sphere 

The convergence of the first factor is guaranteed by the condition A < k + 1. 
The convergence of the second factor is the contention of Lemma 1 with k 
replaced by (& — 1), i.e. the induction hypothesis. 

We anchor this induction at k = 1 for which the lemma is evidently true. 

The integral J converges under the reduced assumption which arises from the 
one of Lemma 1 by dropping the restriction that the origin carries a load < k + 1. 
This is shown by modifying the first step of our proof, integrating (7.1) over a 
spherical shell 


(7.4) 0<nSpsr 
rather than over a solid sphere. 


where the first integral is extended over the shell (7.4). Concerning the limits 


of integration we note that the intersection of ; with the shell is contained 
in the region 


and thus obtain 


Therefore the part of J extending over the intersection of 3r1 with the unitary 
k-sphere ©, will be less than or equal to 


const | dV,/I(m) extended over sa’. 


Thus the proof of what we maintained is reduced to an application of Lemma 1 
for (k — 1) instead of k. Returning to the projective way of expression and 
Considering the £; as homogeneous plane-coordinates, the a; ” as homogeneous 
point-coordinates, we obtain the 
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Lemma 2. The integral J converges if each (J — 1)-dimensional linear sub- 
space of the projective k-space (1 S 1 S k) carries a load A; < l. (The load A, 
of a given subspace is the sum of the weights of the points a” contained therein.) 

The proof of this lemma indicates the reason why no restriction need be made 
upon the total load carried by the whole space. It is the load of the origin in 
the £-space and of no influence upon the convergence of the integral J since the 
latter extends only over points >>} | &: |? = 1. 

For the choice (6.5) of u(€) the average Dt,u(€) will remain finite if the weights 
X, are so chosen that any given (1 — 1)-spread in ® (J = 1, --- , k) carries a load 
A, <l. This, as we remarked once before, will imply the finiteness of 


= 


as well. Let us assume therefore that in the following special cases the }, 
always comply with the conditions of Lemma 2. 


8. The Third Main Theorem for Algebroid Curves 


Once more we turn to the case where § is an n-sheeted unbounded covering 
surface of the finite z-plane. We take the set of (& + 1) functions defining a 
realization of § and substitute them for the z; in (6.6). The prime in 


Xi = | 
i<i 
we interpret as differentiation with respect to z. Multiplying through by 


do = (1/2z) dy and integrating over the boundary of G we shall obtain, if we 
make use of the concavity of the logarithmic function, 


20;(r) + + const < log fi Mas } ae) = O(r). 


We indicate the rotational symmetry of the potential by writing 
= when |z| = 
Then (6.3) yields for @(p) the relation 


[ dp = [ <cT(r) +c’, 
denoted shortly by 
O(r) = 
From this it follows in customary fashion that 
O(r) < « log T(r) — 2 log r, 
an inequality holding “almost everywhere,” i.e. outside of certain intervals /, 
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whose logarithmic measure is finite: ; <0.” «is an arbit 
«> 1, a meaning which this symbol shall retain throughout this chapter. 


Formulating the resulting relations at once for higher 1 we have 
Q(r) + rami (7; a) = 40(T(r)) 
or, in the form of an inequality holding almost everywhere, 


+ La dsmi(r; a) <5 log T(r) — log r 


with weights \, attached to the points a and so chosen that the total load carried 
by any one (h — 1)-spread (1 S A S ky) in & is less than h. 

These so-called defect relations constitute the third main theorem, holding 
in this form regardless of any accidental linear relations between the points over 
which the sum on the left is to be extended, i.e. in particular those points for 
which m* isnot ~ 0. (Exceptional points) 

The methods” used for the derivation of estimates of the subsequent nature 
yield again 


Q(r) < 5 log T(r) 


and, introducing the symbols 
Adr) = Vir) + Nami (ra), 


we finally obtain 
k+1 k(k + 1) k(k + 1) 


holding almost everywhere. To complete our results we have to give an es- 
timate for the density J(r) of branchpoints of § over the z-plane. E. Ullrich 


proves” that for the characteristic T*(r) of any algebroid function w = f(z), 
one-valued on §, 


J(r) S 2(n — 1)T*(r). 


This characteristic 7'*(r), as defined by E. Ullrich, is in the sense of equivalence 
equal to the order of the algebroid curve w;/w2. = w defined in the complex 


"MC. pp. 527-528. 
"MC. pp. 532-533. 
"1. pp. 209-210. 
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one-dimensional projective space {w;, w2} as a realization of §. Such a curve 
will certainly be defined by projecting our curve © from some (k — 2)-dimen- 
sional linear subspace of 9. Application of (3.5) shows us that 


T*(r) <= T(r) + const. 
since in our case 
fr log (X : X’) do = const. 
The resulting relation 
(8.2) J(r) S 2(n — 1)T(r) + const. 


shows that not only the level of transcendency but also the degree of ramifica- 
tion of an algebroid curve is set by the first order T(r). By means of (8.2) 
we obtain from (8.1) the relations 


(k + 1)(nk —k +1) f 
T(r) + S(r) 


Vilr) + Dadami(r;a) < 


holding almost everywhere with 
S(r) = O (log rT(r)). 


Thus the defect relation appear in the form that was given them by R. Nevan- 
linna: k = 1; = 1, and E. Ullrich: k = 1. 


9. The Third Main Theorem for Ring-meromorphic Curves 


Instead of the function z;(p), meromorphic on the doubly punctured plane §, 
which define its realization © we use the functions 2z;,(z) defined for z ranging 
over that part of the z-plane which is covered by §. For the choice of G) and 
the exhausting sequence {Gz,,} made heretofore the potential &(z) is a function 
of |z| = p rather than of z: 


| = 75). 
From (6.6) it follows that for 


@(p) = log Mag Q? u(Zi(pe*)) } ae) 
we have 


20;(p) + 2 dia ram*(p; a) + const < O(p) 


or 


20; (Grr) + 2 Dia dam*(Ge,r a) + const [O(R); O(r)].- 
On the other hand (6.3) shows that 
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with constants c and c’. To set in evidence the fact that the integral on the 
left also possesses the characteristic pattern of all quantities related to ring- 
meromorphic curves we write it as 


®(R, dp = [W(R); ‘¥(r)] 
with 


e * dR 8(p) R e(p) 


Thus we finally obtain 
(9.1) [‘W(R); ‘W(r)] S c[’T(R); + 


The arbitrariness 
“W(R) > “W(R) +c log — clog” 
0 


finds again an immediate geometric expression in the freedom of choice of the 
intermediate circle of radius 7m . 

Suppose two functions @(r) and 7'(r) are defined for sufficiently large values 
of r. Then we agreed’ to write 


O(r) = 


if there exists a centrally symmetric potential U(r) due to a distribution of free 
charge of density exp O(r): 


such that 
U(r) S cT(r). (c = const. > 0) 
It follows that there exist constants of integration a and b such that 


ue) = | = { exp 0(p)p dp — alogr — b 
To ro 


satisfies this relation, 7) being an arbitrary lower bound for the integrations, 
subject only to the condition that @(r) and T(r) are defined for r = 7. 

We note concerning the relation © = w(7’) that it implies: 

(1) O(r) = w(T*(r)) for any T*(r) = T(r) + c! log r + ¢” with constants c’ 
and c’’, because the additional terms correspond to free charges of density zero. 


™MC. p. 528, 
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(2) 0’(r) = w(T) for any 0’ S 0, because 
U'(r) = | exp 0’(p)p dp — alogr — b S U(r). 
To To 


(3) The existence of constants c’ and c” such that 
T*(r) > 0 


because for 
T(r) = + Slogr +2 
we have 
"dr 
T*(r) = — | expe dp > 0. 
cT*(r) xp 0(p)p dp 


(4) O(r) < « log T*(r) almost everywhere if the constants c’ and c’’ are so 
chosen as to make T*(r) > 0. 

The additional term of the order of log r has been neglected in the presence 
of the term log 7*, compared to which it is of importance only in the cases of 
lowest transcendency. 

We extend the meaning of this symbol to functions 6(7) and 7'(r) defined for 
sufficiently small values of r by writing 


= 


if after an inversion on the unit-circle: r — 1/r = 7 we have for the functions 
6(7) and 7(#), defined by 


6(7) = O(r), = TO), 
the relation 
6(7) = o( T(A). 


The application to our case is evident since both “Y and *W are centrally sym- 
metric potentials, each due in its region of definition (r > Ry, r < 7 respec- 
tively) to a distribution of free charges of density exp O(r). By choosing 


r = € ro, while R remains variable, 
or 
R = eR,, while r remains variable 
we obtain from (9.1) the inequalities 
‘W(R) S c{°T(R) + const. log R + O(1)} 
‘W(r) <c{'T(r) + const. log r + O(1)} 
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with 
c = > 0. 
Consequently 
O(r) = o(T(r)), = w(‘T(r)), 
and therefore almost everywhere 
O(r) < « log ‘7*(r) forr > Ro, 
< «log ‘T*(r) forr < 1%, 


with constants chosen such that °7’* and ‘T* are > 0 (see Section 5). Thus the 
defect relations appear in the form 


+ rami(r; a) = forr > Ro, 

Q(r) + rami (r; a) = 4w(‘T(r)) forr < 1%, 
or as inequalities holding almost everywhere 

+ Diadami(r; a) < 5 log ‘Tr (r) for r > Ro, 

+ Da dami(r; a) < 5 log for r <1. 


Observing that 
[log *7*; log ‘T*] log [‘T*; *T*] 
allows us to combine each of the above pairs into a single relation: 


+ a) = 5 log 7.(G). = 
Again we might derive estimates of the kind 
T,<I1T+S 
k+1 
climaxing in 
0.2 
) Vit < T +S. 


These relations hold for the averaged quantities as well as for the unaveraged 
ones, if in the latter case we supplement them by the conventions governing 
the pair-wise connection between the unaveraged constituents. S stands 
throughout for a term O(log T). 
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Applying (9.2) to a ring-meromorphic function, for instance to one of the 
quotients x;/z9 which define the realization ©, it is seen that any such function 
must assume every value with the possible exception of at most two. This is 
nothing new considering that every ring-meromorphic function f(z) is changed 
by the substitution 


into a function meromorphic and periodic of period 27 on the open ¢-plane. 


_ The validity of Picard’s theorem for f (exp ¢) = F(¢) yields an immediate proof 


of the above statement. If we write ¢ = x + ty it follows that F(¢) repeats 
its values in every infinite strip parallel to the z-axis of width 27. Hence the 
surface § on which these functions are defined presents itself as a circular 
cylinder of radius 1 around the z-axis. The order of a function on § is described 
by a pair of functions “T(x) and *T(z): 


T = [('T(X); 
The first one is defined for X > 2, the second one for x < 2, (a > 2), and 
they are subject to the condition 
[‘T(X); ‘T(x)] ~ ['T(X) + eX; + ca]. 
Ring-meromorphic curves present themselves in this light as realizations in 
k-space of the cylindrical surface § in abstracto. 
APPENDIX 


Suppose we are given a cell-division corresponding to a configuration {a} of 
planes a:)->/a;|> = 1, in an (& + 1)-dimensional vector space Gi: 
{fo , &1, +--+, of the sort described in Section 7. Concerning it we stated 
the following estimate: If b is a plane not passing through the center 3 of a 
cell 3 then 


(1) | (b&) |: {200 = 
for any point — of 3, where 


B= | {00 Lae” PY’, 


being any point on the vertex 3. In a conversation H. Weyl proposed to me 
the following proof of this inequality. 

As a coordinate system in 3 we introduce its frame work {t>, --- , fe}. Let 
(bf) = 0 be the equation of the plane b; then we have 8 = |b, | > 0. For any 
point ¢ for which }°6 | ¢; |? = 1 (a restriction which does not impair the gen- 
erality of our argument considering the conical shape of 3) we now write 


| | = 8; 
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Consequently 
(2) | biti + + deve | S 8 + | S + | bo |). 


But from (7.2), applied to the space {> = 0 of one dimension less, it follows that 
[biti + bate |? | bo — | 
= — — (& > 0). 


The factor (1 — | fo") replaces | |? + --- + which it equals since 
Yi | ¢:|? = 1, while (1 — | bo |*) makes its appearance because (7.2) was derived 
under the assumption that > |b; > = 1; hence in the present case we have to 
multiply on the right by |b: |? |b. = 1 — | bo in order to make 
the relation completely analogous. Combining (2) and (3) we obtain 

| Bo | 


Hence, writing | bo | = cos a; , the right side of (4) will become 6; tg (a4/2) and 
the inequality states that (7.2) will be satisfied for any 5,4: = 6 chosen such that 


2 2 
6 


Proceeding in this fashion we put successively 
| bo (| bo |? + + | be |?) = cos = 0, 
(5) [br + +++ + = cos axa 2 0, 


| |2-V/(| ba |? + | be |?) = cos on = 0, 
counting the a’s in inverse order. Solving with respect to the b’s we have 
| bo | = COS a, 


| by | = Sin a; COS 
(6) 


| | = sin ay SIN COS 


8 = = sin a sin sin ay. 
From the last equation under (6) it follows furthermore that none of the angles 
+++, a can be zero, and (5) completes the information to give 
0O<a 


Therefore writing 


0<teS=451 
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we have the recursion formulae 
= {1 + 
with 6; = 1, 6:4: = 6. Furthermore 6; S 1; hence 
t; 
= 
and if we finally form the product we obtain 


=— =62|b|-2° = 


iat 5; 61 


which together with (7.2) completes the proof of (1). 


Urpana, ILLINOIS. 
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ON ADDING RELATIONS TO HOMOTOPY GROUPS 
By J. H. C. WurrexEap 


1. Let X be an arewise connected topological space, and let 2,(X) (r = 
1,2, --- ) be the r™ homotopy group’ of X, written with multiplication if r = 1 
and addition ifr > 1. Let CX (¢ = 1, ---,k;n = 2) be maps in X 
of an (n — 1)-sphere S””’, let &? be a non-singular (open) cell bounded by 
j(S"”"), as described below, and let 


(S?-6? = Oif i j). 


In a recent paper’ I described in algebraical terms the relation between 7,1(X) 
and ,-1(X*), and also the relation between 7,(X) and z,(X*) in case each of 
f(S"") is homotopic to a point. Here we study the relation between 1,(X) 
and ,(X*) when the maps f;(S") are arbitrary. There is a considerable 
difference between the cases n = 2 and n > 2. In case n > 2 the relation 
between m,(X) and 7,(X*) is expressed in terms of a product a-8 € tm4n-1(X), 
where a€mm(X), Bem,(X). The case n = 2 is, in many ways, the more 
interesting of the two. Among other things a method is found for calculating’ 
m(K) algebraically, where K is any simplicial complex. Of course K. Reide- 
meister’s* theory of homology in K, the universal covering complex of K, together 
with a theorem due to W. Hurewicz’ lead to a theoretical definition of 2(K), 
which may be stated in purely algebraic terms. But since there is no general 
algorithm for deciding whether or no given elements p:, --- , pn in the group 
ring, ®, of K, satisfy given equations 


mip; = 0 (m; € ®) 


this does not lead to a method of calculating m2(K). In fact the problem of 
calculating the algebraic structure of 12(K) by this method is equivalent to the 
problem of calculating 2:(K) effectively, or of defining K constructively. In 
order to calculate a2(K) itself one would also need a construction for a deforma- 


wad Hurewicz, Kon. Wetensch. Amsterdam, 38 (1935), 112-9; 521-8; 39 (1936), 117-25; 

*Proc. L. M. S., 45 (1939), 243-327, §6. This paper will be referred to as S.S. The 
argument given in 8.8. obviously applies, with minor alterations, when K is any arewise 
connected topological space. 

*Le., given a constructive definition of K, one can enumerate (constructively) a set 
of generators and relations for ™(K). Moreover, given a map f(S*) C K, with a specified 
base point, one can express the corresponding element of m(K) as a product of the gen- 
‘rators, and conversely. We shall say that a group G has been calculated effectively when 
ithas been calculated, and when a finite algorithm has been provided for deciding whether 
orno two given products of the generators represent the same element of G. 

‘See, among papers, K. Reidemeister, Abh. math. Sem. Hamb. 10 (1934), 211-5. 

‘Loe. cit. (Paper II), p. 522. 
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tion cell, bounded by a given circuit in K. It should be said that there is no 
theoretical obstacle to calculating 2,(K), for any r 2 1, by constructions which 
are similar to those in a combinatorial definition of* 7:(K). Thus the value 
of §6, below, is technical, rather than theoretical, in that it brings new algebraic 
machinery to bear on the study of m2(K). 

We shall always use S” to denote an oriented n-sphere, and E” to denote an 
oriented n-element. The corresponding unoriented spaces will be denoted by 
| S"| and | #"|. Let f(£") C X be a given map, where H” is the boundary 
of E" and E£” has no point in common with X, and let &” be the interior of EB”. 
By X + 6&” we shall mean the space consisting of the topological space X and 
the topological space &", related by the following condition. If p; , p., --. C&" 
is an infinite set of points whose limit points all lie in the closed set f-'(q) C £", 
where q is any point in f(E") C X, then the sequence p,, p2, --- C X + 6" 
converges to g. Subject to this condition we describe &” as a non-singular cell 
bounded by f(£"). When describing a geometrical construction we shall use 
the term accidental intersection to mean one which can be avoided without 
restricting the conditions of the problem in hand. For example, a point common 
to &} and &? (i ¥ j), in the above space X*, would be an accidental intersection. 
Again, if we introduce a segment s C M”, joining two given points p,, pe, 
where M” is a connected, bounded manifold, then a point, other than 7; or pz, 
which in common to s and M", would be an accidental intersection. 


2. In this section we recall some elementary definitions in a convenient form. 
To define 7, = 2,(X) we first choose a base point x) ¢X. Then an element 
a em, is given by a map f(S", a) C X, such that f(a) = 2, where a is a speci- 
fied base point in S". In general the same map f(S”) will represent a different 
element if another point a’ ef~‘(zo) is chosen as base point in S”. The element 
—ais given by f(—S”, a), where — S” is S” with the orientation reversed. Two 
maps f;(S} , ai) (¢ = 1, 2), where a; e S? and f;(a;) = 2, represent the same 
element of 7, if, and sais if, fi = = fod, where ¢(S}) = Sz is a map of degree +1 
such that ¢(a1) = a2, and fi (Sf , a) is homotopic in X, with f,(a:) held fixed, 
to fi(St , a). Following Hurewicz we may also represent a ¢m, by a map 
g(E") C X such that g(E") = 2, in which case we shall always take the map 
g(E") = 2 as the base point. Such a map will represent the same element as 
J(S", a) if g = fo, where ¢(E") = S" is a map of degree +1, treating HE" as a 
cycle mod £", such that ¢(£”) = a. Let a; € a, (i = 1, 2;n > 1) be given by 
with = x, and either 

1. | Ey |- | | = | |-| | = | | and 
2. | Et |-| | = | = | | and Et = 


* Since neither can be calculated effectively, except in special cases, the only difference 
between the logical status of 7:(K) and of z,(K) (r > 1) is that »(K), unlike z,-(K), is 
always given by a finite system of generators and relations if K is finite. 
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In either case a; + a2 €m, is the element given by the map f(Zi + E?), with 
; point” on Ej as a base point in the second case, where f = f; in E? . 

Let St = E} — EB", S? = E” — Ey and S" = Ej — Ex , where | Ej |-| Ez | = 
| |. Let fbeagiven map of K = | Ei | + | #2 | + | | in X, with 
f(a) = %, where a e E”, and let a;¢a, be the element given by f(S}, a). 

Lemma 1. The map f(S", a) represents the element a, + az. 

This follows at once from the fact that f(K) is homotopic rel. a (i.e. holding 
f(a) fixed) into a map f,(K) such that fl(E") = x. 

We recall from S.S., §§10, 11, that 2, (n > 1) is a group with operators. 
Asin S.S., §11, we shall consider the operators to be elements of the group ring 
= rather than elements of the ring 9,(X, x), defined §10. 
Ifaem, , § € m1 the characteristic property of éa is that any of its representative 
maps can be transformed into a representative of a by a deformation in which 
the base point describes (positively) a circuit representing & By an invariant 
sub-group ¢, C m,, we shall mean one such that Rc, = o,, that is to say 
paes,ifaeo,, pe. This is a natural generalization of the ordinary defini- 
tion in case n = 1. We shall describe the groups defined on pp. 281 and 283 
of S.8., which we shall now denote by R(a, --- , ax) and R(fi, --- , fx) instead 
of r(a,---,ax) and r(fi, ---,fi), as the invariant sub-groups generated by 
a,:::,a@ and by fi,---,fz. This definition obviously applies to infinite 
sets of elements a; or maps f; , and in the same way we may define the invariant 
sub-group generated by a set of elements together with a set of maps. 

Let an element a € 7, (n > 1) be given by a map f(S", a) C X and let f(a) = 
f(t) = %. Let s C S” be an oriented segment beginning at 6b and joining it 
to a, and let — be the element of 7 , with base point 2», which is represented 
by the circuit f(s). Then it may be verified that f(S", b) represents the ele- 
ment fa. For this purpose 8. Eilenberg’s definition’ of ta is particularly con- 
venient. 


3, Let a€ mm = tm(X) and Bean, = mn(X) (m, n = 1) be given elements 
represented by maps fo(E”) GC X and g(E”") C X, such that fo(E”) = 
go") = 2», where 2» is to be taken as the base point for all the homotopy 
groups 7,(X). We denote by fo-go the map 


X = X E" + (—1)"E” X E") CX, 
given by 
Fo(p X = go(g) if 
=folp) if peE",qek". 


' Since n > 1, E* is connected and it is immaterial which point on E* is taken as base 
point (see the concluding remark in this section). 

*The distinction is that, if pa = px for each ae z,, then p: and p are identical, by 
definition, if regarded as elements of %n(X, 20), but they may be different elements of ®. 
Pr 32 (1939), 167-75. Eilenberg defines tain terms of the universal covering 

of X, 
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We take a point a'& be E” X E” as base point on (E” X E")’, where ais an 
arbitrary point on RE” if m > 1, and the first point of E” if m = 1, and similarly 
forbeE”. Let fi and g; be the images of fo and go in homitopie deformations 
fi and g, (0 t S 1), such that = = x for each t e(0,1). Then 
= the i of Fo in the deformation F; , given by 


Fp X q) = gq) if 
=filp) if peE",qek", 


throughout which F,(a X b) = a. Therefore the element of tm4n—1(X) deter- 
mined by the map fo-go depends only on the elements ae mn, We shall 
denote it by a-£. If m = n = 1 it is clear that 


(3.1) E-n = (& 1 Cm), 
and if m = 1, n > 1, that 

(3.2) = (€ — 

If m + n 2 2 we have 

(3.3) B-a = (-—1)”""a-B 


since E” X = (-—1)”"E” X E”. 

THEeorEM 1. If n > 1 the transformation B — a-B is a homomorphism of rp 
IN for each a€ Tm. 

Let B = 6: + Be, where 8: em, (¢ = 1, 2). Let 8; be represented by a map 
gi(E;) C X, where 


| Ht |-| = |r |-| | =| z""|, 
BE} =E"'+..., Ep = 


and gi(E7) = 2. Then @ is given by g(E”), where E” = Ef} + Ez andg = gi 
in E} , and since n > 1 we may take a point in E” X E”™” as the base point 
on (E” X E")’. Then the two (m + n — 1)-spheres 


meet in the (m + n — 1)-element E” X BE”, and 
+ k™ x + (—1)"E” E*. 


Therefore a-8; + a-B. = a-(8: + 62), by lemma 1, and the theorem is es- 
tablished. 

If m > 1, n > 1 it follows from theorem 1 and (3.3) that the function a-8 
determines a group multiplication.” However it may happen that a-8 = 
even though a ~ 0, 8 ~ 0, as it does when m = 1 and X is n-simple in the 
sense of Eilenberg.” 


10 Cf. P. Alexandroff and H. Hopf, Topologie, Berlin (1935), 589-90 
1 Loc. cit. 
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The homomorphism 6 — a-8 (n >°1) is not, in general, an operator homo- 
morphism with respect to the oped in R. In fact if m,n >! 1 it may be 
verified that 

I'm = 1,n > 1 we have. 
E(n-B) = &(n — 1)8 | 
= — 
= 
for any 7 €™, and if m = n = 1 the relation 


follows from (3.1). 

The product a-8 is one among many similar ways in which elements a € Tm 
and Bex, may be combined to form an element in tmin-1. For let a and B 
be given by f(E”) C X and g(E") C X, with f(Z”) = g(E") = a, where E” 
and E" are now the interior regions and boundaries of Euclidean metric spheres 
and in Euclidean spaces R” and R". Let p > rp (pe rp € Gn) 
be a continuous map of S”” in G,, the group of rotations in R" about the 
center of S”’, and let g > r, (¢ eS", rq € Gm) be similarly defined. Then a-8 
isa special case of the elements given by maps of the form F(Z” X E") C X, 
where 


j 


F(p X = gire(q)} if peE”",qeE" 
=fir(p)} if peE",qek". 


let X = 8" (n = 2), let m = 2let a = 0, even when n = 2, and let g(Z") C 8", 
with g(Z") = 2», be of degree 1. Then if n = 2 it may be verified, with the 
help of H. Hopf’s invariant,” that the map p — r, (p € S') determines an iso- 
morphism between 7:(G,) and mnii(S"). The fact that m(G,) and mn4:(S8”) are 
both cyclic infinite if n = 2 and of order two” if n > 2 suggests that the same 
may be true if n > 2. 

4. Let St and S? (1 < m S n) be m- and n-spheres with a single common 
pont b, and let =m+n—1> 1. Let mm = m2 = m-(S2) and 
let be the sub-group of x, = x,(ST + Sz) which is generated by all 
ements of the form a-8, where a ¢m(ST), 8 €%n(S2) and b is the base point 
of Ti, Tm+T, and Tr. 

THEorEM 2. The group is the direct sum + + The 

“Math. Ann., 104 (1981), 637-65. 
ian Pontrjagin, Oslo Congress (1936): H. Freudenthal, Compositio Math., 5 (1938), 
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Let" f(S") © ST + Sz be a map representing a given element a*ex,. We 
take Sj’, S? and S’ to be recti-linear sub-divisions of the boundaries of recti- 
linear simplexes, and we assume that the map f is simplicial. Let z be an inner 
point of an n-simplex in S?. Then f '(z) is a polyhedron whose cells may be 
oriented to form an (m — 1)-cycle CS’. Let CS’ bea chain bounded 
by Z™” and let 7:(f) be the degree with which f(Z”) covers Sj. It follows 
from his original argument," with trivial modifications, that y:(f) is a ‘Hopf 
invariant’ of the element a*, and it may therefore be written y:(a*). Clearly 
a* — y;(a*) is a homomorphism of z, in the additive group of integers. 

We now prove the last part of the theorem. The groups 7,,(S7') and z,(S?) 
are cyclic infinite, generated by elements a@ and 8, say. Therefore any element 
in Tm nis Of the form ka-18 = kl(a-8), by theorem 1, where k and 1 are integers. 
Therefore +,-7, is a cyclic group generated by a-8. Obviously 

= +kl, 
whence ka-/8 = 0 implies k = 0 orl = 0. Taking 1 = 1 it follows that 
k(a-8) Oif k ¥ 0, or that 7,,-7, is infinite. 

We have now to prove that = m1 + 12+ Let + = St 

be the map given by 


hi(p)=p if 
=b if peS?. 


Let ¢:(7,) = 2 be the homomorphism of z, in which each element given by a 
map f(S’) C Sj + Sz is transformed into the element given by the map /if(S’). 
Clearly ¢:(72) = 0 and ¢i(a) = a if aem,. Since a-0 = 0, according to 
theorem 1, we have ¢:(1m-4n) = 0. If a: + a2 + a-B = 0, where aje7,i, 
a€tm(S1), B €mn(S2), it follows that 


a1 = + a2 + a-B) = 0. 


Similarly ag = 0 and hence a-8 = 0. Therefore the group consisting of all 
elements of the form a, + a2 + a-@ is the direct sum mp + 72 + tm:Tn, and 
it remains to show that each element in 7, is of this form. 

Let y:i(a*) = k, where a* is a given element in 7, , and, replacing a by —a 
if necessary, let y:1(a-8) = 1, where generates Then yi(a0) = 9, 
where a = a* — ka-8. Let f(S") C St + S? be a map representing a and, 
as before, let Z" = Z””, where |Z" "| = f(z). If n > m it follows from 
a fundamental theorem due to Hopf” that f(Z”) can be deformed into a point, 
namely f(Z”") = x, with f(Z””) held fixed. Therefore an argument used by 


H. Freudenthal” shows that ao may be represented by a simplicial map f; such | 


that fr'(z) is a single point p. Let E” C S? and E” C S" be the simplicial 


14 Since m (Sj + Sz) = 1 we need not specify which point in f-1(b) is to be taken as the 
base point in S’. 

18H. Hopf, loc. cit.: also Fund. Math., 25 (1935), 427-40. 

16 Comment. math. helv., 5 (1933), 39-54. 

17 Loc. cit., pp. 309-11. 
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neighborhoods of z and p, and let ¥(Sz) = Sz be a map of degree unity such 
that y(S3 — EB") = b, W(E") = Sz. We extend y throughout S? + S? by 
writing ¥(n) = yif ye St. Clearly ¥f,(S’) is homotopic to fi , with the base- 
point, in fr'(b), held fixed. Therefore a is also represented by the map yfi. 
But vfi(E’) 82 , © Sf and ¥fi(S"") = b, where is the closure of 
= | £"| = | |. Therefore ao = a: + a: and a* = 
a, + + ka-8, where a €m, is represented by ¥fi(Ei) C ST, and a em 
by ofi(E") C S¢. Therefore the theorem is established in case m <n. 

Finally let m = n. With the same notation as before, let a* = ay + ka-B, 
where a* is a given element in z, and y:(ao) = 0, and let y2(ao) be the degree 
vith which f(Z") covers S$. Clearly yilda(a0)} = 0, = 72(c0), 
where ¢2 is the homomorphism induced by the map hz, given by h2(ST) = b, 
= pif pe Sz. Therefore = ye(ao) = 0, where ap = — $2(ao), 
and it follows as when n > m that ap em + m2. But ¢2(ao) € m2 and 
at — a Therefore a* = as + (a — ) + (a* — a) + + 
Tmt , and the proof is complete. 


5. Let fi(S?") C Xo (i = 1, --- , k) be given maps of oriented (n — 1)-spheres 
sr7,..., Sp’ in an arewise connected space X». Let 


(6.1) 


where & is a non-singular cell bounded by f;(S?~’) and there are no accidental 
intersections. Let a; be an open n-simplex, oriented in agreement with &}, 
such that A? C &? , where A? = dj , the closure of af. Then Xp is a retract 
by deformation of 


k 
X= Xo+ - :), 


and it follows that the homotopy groups ,(Xo) and 2,(X) are the same, like- 
wise the relations between 2,(Xo) and 2,(X*) and between z,(X) and 7,(X*). 
Also the identical map of A? on itself is homotopic in X to f( Si). Therefore 
we may replace X> by X and f;(S?~’) by the identical map of A? on itself. 
Since &? may be triangulated and A? C &?, we may assume, after a suitable 
deformation, that any map f(K) © X*, of a simplicial complex K, is simplicial 
inf (4? +... + Af). From here to the last paragraph in this section 
we taken > 2, 

Let 4 ¢ X be a base point for each , = 2,(X) and let a; be the element in 
t,.. Which is given by”® ¢; + A? , where ¢; is an oriented segment starting at 2» 
and joining it to a point 2;¢ A?. Let ON be a modulus with independent basis 


elements €1,--+,é, and coefficients in R = R(r:). Then the transformation 
9, given by 
2) + + pute) = pror +  ®) 

"Cf. 8.S., p. 279. 
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is a homomorphism of 9M on R(ar,--- , ax). Clearly ROM>o = Mo, where 
My = ¢ (0) is the kernel of ¢. 

Let f(S", po) C X*, with f(po) = %, be given. After a suitable deformation, 
we assume that f(A?) is a set of oriented n-simplexes en Aji, --- , €i9,A%,,, 
where e, = +1 (i = 1, --- , k), Ai takes its orientation from S”, and f(A}) = 
€nA; , the map f being linear in Aj. After a suitable sub-division of S” and 
a further deformation” of f we assume that no two of the simplexes A}, , A’, 
have a common point. Let s;, CS” be an oriented, polygonal segment, starting 
at po and joining it, without accidental intersections, to the point pa eA}, 
such that f(pa) = 2:, and let ta = f(sa). Then f(sa + AR) = ta + ead? 
and is homotopic to (ta — ti) + (t: + ¢€nA7?). Therefore the corresponding 
element in Wn-1 is €n€inai ; where En € 71 is given by the circuit ta — Revi Then 


(5.3) > = 0 


ir 
since (ta + A?) =f{ (sn + AR)}, and the singular sphere (sn + Ad) 
bounds the cell S" — > (8a + Aj,). Therefore 


(5.4) = € Mo. 


Thus to the map f corresponds an element ¥(f) «Dy. If f(S”) C X, the set 
of simplexes f (A?) being empty, we set ¥(f) = 0. 

“Lemma 2. The element = W(a*) depends only on the element a* ex. = 
1n(X*), which is given by f. 

In the definition of ¥(f), and in proving the lemma, it is obvious that a map 
of the form f(S") C X* may at any stage be replaced by one of the form 
f(E") C X*, with f(£") = 2. Therefore the lemma will follow if we can show 
that ¥(fi) = (fe), where f;(H7) (¢ = 1, 2) are two given maps representing the 
same element a* ea, , both of which are simplicial in f (AT + --- + Az). 
We assume as we obviously may, that Ef and Ez are two hemispheres of an 
n-sphere S” = Et — Ez , where E? = E?, with regard to orientation. Then 
the map f(S”, po) C X*, where py e Ef andf = f; in E? , represents the element 
a* —a*=0. Clearly = — ¥(f2). So we have to show that = 0. 
Let S* = E"". Then the map f can be extended throughout Z"™’, and we 
assume that f(EZ"™’) is simplicial” in + --- + AP). 


19 Cf. S.S., p. 282. 

*° For it is given that f is simplicial in f-1(At + --- + At) CS", and, among the proc- 
esses of sub-division and canonical displacement of vertices by which f(Z**!) is made 
simplicial in f-\(A{t + --- + Aj), there is obviously one which leaves y(f) unaltered. 
Alternatively we can appeal to the following theorem, which is easy to prove, though 
I have not seen it in print. Let K and L be simplicial complexes and let fo(K) C L be a 
map which is simplicial in some sub-complex K* C K. Then there is a sub-division Ki, 
of K, which leaves K* untouched, and a deformation f;(K) C L (0 S t S 1), such that 
St = fo in K* and f, is simplicial with respect to K; . 
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I f(S") CX it is trivial that ¥V(f) = 0. Otherwise let = , where 
4 let ys be an inner point of Aj, and let s be the segment in f '(y;) 
which, starting at A}, , terminates at some Aj, C E"". Let C"" be the chain 
of oriented (n + 1)-simplexes in f '(A?) which contain points of s. Then 
p= + --- and also Therefore = 
+ AR, Moreover — Aj, — Aj,) C Since f(C"") = 


Since the circuit s, + s* — bounds a cell in and since 
{(s*) = 2, the circuit f(sa) — f(8in) bounds a cell in X*, and hence in X, since 
n>2. Therefore §. = &. On repeating this argument it follows that, for 
each i = 1,---, k, the simplexes Aj, C E”™ occur in pairs A}, Aj, , such 
that = —€i., and = Therefore the expression (5.4) can be reduced 
to zero by cancelling terms of the form ea(éax + where = ga. 
Therefore ¥(f) = 0, and the lemma is established. 

It follows from an argument.in the proof of lemma 2 that a* — y(a*) is a 
homomorphism of in Mo . 

Lemma 3. wis a homomorphism on My. It is an operator homomorphism, 
meaning that p(pa*) = pp(a*) foranypeR. Its kernel is the sub-group Cr 
which consists of elements with representative maps in X. 

Let a, given by (5.3), be a given element in R(a,---,ax) and let 
sa + Aj C S” mean the same as before. Then a is represented by a map 
f(z) C X, where 


>= (sa + Ad), 


such that = enA? , f(po). = to, f(pa) = and the circuit f(sa) — 
represents the element £, € 7. The singular sphere 2 may be regarded as the 
boundary of the cell S” — > (sa + AR). Lete, given by (5.4), be an arbitrary 


element of Mio. Then a = 0 and the map f(2) can therefore be extended to a 
map f(S” — > ai) C X, where aj} is the interior of A}, , and hence to a map 


{(S") CX*. Then ¥(a*) = e, where a* ¢ 1, is the element given by f(S", po), 
and it follows that y is a homomorphism of 7, on Mo . 

Let a* ex, be represented by a map f(E") C X*, with f(£") = a, and let 
{be simplicial in f(A? + --- + Af). Let A} mean the same as before, but 
— let 8, be a segment which, without accidental intersections, joins a point 
to pa, where the points piu, Pi, --- are distinct. Let Eq be an 
nelement such that |Z” |-| | = |£"| = | |, let po be an inner point 
of Et and let si, C Ep be an oriented segment which starts at po and joins it to 
Pa. Let & be any element in 7; , and let £ be given by a map g(b’b) C X, with 
(b’) = g(b) = a2», where b’b is a simple segment. Let fo(E3) = 6’b be a map 
such that fo(po) = 0b’, fo(E”) = b. Then ta*ex. is given by the map 
F(S", po) C X*, where S* = E" + Ep , f* = fin E” and f* = gfyin Ey. The 
circuit f*(six + 8a) — ty = f*(sa) + f(sa) — represents the element €m . 
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Therefore y(ga*) = tY(a*) and ¥(pa*) = py(a*), for any since y is a 
homomorphism. 

Clearly ¥(x°,) = 0. Conversely, let a* ey '(0) be given by a map S(S", wm) C 
X*, which is simplicial in f(A? + --- + Ar). Then, since e:, --- , e& are 
Henssby independent, the expression (5.4) can be reduced to zero by cancelling 
pairs of terms of the form (&, — &,)e:, Where & = &&. If & = &:, the circuit 
f(—sa + si.) = —f(sa) + f(s) is homotopic to a point in X. Therefore the 
circuit f(s) can be deformed into a point, where s is any segment joining pa 
to pi, , Without accidental intersections. Let Et, Ey C S” be n-elements 
such that 


Axts+Ai,Cér, C& 


and Ez does not meet po or Aj, (j, » ¥ 7, A or 7, uw), where &% is the interior 
of Ey (hk = 1, 2). Then it follows from a standard argument” that f(S") is 
homotopic, rel. (S" — 6&2), to a map fi(S"), such that fi(ET) = 2, 
fi(Ez — &{) CX. Therefore the lemma follows from induction on the number 
of simplexes in f (Af + + Ap). 

Let a be any element of 7, = m,(x), given by a map f(S") C X, and let 
¥(a) ¢ r°, be the element of 72 which is given by the same map. Then a— (a) 
is obviously a homomorphism of 7, on 7, . Let o, be the invariant sub-group 
of , which is generated by maps of the form f(S") C A? (¢ = 1,---,k) 
together with all elements of the form a;-8, where a,, --- , a mean the same 
as before and 8 € m2(X). 

Lemma 4. is the kernel of the homomorphism = 1, . 

Clearly ¥(o,) = 0, and we have to show that, given a map f(E"*') C X* 
with f(E"™) CX, then the class of elements R{f(Z”"*")} C a, is contained in on. 
Let y; € a; and let the given map f(E"”’) be simplicial in f(A? + --- + Ap). 
Since f(Z"") C X it follows that f"(y: + --- + ys) is a set of simple, non- 
intersecting, polygonal circuits inside E"*’. I say that the circuits in 
+ +--+ yx) bound a set of non-singular, non-intersecting 2-elements. 
This is certainly the case if n + 1 > 4 since singularities and intersections 
between 2-cells can then be eliminated by slight deformations. If n + 1 = 4 
(n + 1 = 4) since n > 2) let s be any circuit inf ‘(y,). Then s = E’, where 
FC E™ is a non-singular, polyhedral 2-element, which does not meet 
—s. Forasuitable sub-division of may be represented 
as a ian sub-division of a rectilinear (n + 1)-simplex, and we may take 
E’ to be a star whose center is in general position relative to f(y: + --- + Ys): 
Let Ep *' bea regular neighborhood” of E” which does not meet #””’ or any of the 
other circuits in f'(y; + --. + yr): Then E?*' may be joined to B”™’ by an 
(n + 1)-element C —f "(yt +yx), such that | | = 
| |-| | = | | and | |. | = | | = |B" |. The 


*1 See, for example, Alexandroff and Hopf (loc. cit.), p. 503; or S. Lefschetz, Fund. 
Math., 27 (1936), 94-115 (pp. 99-100). 
22 §.8., p. 293. 
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dosure of | — | meets in the closure of | — | B"|, 
which is an n-element with no internal simplex in Z"*’. Therefore the closure 
a is an (n + 1)-element. Similarly the closure of 
| | — | | is an (n + 1)-element and the assertion follows 
from induction on the aie of circuits in f(y; + --- + yx). In the pre- 
ceding argument, which also applies when n + 1 > 4, we cannot be certain 
that C X, only that f C X* — (yi + --- + y). But we may 
Aj a simplex Bf C A?, such that y; BY Bi and 
— (Bi + --- + Be). This does not alter x, , o, or mr, , or the relations 
all aii: ‘Therefore the lemma will follow from induction on the number 
of circuits in f(y: + --- + yx) if we can show that Co, , where 
A? is replaced by B? in the definition of ¢,. However, rather than this, we 
shall simplify the notation by starting again with c xX, 
assuming that f (yi + --- + yx) = f (ys), say, is a single circuit £’, where 
F CE". The map f is to be simplicial in f (Af), while E’ is a sub-complex 
of some rectilinear subdivision of E”*’. Therefore if the above simplex B? is 
sufficiently small, it follows from a straightforward geometrical argument that, 
after starting again, f (At) cuts E” in a simple circuit bounding a 2-element 
Ky Cc 
Let 
K = f'(A}). 
I say that the identical map of E"*’ on itself is homotopic in E"*’ — f-'(a}) 
toa map u(E""’) C K. For the part of f'(y:) which lies in any (n + 1)- 
simplex A"*’ C f(A?) is a linear segment, whose end points are internal to 
the two n-simplexes in A"** which cover A} , whence it is clear that f'(Af) is a 
retract by deformation of f-'(AT) — f-'(y:). Let u be a regular neighborhood 
of Kin — and let + f‘(a?) be a regular neighborhood 
of E’, which is internal to Z"*' (even if u meets E"*'), and which contains E” 
inits interior. Then contracts into” Eo and it follows that the identical 
= is deformable in — f-'(y:) into a map = 
Cut {f (at) —f The complex K is a retract by deformation 
of u, and hence a retract by a deformation in which each point of K is held 
fixed,"* and i (A?) i is a retract by a similar deformation, relative to F ate (Af), of 
(At) — Therefore the map can be deformed, in — 
I"), into a map u(#"*") © K, by deformations of the two parts lying in 
f(A?) — $"(y:) and in u, with the common part, inf (A 1), held fixed. Since 
f (47 1) is a retract by deformation of f(A?) — f- (ys), it follows that 
E™" — f(a?) is a retract by deformation of E"*! — f(y). Therefore the 
deformation cylinder of the deformation uo — we may be deformed into 
BY ft (aj), and the assertion is justified. It follows that f(£""’) is de- 
formable, in X, into the map g(E"*') C X, where g = fue. 


"8.8., pp. 248, 258, 260 and Theorem 23, corollary 1 (p. 293). 
48.8., p. 273. 
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Since n > 2 the circuit C AY is déformable, in A? , into the point z,. simplict 
This deformation can be extended to a deformation, in AY’, of f{f(Af)}, and y(n) = 
hence to a deformation fi(K) C X t 1; fo = f), such that = le 
fif(At)} = At. Therefore f(Z"™) is homotopic in X to gi(B"*), where 6. 
g: = fia. Let S* be a 2-sphere which meets Af in the single point 2, , and és 
let h(&$) = — a: be a homeomorphism of = Ej — Ej on S’ — x. Let let 


h*(K) = S° + A? be the map given by te 
fin for eacl 
and f*(S° + A?) C X the map given by ‘ first of | 
= if 2eAf. and it 1 
ie Then fi(K) = f*h*(K), and i (63) 


where g*(E""") = h*w(E""") C S’ + Af. If we take 2; as the base point for re, Ie 
tn(S' + A?) it follows from theorem 2 that the element in z,(S° + A?), which 
is given by g*(E"™’), is of the form 6; + 62 + where € 
and 8 €m(S’). Clearly g*(Z"*') is homotopic to a point in 
i S’+ Af. Therefore 6, + Be + a-6 reduces to zero if we fill in the simplex A} . by 2 - 


Since this has the same algebraic effect as mapping A? on 2; it follows that 7 

Bi = + + a-B) = 0, whence 

Let 


where ¢: means the same as in theorem 2, with ST replaced by S’ and 8” by A}. - 
Let us transfer the base point of z,(X) to 2;, which is permissible since ¢, is fag a 
an invariant sub-group, and let ¢*{2,(S° + C a,(X) be the homomorphism 
induced by the map f*(S’ + A?) C X. Then it follows from the definition 
of a-B that ¢*(a-8) = $*(a)-¢*(8) and hence that the element given by 
f*g*(E"™) belongs to o,. This completes the proof. where | 
Collecting these results we have the theorem: 
THEorEM 3. The residue group x, — 1°, is isomorphic to My , and t, — on 


is isomorphic to . The homomorphism = Mo determines an iso- isa hg 
morphism — = My and = determines an isomorphism group 
— On) = Tr. tehr, 

Notice that lemma 2 is valid, for obvious reasons, when n = 2, provided we the cer 


take m = m(X*), which coincides with 7,(X) if » > 2. Let X* be the uni- 
versal covering space of X* and let X be the part of X* which covers X. By an 
adaption of Reidemeister’s theory, referred to in §1 above, we may interpret It foll 
ade | m as the group of relative n-cycles in X* (mod X). Now let n = 2 and let mo _ 
1 ee be the sub-group of m, which consists of the absolute (singular) 2-cycles in x. (6.4) 
Then ¥(a*) C m, and y is a homomorphism of zz in m. If X and X*are 


‘ 
4 
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implicial complexes it follows from Hurewicz’ theorem, referred to in §1, that 
v(es) = 


6. Let ' be a given group, whose elements we denote by small greek letters, 
let H be an aggregate of individuals, which we denote by a, b, a;, b;, --- , and 
let h(H) CT be a single-valued, but not necessarily (1 — 1), transformation 
of Hin’. We shall use hy to stand for the group generated by all the pairs 
(a, ¢), which we denote by a; , subject to the relations 


(6.1) = a, ab, = 


for each a, b C H and &, » CT, where a = h(a) and ¢ = tat "y. From the 
first of these, and induction on | n | (n = 0, +1, +2, --- ), we have 


(6.2) Azan = Az, 
and it may be verified that the second implies 
(6.3) arb; = bfat (6, « = +1), 


where { = fa°£"n, with a = h(a). If x = at --- bf is any element in hr , and 
let 


6,(2) = a’,... 


Since r(fa) = (ré)a and (réaé = the transformation given 
by  — 6,(x), for each product of generators, leaves the system of relations 
invariant. It therefore determines a homomorphism of hr in itself. Clearly 
= 0,0,.1(2) = x, whence 6, is an automorphism. Also = 
whence tr — 6, is a homomorphism of I in the group of automorphisms of hr . 

Let o(ag) = for any a;ehr, where a = h(a). Since faaa = 
taf and 


fat = tat 'nBy ‘ta 
= 
where 8 = h(b) and ¢ = gaé "yn, the transformation given by 
--- bs) = --- 


isa homomorphism ¢(hr) CT. Clearly $(hr) is the minimum invariant sub- 

group of ! which contains h(H). Notice also that ¢{6,(x)} = 7¢(x)r~ for any 

tehy, eI, whence 6,{@ (1)} (1). I say that ¢ (1) is contained in 

the centrum of hr. For let x and y be any elements in hr , given by 
2 = y = bi, --- 


It follows from (6.3) and induction on m + n that zy = 2x, where 


(6.4) z= bit, na, 


| 
id 
1; 
| 
id 
et 
’ 
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with” ¢; = $(x)4;. Therefore = 1 implies ¢; = whence z = y. Let 
us now write the Abelian group ¢— ‘) with addition, and let us write 6,(z) = 
ra for any e@ (1). Then pred (1) may be defined in the usual way, W here 
p is any element in the integral group ring R(T). Therefore ¢-‘(1) is a group 
with operators in R(L). 

renee to the point in §5 at which we required n > 2, we now take n = 2. 
Let a* ex: be given by f(S’, po) © X*, which we assume to be simplicial j in 
f (Aj). We shall simplify our notation by rewriting sa , pa, €n and A’, C$? 
@ = 1,---,k; = 1,---,q@i) as &, Pr, & and Ay (A = = 
+ --- + qx), where f(A,) = and the segments s, --- , s, occur in this 
cyclic order round their common end point po. With a notation explained in 
SS. p. 279, let > = 21 + --- + 2,, where 


D=H +A — 4H, 


and 2, does not meet 2, except at po, and s, is non-singular and docs not 
meet A, except at p,. The singular circuit 


= +--+ CX, 
in which f(s;) is described first, represents the element 
where a; means the same as in §5 and & is the element given by the circuit 


f(s) — t,. If hy, and $(h,,) © m mean the same as before, with T = m, 
H = (a,,--+,a%) and h(a;) = a;, we have 


olv(f, 
where é is given by (6.5), and 


(6.6) Wf, z) = 


q 
As in §5, the circuit f(2) bounds the cell As _ * (s + Ay}. Therefore 


land yf, >) ed (1). If f(S*) CX we set ¥(f, = 0. 

Conversely, if z, given by the right hand side of (6.6), is an arbitrary element 
in hy, , we can construct © C and define a map which represents 
the product = ¢(z), given by (6.5). If £ = 1 the map f(Z) may be extended 
to a map f(S’) C X* and we shall have z = ¥(f, =). Therefore every element 
in ¢ (1) is of the form y(f, 2) for a suitable choice of f and 2. 

Corresponding to lemmas 2 and 3 we have the theorem, in which x, (n = 2) 
means the same as when n > 2: 

THEOREM 4. The element W(a*) «¢ *(1), given by (6. 8), depends only on the 
element a* m2 , given by f(S’, po). The a* — ¥(a*) is an operator 
homomorphism of on (1), and = 


*6 Notice the general form of the relations (6.3), namely zyx“! = O42) (y)- 
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In proving this we shall be concerned with ¢ ‘(1) as a sub-group of h,, , and 


shall therefore write it with multiplication. The first part of the theorem will © 


follow from an argument used in lemma 2, when we have proved that y(f, 2) = 1 
if a* = 0. Therefore we assume that S’ = A*, where A’® is a rectilinear 
3-simplex, and that there is a map f(A*) C X*. We also assume that f is 
implicial in f-'(A7). Let yi be an inner point of Aj. Then, the trivial case 
X excepted, + yx) = L, say, in a linkage which consists 
of non-singular, polygonal segments joining points on A* and, possibly, circuits 
which are internal to A*. We shall show that there is a homomorphism 
F(G) Chs,, where G = m(A* — L), such that ¥(f, =) = F(1) = 1. 

We take po to be a vertex of A’ and assume that the projection of L from po 
on the opposite face is regular,” as the term is used in the theory of knots. 
Replacing Aj, --- , Ag by smaller simplexes if necessary, we also assume that 
there are no accidental intersections in (Ai A}); also that 7? = 
pdt... + Aj) cuts the cone swept out by the linear segment pop, as p 
varies over L, in a series of non-singular segments and circuits which are approxi- 
mately parallel to the components of L. Let Li, --- , Lm be the segments of L 
which are ‘completely visible’ from po. That is to say the projection of L, 
(0 = 1,--- , m) from po does not pass under any segment of L, and each end 
point of L, is either on A’, or is at a crossing of which L, is a lower branch. Let 
yi, = f(L,), let pe L, , let p, be the point at which the rectilinear segment pop 
pierces 7” and let Py be a near-by point on 7” such that f(p,) = Xi, € Ai, , 
Let c, be a meridian circuit on 7’, beginning and ending at p, , which is oriented 
so that f(c,) = Aj , and let 1, = pop, + p,p, , where pop, C pop and p,p, is a 
segment on 7” joining p, to Dy . Then the group G is generated by gi, --- , gm, 
where g, is given by the circuit 1, + c, +1,. We write 


F(g,) Ginn, ’ 


where 7, € 7 is given by the circuit f(J,) — t:,. It follows from the same argu- 
ment as when L is an ordinary knot or linkage that the relations determined 
by the crossings in the projection constitute a complete set.” Let 


(6.7) = 99> 


be such a relation (see the diagram, in which « = 1). 

The cireuit 1, + ec, — l, is obviously homotopic, rel. po, to a circuit of the 
form + — whcre pypy is segment on which joins p, to p,. Since 
C Aj, (a, = in), the circuit ti, + (pur) — ti represents an element of 
the form oj, . Therefore f(l, + pup, — h), which is homotopic, rel. po , to 


{f(l,) ti,} {ti, + f(PuPr) ti, } {f(r) ti}, 


* See, for example, K. Reidemeister, Knotentheorie, Berlin (1932), 5. 

“See Knotentheorie, p. 54. This fact is, so to speak, half the content of the proof. 
For it follows from an argument given below that ¥(/, =) = 1 is equivalent to the relation 
torresponding to A, when the latter is treated a single multiple point of the graph L. 
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represents the element 1,0,m - Similarly f(l, + ec, — l,) represents the ele- 


ment . Therefore 


From (6.3) we have 
= » 
where { = 7,0i,n, m, and it follows from (6.8) and (6.2) that 
(6.9) Gin = ign, 


On comparing (6.7) with (6.9), we see that the transformation given by 


is a homomorphism F(@) Chs,. Let ¢;(@) C m be the homomorphism of G 
determined by the map f sad the base point f(p~o) = zo. Then ¢;(9,) = 
» Whence = 

Let ¢ be a meridian circuit on 7”, oriented so that f(c) = Aj? for some value 
of 7, and let 1 C A*® — L be any segment which j joins p to a point p ef (zi)-¢. 
Let g eG be the element given by 1 + c — l, and let £ € 7; be the element given 
by f() — t;. I say that 


(6.10) FQ) = a. 


For let pp, be a segment on 7” which joins p to some Dy. . Then g is also given 
by pp,) — Pp, ). On the other hand 


f+ ppp) — ts =f) + f(pp,) — 


which is homotopic, rel pp , to 


{f@) — ti} + {ts + f(pp;) — ti}, 


and sin¢ 
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either 
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and since fpr») c A} it follows that the element of which is given by 
fl + pp, ”) — t; is of the form ta; = n, say, whence az = Diy , in consequence 
of (6.2). Therefore we may replace c by c and | by 1 + PP, without altering 
either g of a. To simplify the notation we shall start again, assuming that 
p= Dy . Theng = 999 where gj is the element given by — l, , and 


F(g) = (i = i,), 
where = F(g). It follows from (6.4) that 
F (g) = az, 


where £ = But = oF(9) = ¢,(9), and since is given by / — l, 
the element $(z) is given by f(l) — f(l,). Therefore § = $(Z)n, is given by 
- +f) — ti, or by — as stated. 

It follows from the preceding paeageiph that F(g*) = ¥(f, 2), where g* eG 

is given by the circuit 2. But g* = 1, since 2 bounds a cell in A*. Therefore 
vf, 2) = 1, and the first part of the ‘brook 4 is complete. 

The fact that y is a homomorphism follows from the argument used to reduce 
the first part to the case where a* = 0. The argument used when n > 2 shows 
that y is an operator homomorphism. 

It follows from the definition that ¥(42) = 1, the group ¢ (1) still being 
multiplicative. Conversely let y(a*) = 1 and let a* be given by a map 
j(S*) C X* which is simplicial in f(A] + --- + Az). Then the product 
(6.6), determined by the map f and some 2 C 8 represents the identity in me 
Therefore it can be transformed into a product of the form 


where each Ry is of the form 


(¢ = tat 'n), 


by a sequence of operations which consist of cancelling, or of inserting, consecu- 
tive terms of the form aj,ajf. Each cancelling operation can be copied by 
the geometrical process described in lemma 3, which can obviously be reversed 
80 as to copy an insertion. Therefore we may assume in the first place that 
the product (6.6) is of the form (6.11). Moreover we may subject the factors 
ai; of (6.6) and, at the same time, the subscripts 1, --- ,gin 2 = 21+ --- + 2,, 
toany cyclic permutation. Therefore, after transferring 2, , from the beginning 
to the end of (6.11), and inserting 22;' between x, and 241, for each A = 2, 
n — 1, we may further assume that z, = 1. 
The geometrical process by which terms of the form zz are removed in- 


Volves an alteration of the mapf. Wenowleave fas it is, but replace s;, --- , 8% 
vy segments s;, --- , 8,, in such a way as to transform ¥(f, 2), given by (6.1), 
in 


2’) = --- , 


where W is of the form aa™ or aa ‘bb’. 
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First let Ri = Then Ry’ = Minas where = £a;, and replacing 
t by if e = —1, we have Ri = Let 
where Ay = A, (A 1,---, q) and 
= — eA, (S.D.), = (A = 2,.-., 9), 


in which (S.D.) means that the segment indicated is to be slightly ~geg 80 
as to eliminate accidental intersections. Then, remembering that f(A;) = 
we see that f(s;) — t; is homotopic, rel. po, to 


f(s:) -tiit+(t- «A? ti). 


Since f(s:) — t; represents the element ta; , it follows that the circuit f(s;) — t; 
represents the element taja;*‘ = & Therefore 


(6.12) 2’) = --- 
Secondly let Ri = Where = Ea; Then Ry = ay, 
and if « = —1 we replace every factor in (6.11) by RP 


and cancel the first two terms aj; aj. This operation can be copied geometri- 
cally, and the result is to replace Ry’ by aaj, ai¢a;¢. Therefore we may take 

where 


= 3 + & (S.D.), 8 = 

Ai=A:, Ai=A:1, A, =A) (\ = 3,---,@). 
Then f(A;) = Aj, f(As) = A? and f(s;) — t; is homotopic to 

(f(s) — ti} + (ts + Ai — te) — — te} + 


and therefore represents the element fa;{ "nm = ¢. The circuit f(s:) — ti = 
f(s:) — t; represents the element £, and we have 
(6.13) W(f, 2’) = --- 
If n = 1 it follows from (6.12) or (6.13) that f(S?) is homotopic to a map in X. 
In general, the terms preceding zz, in (6.12) or in (6. 13), op be removed iby 
cancelling, and it follows from induction on n that a*¢a;. Therefore my is 
the kernel of y and the theorem is established. 

Coronuary. If m2(X) = 0, then m(X*) is isomorphic to ¢ (1) under the 
transformation y. 

As an —— of this corollary, let X* be a ¢-dindbaiosdl complex and 
let 6} , --- , & be all the 2-cells in X*, with the notation used at the beginning 
of §5. Then Xo is the linear graph which consists of all the 1-cellsin X*. There- 
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jore = Oand isa free group. Therefore, given a product at bs, 
ui the generators of hy, , we can decide whether or no o(at --- bf) = 1. Let 
P be the free group, which is freely generated by the generators of h,, , and let 
g(t) em(X) have the obvious meaning if reF. Then the (multiplicative) 
group m: can be calculated in the form: 


Generators: all the elements of ¢ (1) CF, 

Relations: all relations of the form x = y, where x, y C @ ‘(1) are of the form 
= in which R is of the form or 
(a = $(a), = 


By this method we not only calculate a2 as an abstract group but, given a map 
f(s", py) © X*, with f(po) = 2, we can calculate y(a*) e¢@ (1), where a* is 
the element represented by f (S’, po). Conversely, given re@ (1) we can 
construct a map which represents V(x) € 7 , as in the preamble to theorem 4. 
Therefore, given any simplicial complex K, we can first calculate m(K’) and 
then ™(K°) = m2(K), by means of S. S., theorem 18, where K" is the 
n-dimensional skeleton of K. 

If X* is a polyhedron the kernel of the homomorphism x(m2) = 72 can be 
expressed in terms of Reidemeister’s”® theory of homology with coefficients in 
jt, or in the residue ring ® — J, where J is any two-sided ideal in R. For let 
¥* be the universal covering space of X*, and let X = u'(X), where u(X*) = 
X* is a regular covering of X* by X*. Let X be the universal covering space 
of X, and hence of X, and let a(X) = X be a regular covering of X by X. Then” 


ma(X) mo(X) Ba(X), X*) mo(X*) ~ 


where ~ denotes isomorphism and 62(P) is the second homology group of P, 
with integral coefficients. More precisely, 72(X) is isomorphic to 62(X) in the 
transformation under which a € 7, given by f(S*) C X, corresponds to the 
homology class containing the cycle f(S’). The homomorphism x(m) = 7: is 
the one determined by the map a@(X) C X*. It follows that the homology 
classes corresponding to the elements in x (0) are those which reduce to zero 
in consequence of the relations a; = --- = a, = 0. 

In case X is a finite, 2-dimensional complex one can also express x (0) as 
jollows. Let xX = X,= K'+ Ai, 
and let X, = K' + A} +... + Aj, where K’isalinear graph. Let us rewrite 
the group h,, , which is determined by X and X*, as h(X, X*). Then h(K’, X*) 
is generated by the generators ag (i = 1, --- , k) of h(K’, X1), together with 
the generators bj, (j = 1, --- , m) of h(K', X2), where 7 C F = m(K'). The 
relations for h(K’, X*) consist of the relations for h(K’, X,) = 1, 2; 
\=1,2,--- ), together with a system of relations Ria , which are of the form 

Loe. cit. 

" Hurewiez (loc. cit.), paper II, p. 522. 
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Then x ‘(0) is isomorphic to the sub-group of @ (1) C A(R’, Xi), whose ele- 
ments reduce to 1 on the introduction of the new generators bj, and the addi- 
tional relations Re, and Ri. In particular m2 = me if every relation between 
the generators aj: is a consequence of the relations Ry . 

By way of application consider the question: Is any sub-complex of an aspheri- 
cal,” 2-dimensional complex itself aspherical? Let = K' + Ai +... 4 
Ai. + B? + ..- + be any 2-dimensional complex, let Kj = K'+ Bi +... 4 
Ki = K'+Ai+---+ Aj and let us denote arbitrary elements of 
K%), of h(K’, K%) and of h(K’, K’) by 2, by y and by z or z’ respectively. We 
recall the general form of the relations for h(K’ , K’) which follows from (6.4), 
namely zz’z' = g,(z’), where gz = 0). Since z — ¢(z) and ¢ — & (¢ em) 
are homomorphisms, it follows that z — g, is a homomorphism of h(K’, K’) in 
its group of automorphisms. The group A(K’, K’) is obtained from the free 
product h(K’, Kj) © h(K’, K3) by adjoining the relations zyx’ = g,(y), yzy = 
gy(x), for every x eh(K', K}), y eh(K’, K2). Thus the above question is part 
of a wider question, which can be stated as follows. Let G; and G be given 
groups, and to each x y G2, let there correspond automorphisms y’ = 
Sz(y), x’ = g,(x), of Gz and G, , such that the transformations x — f, and y — g, 
are homomorphisms of G; and Gz in the automorphic groups of G: and G,. 
Then the question is: Under what conditions are G; and G2 , regarded as sub-groups 
of G: O Gz, unaffected by the additional relations xyx' = f.(y), yxy’ = gy(2), 
in which x and y range over all the elements in G, and G2 ? 
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30 Hurewicz (loc. cit.), paper IV. See also J. H. C. Whitehead, Fund. Math., 32 (1939), 
149-66. 
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ON HUMBERT FUNCTIONS 


- By R. S. Varma 
(Received December 12, 1939) 


I. INTRODUCTION 
The function Jm,n(2) defined by the relation 


(a/3)"*” xz 
T(m + + 1) =) 


was first studied by P. Humbert’ in the year 1930 and later on, among other 
results, he gave the following operational relations:’ 


(1) J = 


and 

2n—m 


The function Jm,n(z) has been called by Humbert a Bessel function of the 
third kind, but in order to avoid confusion with the ordinary Bessel function of 
the third kind, I shall call it a Humbert function. 

The object of this paper is to investigate’ some properties of Humbert func- 
tions so far as the convergence of infinite series involving the functions are con- 
cerned. In general we can have the following two types of infinite series in- 
volving the functions: 


(A) 
and 
8) 


i P. Humbert: Les fonctions de Bessel du troisieme ordre, Atti. Pont. Acad. della 
Scienza, Anno. LXXXIII (Sess. III del 16 Febbraio, 1930), 128-146. 


*P. Humbert: Nouvelles remarques sur les fonctions de Bessel du troisieme ordre, 


ibid, Anno. LXXXVII (Sess. IV del 18 Marzo, 1934), 323-331. 
_ ‘The discussion regarding the asymptotic behavior of Jm.n(x) for large z will follow 
Ma separate communication to this Journal. 
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The convergence of these two types of infinite series are discussed in §§2-3. 
An operational relation between a Humbert function and a Kummer function 
iF; is deduced in §4. In the subsequent article an infinite series involving the 
product of a Humbert function and a Weber’s parabolic cylinder function D,(z) 
is summed up in terms of Kelvin’s function bei(z). Finally in §6 the summation 
of an infinite series involving a Humbert function and a Neumann’s polynomial 
0,(t) are effected by means of parabolic cylinder functions. 


II. Series or THE Type (A) 
From the relation (1), it is evident that for large n, 


(x/3)" 


(4) = O(n™)]. 
This by virtue of Stirling’s formula 

(5) T(n) = n™ 
gives that 

for large n. 


The series (A) is therefore convergent throughout the z-domain in which 


{An @/3)" \ <1. 


| 


lim 


In case the series (A) occurs in the form 


(Ay) (5) Saale 

the necessary and sufficient condition for the convergence of (A;) is that 

(Ai) 


should tend to zero as n tends to infinity. 
Example 1. The relation (1) can be written as 


_ 


where 
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This gives that 
(a, n)(8, n) 
(5) 
T'(m + 1) 2=0 n! + 1,r)(r + 1, n) 


(2/3)" (—2'/27)" (a, n)(6, n) 
T(m + 1) (r!)2(m + n!(r + 1, n) 


the inversion of the order of summation being justified on account of the abso- 
lute convergence of the two series involved. 
But we know that 


7 (a, n)(8, n) 
= Fi(a, B;r + 1; 1) 


~ Tr +1—arr+1 — 8) 


Rr +1—a-—8)>9. 


Hence 
(3) Jmn(2) 


+ — — B) r!(m + 1,7r)(1 — a, r)(1 — B, 


@/3)"rd =a = 8) 
provided that R(a + B) < 1. 

The series (7) is convergent, since the condition (A;) here reduces after a 
little algebra, to n°**, which on account of the condition R(a + 8) < 1, tends 
to zero as n tends to infinity. 

The generalized hypergeometric series on the right of (7) reduces to Humbert 
functions when m = —a@ — 8 and when 8 = 0. Hence we obtain as special 
cases of (7), the following relations: 


n=0 n! 


and 
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ExampLe 2. Another example of the series of the type (A) is the infinite series 


which can be easily established by the help of the definition (1), remembering 
also that 


J(z) = oF (r + 1; —42°). 


III. Serres or THE Type (B) 
When m = In + k, the series (1) reduces to 
( x /3) In+n+k 
+n + + 1) 
This with the help of the estimate (5) gives that, for large n, 
( x /3) ln+n 


J Intk,n() O ( Jin 


3 
J intk,n(Z) + 1,041; 


The series of the type (B) therefore converges throughout the z-domain in which 
( /3) In+n 


lim {Attu en J 


i. 
In case the series (B) is of the form 


(By) > Aintkyn J 


n=1 


the necessary and sufficient condition for the convergence will be that 


A In+k,n 
nntintk 


(Bi) 


should tend to zero as n tends to infinity. 
Exampte 1. Humbert’ has investigated four series of the type. Of these we 
mention here 


> IJ Joolay 1+ k) 
n=0 


from which, by putting k = —1, he has obtained the series 


1. 


n! 


4P. Humbert: Second paper quoted above, pp. 326-327. We can easily establish the 
convergence of the series investigated by Humbert by the help of the estimate of Jm.n»(2) 
given in this paper. There seems to be an omission of sign by Humbert in the series 
quoted here. 
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I propose to give now another generalization of this particular series by 
proving that 
(—)*(@/3)’ 
+ DP 


which for »y = 0 reduces to Humbert’s series just given above. 
To establish (9), consider the known series’ 


J = 


(—2/3)" 
n! 


In this put z = —2/+/p where 


x 
(10) Hat R(ia+1)>0 
n\ pe T (av + 1) 


Interpreting the left hand side by (2) and the right hand side by (10), then 
Lerch’s theorem gives that 


= 


which can be thrown in the form (9). 
ExaMPLE 2. An interesting series of the type (B) is given by 


1) = x cos? 0) J ty, z si sin? 6). 


This series is important in as ashe as it gives the expansion of the product 
of two Humbert functions of different arguments in an infinite series involving 
Humbert functions. 

Now if we put m = 3v and n = », the image (2) reduces to — 

= 2/Vp). 
If we use this and follow the method of example 1, this series can be easily 
established by both sides of the known series° 
(42 sin 20)’** 
ro +r + 1) 


A special case of the series investigated above is given by putting @ = 1/4, when 
We get that ; 


(v+2r) 3 3 2 


* Watson: Bessel Function, p. 525. 
*W. N. Bailey: On the product of two Legendre Polynomials with different arguments, 
Proc, Lond. Math. Soc., (2), 41 (1936), 215-220. 


+ 1)P 


Jv42r(2) = J,(z cos 6)J,(z sin 6). 
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IV. AN OPERATIONAL IMAGE FOR HuMBERT FuNcTIONS 


A theorem’ of operational calculus is that if 


f(z) = o(p) 


then 
p2s2 1 
(11) fla’) 2) as 
Tuking 
f(@) = 
and 


¢(p) = .(-24/2) 


p? 
as given by (2), we get that 


4m—2n 


Since® 
[ 
It follows that 
(12) = + 4) iF, (m +4:n+1;- ‘) 
R(m + 3) > 0. 


Similarly if we use the relation (3) in (11), we obtain that 


oe 2a, _. (—)"(4/p’)"T'(n + 3) 


4 
x Fi(n+ 3;m +1; -4) 


(13) 


The result (13) is also a consequence of (12), since Jm.n(z) is symmetrical in 
m and n. 


*P. Humbert: Le Calcul Symbolique (Paris, 1934), p. 28. 
8 Watson: Bessel Functions, p. 393. 
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3.2. Weshall now show that there exist operational relations between Humbert 
functions and the various types of confluent hypergeometric functions. 
Thus if we use Kummer’s first transformation formula, viz. = ; 


iF i(a; p; 2) = “\Fi(p — a; p; —2) 
(12) becomes 4 
(32°) = + 4) 
(n + 1) 


(4) x —m+3;n+ 14). 


Since Whittaker’s function M;,,(x) is defined by the relation 

Mi.m(x) = am tte + m — 2m + 1; 2) | 
(14) gives as a particular case, that | 
Taking appropriate values of m and n, we can similarly show that Humbert t 
functions are operationally related to Laguerre polynomials L(x), to Weber’s 


parabolic cylinder functions D,(x), Bateman’s functions k2,(x), and Bessel func- [ 
tions of the second kind J,,(z). : 


V. An INFINITE SERIES INVOLVING THE PRopuUcT oF A HUMBERT 
FUNCTION AND A PARABOLIC CYLINDER FUNCTION 


= 


we put b = and ¢ = yy/2 in the known series 
we get 
(15) e -> On + DonyilyV2). 


Consider p as a symbolic operator given by the relation (10). Putting m = 
n+ 3 in (12), we get that 
2n+2 


If we now use (16) and the known operational image” 
bei (2/z) = sin 


*R.S. Varma: On functions associated with the parabolic cylinder in harmonic analysis, 
Proc. Benares Math. Soc., 10 (1928), 15. 

“ Balth van der Pol: On the operational solution of linear differential equation and an 
investigation of the properties of these solutions, Phil. Mag. 8 (1929), 861-898. 
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and obtain the originals of both sides of (15), then Lerch’s theorem gives that 


1 


* 


(17) 


Since for large integral values” of n, 


Dalz) = cos — 


where w"(zx) satisfies both the inequalities 
3-35... gi? 

it is easy to see that the series (17) certainly converges, for all finite values of y 
within and on the circle | x | = 


| | < | wn(o) | < jn? 


VI. An INFINITE Serres INVOLVING THE PRopUcT oF A HuMBERT 
FUNCTION AND A NEUMANN’S POLYNOMIAL 


We consider the expansion 
+ 2 = lz| < 
Putting 2 = —1/+/ 2p and finding, in the manner of §5, the original of either 
side by the help of (10) and the known result” 


4 
Dim {+/(2a)} = (5 4 R(m) > -1 
we get that 
(18) 


If we use the relation” 


where $, — 0 as n —> , we find that the region of convergence is confined to 


the domain given by 
z\" | 


4 Whittaker and Watson: Modern Analysis (Fourth Edition), p. 354. 

2 R. S. Varma: Summation of some infinite series of Weber’s parabolic cylinder func- 
tions, Jour. Lond. Math. Soc., 12 (1937), 25-27. 

18 Whittaker and Watson: Modern Analysis (Fourth Edition), p. 375. 
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ON TWO PROBLEMS OF SAMPLING 


By Brockway 
(Received January 29, 1940) 


I 


We consider two problems which can be stated in the following terms: we 
have an arbitrarily large number of urns, each containing a mixture of white 
and black balls. If px is the density of white balls in the k™ urn (probability 
of drawing a white ball from the k** urn), we suppose that the a priori proba- 
bility that p. < x is given by fi(x), where 


=0, 250; 


fi(x) = 1, 3; 
(1) k=1,2,--- 


lim. Sk (x h) = Si (x). 
h-0+ 


We suppose that these probabilities for separate urns are independent. We 
seek by taking a sample drawing of one ball from each of the first N urns to 
investigate the average density 


Pi + po + +++ Dw 
N 


of white balls in these urns. Our two different problems arise from two different 
methods of treating the sample. 

For the asymptotic results which we wish to state, it will be necessary to 
think of the number of urns as being infinite, and to think of the sample as 
being taken from the whole array. The results of a drawing will be specified 
by an infinite sequence of indices, (2, k = 1, 2, ---), defined by 


z. = 1 if white is drawn from the k™ urn, 


z. = 0 otherwise, k = 1, 2,---. 


First problem: We suppose that the sample (2, k = 1, 2,---, N) is known 
exactly, and ask the a posteriori probability Qw((z,), x) that 


(2) Pit Dw 
< 


Second problem: We suppose only that the density m/N of white balls in the 
sample is known, m = 2 + 2 +.--- Zy, and ask the a posteriori probability 
Px(m/N, x) of (2). an 
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We investigate the asymptotic behavior of Qw((z), x) and Py(m/N, 2) for 
large N. When the functions f;(x) are all the same function, the analytical 
formulations of these two problems become identical. This simpler case has 
been treated by Bochner’ and v. Mises’. Their results carry over to the more 
general problems when the moments of the f,(x) are sufficiently restricted. We 
have, in fact, under conditions to be stated below, that both Qy((z), z) and 
Py(m/N, x) tend with increasing N to a function P(x) with the properties 

P(x) = 0, xr< po, 


@) = 1, po, 


where the “probable density” p> is defined in terms of the sample and the 
moments of the f;(zx). 
We suppose first that the moments 


are neither zero nor unity: 
(5) a(l—a) #0, k=1,2,---. 


We next state a series of definitions, each for k = I, 2,---. 


g(x) = [ p df(p) 


(6) 
h(x) = ml. (1 — p) dfx(p) 
bna = | 
(7) n = 
Cb = x” dh,(x) 
(8) be = Ck = 
(9) di = ben — (bx)’, ex = — (Cx) 


We note that the functions g;,(x), h,(x) are distribution functions satisfying 
conditions of the form of (1). From this it follows that their dispersions (9) 
satisfy 
(10) OS S1, k= 1,2,---- 


We can now make more complete statements of the results indicated above. 
We recall that (5) is a restriction already imposed upon the f;(2). 


1§. Bochner, ‘“‘A Converse of Poisson’s Theorem.” Ann. Math. $7, 1936, pp. 816-822. 
*R. v. Mises, “‘A Modification of Bayes’ Problem.” Ann. Math. Stat. 9, 1938, PP. 
256-259. 
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(4) The sample (z,) defines a sequence of distribution functions 
F(x) = 2ege(x) + (1 — 2x)he(2), k=1,2,..., 
whose means 7, and dispersions s are given by 
(12) k = 1,2, 
= + (lL — 


If the series s: + 82 + --- sale and if the sequence (7;) has an average, 


= =f 
lim. : 


then Qy((z.), 2) tends as N to of (3), with = 


(B) Here we separate the restrictions on the sample (2) from those on the 
functions f(z). We assume that the ina has a density: 


Defining 
(14) l, = min. (dx , ex); k= iL, 2, see, 


we assume that the series 1, + l + --- diverges. We further suppose that 
the sequences (b,) and (cx) possess averages in a certain strong sense: i.e., that 
there exist constants b and ¢ such that’ 


Under these hypotheses, both Qy((z,), x) and Py(m/N, zx) tend to P(z) of (3) 
with 


(15) 


po = 2b + (1 — 


The strict asymptotic form of these results, as above stated, may be proved 
by an application of the Laplace-Liapounoff limit theorem, in the way that 
v. Mises’ treats the simpler problem. We shall use the more powerful methods 
of Bochner’, since they enable us to give estimates of the errors involved in 
replacing Qw( (er), x) and Py(m/N, x) by P(x). We shall, in fact, state our 
results without reference to limits as N — ©, in forms which will be valid for 
finite samples. 


* Because the sequences in question are bounded, these are equivalent to conditions of 
the form lim N-1 |be — b| = 0. 
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II 


This section reproduces essentially the argument of Bochner.’ We assume 
(5). We consider a fixed sequence of zeros and ones, the sample (2, k = 1, 
2,---, N). Nearly all quantities with which we deal will depend upon the 
sample considered, but for simplicity of notation we shall not in this section 
attempt to indicate explicitly the fact of this dependence. 

Let us assume for the moment that the sample is 


a = 1, k =1,2,---,m; 
= 0, k=m+1,---,N. 
By Bayes’ theorem, Qy((z), ) = Qy(x) is given by 


J y(z) 
Qv(x) = 
where J x(x) is the compound probability that simultaneously (2) shall hold 
and the drawing yield (16): 


(16) 


Jx(x) = | Pip2 +++ Dm(l — Pmyi) (1 — pw) dfi(pi) dfv(pr). 


Jy(1) can be calculated immediately. Recalling (4), we have 
(17) J (1) = ay, --- — (1 — ay). 
In terms of the F;,(x) defined by (11), J w(x) may be written 


(18) Jw(x) = ai — +++ (1 — ay) / / dF «++ dF y(py), 
pit 


from which, by (17), we have 


This last clearly holds independently of the temporary assumption (16). 
It is known (Bochner’) that (19) may be expressed in the form 


where 


Ey(w) = exp (tw(p. + p2 + -++ py)) dFi(pi) -- + dF w(px)- 
This becomes 
Ey(w) = II G,(w) 
k=1 
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where 
1 
Gi(w) = [ dF .(p). 
a Consider the functions exp(-ewr.)G.(w), where r; is defined by (12). Because : 
1 
we have the expansion . 
\n 
valid for all w, with 
1 
) ay, 
In particular, referring to (12), Gon = 1, Gix = 0, Ge, = s. Furthermore, ; ' 
since 0 < r, S 1, forn = 1, 2, --. we have SH: 
1 1 
= Geox = Sz 1. 
Therefore 
w 
), (21) (w) =l1-s, 2 + R,(w) 
where for|w| < 1 
(22) | Ri(w) | S s | w |e. 
By (10) we have then, uniformly in k 
(23) | Ri(w)| S 3] 
Defining 


D(N) + & +--+. 
(21) and (22), for some wy , 0 < w < 1, and all w with | w| < wo, 
that 


From this, (23), and the identity 
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follows the existence of constants A > 0, B > 0, such that 


holds for all w, | w| S wo, and all N. 


Since we know only that | Zy(w)| < 1, in place of (20) we consider the 
absolutely convergent integral 


In(z) = [ Qu(p)dp = ENE 


The estimate (24) enables us to conclude that J y(x) differs from 


(25) 2 [ [eit (sin 
by 

0 [ |p | ino] + of | ve ). 
Defining 


we rewrite (25) with —w/N in place of w: 


2 —iwr(N)—w2H(N) (sin 
This is equal to 


iT JQ t 


or 


which becomes by integration by parts 


a—r(N) (- u 
a—r(N) P 4H(N) 


This differs from 


r(N) a—r(N) (- 2 


In 1 


(31 
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by a term which is pie ern for z 2 0 by 


Va 
In terms of the error function 
1 
= —— e du 
v(x) 


we have altogether that for x 2 0 


(27) — [x — [ || < (oan): 


We may use this to deduce result (A) stated above. By (10) we have that — 


D(N) < N. Defining 
U(N) |r r(N) |, 
we have from (27) that for 0 S z S min (0,r — U(N)) 


(202) [ Qv(p) dp < 0 +0 (san): 


while for min (1, 7 + U(N)) S zx S 1, 
(29b) a < U(N) +0(¥2M)) + 0( 


These and (10) imply that for h > U(N) 


since Qy(x) is non-decreasing in x. This establishes result (A) when r = 
lim r(N). 

Using (24), with further restrictions on the f.(z), we may state an estimate 
analogous to (27) for Qy(x) itself. Essentially, all we require is that 


vanish as N ~» w, for any z,0 S$ z S 1, and any wm,0<wm<Z1. Hf, for 
example, the distention functions f,(z) have densities of variations 
bounded uniformly in k, (31) is dominated by 0(N~'). We suppose that for 


(30) 


(1) 
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any Wo > 0 there is a function V(N) which dominates (31) uniformly in 0 < 
a <1. We have by (24) then that Q(z) differs from 


by a term which is dominated by 
0 we av | + V(N) +0 | 
wo x 


= 0(ND(N)*) + VW). 
The integral (32) can be written 


or 
If r(N) = e > 0 for all N, this last differs from 


y 


by 


0 iu| < Ol /H(N)e 


uniformly in 0 S xz S 1. Under the assumption, then, that r(N) 2 « > 0 
for large N, we have 


2N (x — r(N)) 
VD(N) 
Ill 
We now turn to our second problem. Again we assume (5). For con- 
venience, we shall speak of a sequence (z,, k = 1, 2, ---,N) such thata + % 


+... + 2y = mas an m-sequence. We seek the probability Py(m/N, 2) of 
(2) when it is known that an m-sequence has been drawn. By Bayes’ theorem 


Pil, 


where Km,v(x)is the probability of the drawing of an m-sequence simultaneously 
with the occurrence of (2). That is, using the notation of the last section, 


Km,w(t) = 2) = w((ze), 1)Qu((ee), 2) 


where the sum is taken over all the CX possible m-sequences. We have, 


therefore, 
Py N, == w(x), (ex), 2) 
> Iw((ex), 1) 


and 
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which exhibits Py(m/N, x) as a weighted average over all distinct m-sequences 
of the functions Qw((z«), 2) studied in the preceeding section. The results of 
that section will carry over, then to Py(m/N, x) once certain uniformity re- 
quirements have been met.* 

Recalling (14), we define 


LM mn 
k=1 


and 
T(N) = max | po — r((z), N) |. 
n=m 


We have from (30) that for h = T(N) 


Py(m/N, po — h) 5 + 
(4) 
| Py(m/N, po +h) —1| + OW) + 


This, together with (30), will establish result (B). For any m-sequence and 
po = 2b + (1 — z)c (see (13), (15)) 


ie), 


(1-2 py 


k=1 


the last step by virtue of the Schwarz inequality. From this, we see that the 
hypotheses of (B) insure that 7'(N) — 0; since they also insure that L(N) > ~, 
the result follows from (30) and (34). 

An estimate anlogous to (33) for Py(m/N, 2) is not possible without a restric- 
tion on the rate at which the limit in (13) is approached, and consequently 
has no meaning for finite samples. In this connection, it might be pointed out 
that the use of the error function ¥(z) in stating, for example, inequalities (27) 
and (33) is largely a concession to convention. The right members of these 


inequalities would remain unchanged if (a) were replaced by a step function 
analogous to P(x) of (3). 


Princeton University, Princeton, N. J. 
‘ It is, in fact, for this reason that our first problem was introduced. All our attempts 
'oapply directly to Py(m/N, a) analysis analogous to that in section II above bogged down 
ina morass of combinatory coefficients. 
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TRANSFORMATIONS OF FINITE PERIOD. III 
Newman’s Theorem 


By P. A. Smrru 


(Received February 22, 1940) 


We shall give a new proof of a theorem of M. H. A. Newman [3] which asserts 
that periodic transformations of given period p operating in a locally euclidean 
space M can not be arbitrarily “small” (where by a small transformation is 


- meant one which displaces points by a uniformly small amount). Our proof 


is quite different from Newman’s and in a sense more direct; for only the space 
M which is being transformed comes into consideration whereas Newman’s 
proof has for its setting the topological product of p copies of M. The methods 
which we shall use enable us to dispense with the locally euclidean restriction 
and to obtain a proof for far more general spaces. Moreover we establish a 
theorem which is slightly stronger than Newman’s since it asserts, for periodic 
transformations operating in M, that there exists an impossible degree of small- 
ness which is independent of the period. In this result, however, smallness 
must be understood in terms of orbits rather than displacements. To these 
considerations which in themselves perhaps justify a new proof of a known 
theorem, we add the following. The question whether or not there can exist 
any group—not merely finite, cyclic—operating effectively in a reasonably 
regular space and defining uniformly small orbits, is an outstanding problem 
in the theory of topological groups’ and new methods of treating the special 
case under consideration will perhaps not be without interest. 


A SprEcIAL CASE 


1. In order to make clear the nature of the theorem to be proved and to 
reveal the underlying ideas of the proof, which might otherwise remain hidden 
by the details, we shall first consider a simple example. 

Let T be a transformation operating in a space M,—that is a one-one bi- 
continuous transformation of M into itself. The totality of images of a given 
point z of M under positive and negative powers of 7 constitute the orbit of 2 
defined by 7’. 

Let Mz be an ordinary 2-sphere in euclidean 3-space. We shall call a cap of 
Mz any closed circular region on My which is smaller than a hemisphere. The 
special theorem to be proved is the following: 

Every periodic transformation operating in Mz defines at least one orbit which 
ts not contained in any cap. 


1 For example, a negative answer to this question would establish the existence of one- 
parameter subgroups in locally euclidean topological groups. 
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Proof. Suppose on the contrary that there exists a transformation T of 
period q operating in’ M; such that every orbit defined by T is contained in a cap. 
It is easy to see that for each point x of Mz there will be a uniquely determined 
smallest cap u(x) containing the orbit of x defined by T and that the center 
w(x) of w(x) will be a continuous function of x. 

We shall make use of the well known fact that every periodic transformation 
operating in a sphere is topologically equivalent to a periodic orthogonal trans- 
formation. From this it follows that there can be introduced into M; a tri- 
angulation which is preserved by 7 and whose 2-cells can be represented without 
repetition by 


We may assume that each E’ is positively oriented relative to a definitely 
chosen orientation of M. Let us assume for definiteness that 7’ preserves 
orientation. Then the chain . 


is, relative to every coefficient group, a fundamental 2-cycle on M; and as such, 
can not be ~ 0 on M,. In particular A can not be ~ 0 mod gq. 

Let » denote the single-valued continuous mapping z — w(x) defined over 
M; ; it carries A into a singular 2-cycle A* on M. Moreover yu can be obtained 
by performing a deformation: we have merely to slide z to w(x) along that 
geodesic are which is shorter than a great semicircle, and at a suitable rate of 
speed depending on z. It follows that 4 ~ A* on M.. Now from the way u is 
defined, it is clear that u(x) = and therefore that = yTE". 
Consequently 


At = + --- + TT E') = qu(ZE') = 0 mod ¢ 


so that A ~ 0 mod g, which is impossible. This completes the proof for the 
case in which 7’ preserves orientation; minor modifications yield a proof for 
the orientation-reversing case. 


2. Suppose that the transformation 7 of period g operating in M2 admits at 
least one fixed point, say 2. Then for points x near 2, the functions u(z) 
and w(x) introduced above are uniquely defined and o(z) is continuous. Let x 
vary continuously along a path joining 2 to a point say 2; different from 2. 
Then w(x) will remain defined and continuous so long as the-orbit of z is con- 
tained in a cap (the cap depending of course on x). As a consequence of the 
theorem above, w(x) is not defined for all z. Suppose 2; is a point for which 
a(t) is not defined. Then as x moves along the path zr: , we must come to a 
last point @ whose orbit is contained in a cap. From elementary continuity 
consideration, however, it is fairly clear that the orbit of = will be contained in 
ahemisphere H and that at least two points of the orbit of # lie on the great 
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circle boundary of H; if there are exactly two, they must be diametrically Op- 
posite each other. | 

Suppose again that 7 is a transformation of period g operating in M.. It can 
be shown without great difficulty that if the geodesic distance d(x, Tz) is uni- 
formly smaller than 27r/q, r being the radius of Mz , then each orbit defined by T 
would be contained in a cap. Since this is impossible, we conclude that there 
exists at least one point x such that d(z, Tz) 2 2mr/q. In particular, if 7 
admits fixed points, there exists at least one x such that d(x, Tx) = 2rr/q. 

Although these results can be generalized to higher dimensions, a number of 
technical details enter the proof due to the fact that for spaces of higher dimen- 
sions, there is no known method of constructing invariant triangulations. It 
will be seen in what follows how this difficulty can be met. We shall not, how- 
ever, pay further attention to transformations of spheres but merely state the 
results: 

Let M,, be an n-sphere of radius r in euclidean (n + 1)-space. Every periodic 
transformation operating in M,, admits at least one orbit which is not contained in 
any cap (a cap being any closed region on M, bounded by an (n — 1)-sphere 
which is smaller than a great (n — 1)-sphere). Suppose T is a transformation 
of period q operating in M,. If T admits fixed points, there exists at least one 
point x such that d(x, Tx) = 2mr/q where d denotes geodesic distance. Moreover, 
there will exist at least one point y and integer s(2 S s S q) such that s points of 
the orbit of y lie on some great (s — 2)-sphere of M (a great 0-sphere being a pair 
of diametrically opposite points). 


More GENERAL SPACES 


3. From now on the word space will mean a Hausdorff space in which every 
open set is the sum of a countable family of closed sets (Cf. [3], p. 134). 

We shall consistently use the letter M to denote a space, 7' a transformation 
operating in M, N a set of points in M and Y a covering of M (i.e. a finite covering 
by open sets). We shall write “7’ < % over N” if to each point zx of N there 
can be associated a set of A, % such that x + Tx C A,. We shall write 
“T over N” if to each x in N there can be associated an A, which con- 
tains the orbit of z. 

Lemma 1. Suppose M is locally bicompact, N bounded.’ For a given in- 
teger q and covering % there exists a covering 2%’ such that every periodic T of 
period g which satisfies the relation T < 9’ over N satisfies also the relation 
T K YU over N. 

Lemma 2. Suppose M is locally bicompact and H, K are bounded open 


* The methods suggested by the example we have considered can also be made to yield 
the theorem that the orbits of a periodic transformation operating in euclidean n-space 
cannot be uniformly bounded. 

* A set will be called bounded if its closure is bicompact. 
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sets such that K C H. There exists a covering % such that if TK % over N 
(T not necessarily periodic) then 


The proofs of lemmas 1 and 2 are aneeate 


4, Regularity. Cycles and homologies a are to be understood in the sense of 
Cech (see [2]). Let M be a space, g a coefficient group for cycles and homologies 
in M and n an integer 2 0. We shall say that M possesses property p, over 
gat a point d if there exists a neighborhood D(d) and an n-cycle 2 mod M — D 
with coefficients in g such that (1) for no neighborhood D’(d) contained in D is 
Q~0mod M — D’ (over g); (2) for every neighborhood B(d) C D, there 
exists a neighborhood B’(d) C B such that over g, Q is a basis for n-cycles mod 
M —- B relative to homologies mod M — B’ while (3) cycles mod M — B of 
dimension exceeding n are ~ 0 mod M —.B’. A neighborhood D(d) and 
relative cycle Q satisfying (1) (2) (3) will be said to constitute an n-dimensional 
fundamental pair (2, D) for d over g. Clearly if (Q, D) is an n-dimensional 
fundamental pair for d over g, then so is the pair obtained by replacing D by a 
smaller neighborhood of d. 

We shall say that M possesses property g, over g at d if for every Melahiees- 
hood A (d) there exists a neighborhood A’(d) © A-such that if C is.a non-empty 
open subset of A’, every n-cycle mod M — A in M — Cis 0 mod M — A’ 
(all coefficients being in gq). 

It will be convenient to call M n-regular over g, if it possesses properties 
pn and q, at each of its points.’ 

We can now state Newman’s theorem for spaces of a very wiieuk ang 

TueorEM I. Let M be a connected locally bicompact finite dimensional space, 
N a bounded open set in M and q an integer = 2. Let p be a prime factor of q 
and gp the additive group of integers reduced modulo p. If M is n-regular over 
Qp , there exists a covering YX of M such that no periodic transformation T of period 
q operating in M can satisfy the relation T < Y over N. 

The covering 9% necessarily depends on q as one can see from simple examples. 
But if one replaces the relation 7’ < % by the relation 7 « % and sharpens the 
hypothesis on M by requiring that regularity possess a certain uniformity rela- 
tive ge, gs, 9s, --- then there can be chosen an 2% independent of g. We shall 
make this more precise. Suppose that there exist a neighborhood D of d such 
that for every prime p there exist an n-dimensional fundamental pair (Q”, D) 
over g, ford. We shall say that the fundamental pairs (Q”, D), p = 2, 3,5, --- , 
constitute a fundamental family F(D, d, n). 

Let F(D, d, n) be a fundamental family of fundamental pairs (2, D). For 
each p, conditions (1) (2) (3) in the definition of fundamental pair, are satisfied 


‘Properties p, and qn are slightly weaker than P,, , Q, in our paper [4]. 
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relative to g,. We shall say that conditions (2) and (3) are satisfied uniformly 
hy F(D, d, n) if B’ is independent of B,—that is, if for every B(d) there is a 
B'(d) C B, B’ independent of p, such that for every p, 2” is a basis over g, for 
n-cycles mod M — B relative to homologies mod M — B’ while cycles mod 
M — B over g, of dimensions exceeding n are 0 mod M — B’. Consider a 
neighborhood D’(d) C D. Then for each p, 2’ ~ 0 mod M — D’ over q, (condi- 
tion (1)). Hence for each p there exists a covering U1 of M such that 


(A) 2?(U) ~ 0 mod M — D’ over gp. 


If for a given D’ there exists a Ul independent of p such that (A) is satisfied for 
each p, we shall say that F(D, d, n) satisfies condition (1) uniformly. A funda- 
mental family which satisfies (1) (2) and (3) uniformly will be called a uniform 
family. It is easy to see that if F(D, d, n) is a uniform family of fundamental 
pairs (Q”, D), then the fundamental pairs obtained by replacing D by a smaller 
neighborhood D, of d constitute a uniform family F(D,, d, n). 

If for every point d of M there exists a uniform family F(D, d, n), D = D(d), 
we shall say that property p, is satisfied uniformly in M. Similarly, property 
Qn is satisfied uniformly if for each point d and neighborhood A (d), there exists 
an A’ (d) such that if C is a non-null open subset of A and 7p an arbitrary prime, 
n-cycles mod M — A in M — C with coefficients in gp are ~ 0, mod M — A 
(over gp). We shall say that M is uniformly n-regular with respect to arbitrary 
moduli if properties p, and qn are satisfied uniformly in M. It can be shown 
without great difficulty that locally euclidean n-dimensional spaces are uni- 
formly n-regular. 

TuHeorEM II. Let M be a locally bicompact finite dimensional space and N a 
bounded open set in M. If M is uniformly n-regular with respect to arbitrary 
moduli, there exists a covering X of M such that no periodic transformation T 
operating in M can satisfy the relation T K A over N. 

With regard to theorem I, it is sufficient to prove it for the case in which 
q = p=aprime. For suppose that ¢ = hp, pa prime, and that M is n-regular 
over gp. Then if 7 is of period g, 7” is of period p and therefore, if 2% is suitably 
chosen, 7’ can not satisfy the relation T” < % over N. By lemma 1 there exists 
a covering Y%’ such that if 7 < % over N, then T «K % over N. Since the 
second of these relations would imply that T” < % over N, T can not satisfy 
the first. Even simpler considerations make it clear that in order to prove 
theorem II we need only show that an % exists such that no transformation of 
prime period can satisfy the relation T « Y over N. 

We remark further that were it not for the fact that in theorem I we assume 
regularity relative to a single group gp, theorem I would be a consequence of 
theorem II and lemma 1. But it wil’ be sen in the proof of theorem II that 
in proving the non-existence of small transformations of any given prime period 
p, only the hypothesis of regularity over gp is used. Thus the proof of theorem 
I is contained essentially in that of theorem II and will therefore not be given 
separately. 
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5. It will simplify matters considerably if we carry out the proof of theorem 
Il a the assumption that M is bicompact and then indicate the modifica- 
tions which will extend the proof to the locally bicompact case. Let us assume 
then that M is a bicompact space satisfying the hypotheses of theorem II, and 
that NV is an open setin M. Let m = dim M; evidently’ m 2 n. 

Let 7 be a periodic transformation of prime period p operating in M. We 
shall denote by L” the totality of points of M which are left fixed by 7, and 
by {U"} the totality of special coverings ((3], page 136) of M relative to T. 
For our present purposes, the essential properties of a special covering WU” are 
the following: (1) the component sets of Ul” are permuted among themselves 
by T so that F induces a simplicial - transformation of the complex (nerve of) 
{I into itself; (2) the simplexes of U1” which are invariant under T form a sub- 
complex Up ; i (3) the simplexes of Ug , and these only, are in* L’; (4) each 
simplex in U” — Ug is of dimension S m. It is evident that a necessary and 
sufficient condition that a 1”-chain be in L” (in the sense of footnote 5) is that 
it be in the subeomplex Ug. Moreover, every chain in u” — Ug isin M — 
L’, but the converse is not necessarily true. The totality of coverings U1’ is a 
complete system ([3], p. 137) and therefore can be used for defining all homology 
relations in M. 

A transformation 7 of prime period p operating in M induces a boundary- 
preserving operation (also denoted by 7) on the U’-chains in M. Let 4, @ 
denote the operators 1 — JT and1+7+4---+ 7”. We shall use the sym- 
bols p, p to stand either for 5, o or o, 6 respectively. When the coefficient 
group g is gp, all U’-chains in Wo are annihilated by p and j. For if FE isa 
lj-simplex, then 5E = E — E = 0 and cE = pE = 0 (mod p). From this 
remark follows 

Lemma 3. If g = gp where p is the period of 7’, assumed to be prime, then 
every U’-chain of the form pX (or pX) isin UW" — UG, hence in M — L. 

Suppose now that B is an invariant set, that is, a set which coincides with 
its image under 7. Suppose there exists a U’-chain of the form pX which is a 
cyele mod B. If pX is, modulo B, the boundary of a U"-chain of the same 
form, we shall write pX ~ 0 mod B. In particular, if pX = 0 mod B, then 
pX ~ 0 mod B. 


*The regularity hypotheses on M imply that for each p the modulo p dimension (Alex- 
androff) of Mis. This however, so far as we know, does not imply that dim M = n. If 
it were definitely assumed that dim M equals n (not merely that it is finite), the proof of 
Theorem II would be somewhat shorter since the existence of the relative cycles in propo- 
sitions A), C), and F) could be established without the use of lemma 4. We prefer to 
consider the more general situation on aecount of possible eonnections with the problem 
mentioned in the introduction. For in this problem one is led to consider transformations 
in spaces about whose anaes nothing i is as yet known. 

U-simplex (UU; - - U;) is in the set A if --- #0. A U-chain is in A 
if each of its simplexes isin A. A cycle is in 4 if each of its coordinates is in A. 
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Lemma 4. Let g = gp and suppose that pX,, pX,-1 are W’-cycles mod B 
such that 


BX; = mod B 


(8 being the boundary operator). If pX, ~ 0 mod B, then pXn_1 ~ 0 mod B, 
Proof. Suppose in fact that there exists a relation of the form 6pX),, = 
pX, mod B. Write 


(1) Xi, Z. 


On operating on both sides of (1) by p we find that pZ = 0 mod B, hence by [3}, 
section 3.11, we may write Z = pW + W” mod B with W” CL. Therefore, 
if we operate on both sides of (1) by 6 we obtain 


0=P+QmodB, P=,(Xi1—8W), Q= pW". 


Since Q is in U9 and since, by lemma 3, P is in U” — Uj , the chains P and Q 
have no common simplex, hence P = Q = 0 mod B. In particular pW = 
pXn-1 mod B so that pXn-1 ~ 0 mod B. 


6. We now prove’ theorem II for the bicompact case by establishing a sequence 
of propositions concerning chains and cycles associated with transformations of 
prime period. Let M be a connected bicompact space, uniformly n-regular 
relative to arbitrary moduli. Let N be an open subset of M and let m = dim M. 
Let it be understood in propositions A) B) C) D) that 7 is an arbitrary but 
fixed transformation of prime period p operating in M, and that the coefficient 
group is Qp. 

A) Let d bea point of M. Suppose there exists for d an n-dimensional funda- 
mental pair (Q, G) such that G is invariant under T. Let k = m — n+ 1 and 
suppose further that there exist invariant neighborhoods of d: 


such that (1) © is a basis for n-cycles mod M — G relative to homologies mod 
M — Ao; (2) fori = 0, --- , k, eycles mod M — A,_; of dimension > n are ~0 
mod M — A;. Then there exists an n-cycle A mod M — A, of the form 


such that A ~ 2 mod M — A,. 

_ Proof. Since G is invariant, TQ is a cycle mod M — G and hence 72 ~ 22 
mod M — Ao where xg). Since Ap is also invariant, this homology holds if 
TQ is substituted for 2. On repeated substitution, we obtain: 2 = T'2 ~ 
x’Q mod. M — Ao, hence x” = 1, x = 1, so that 


(1) 62 ~ 0 mod M — Ay. 


7 The proof given here is somewhat shorter and simpler than an earlier proof proposed 
by the author, thanks to valuable suggestions from Professor Norman Steenrod. 
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Assume for the moment that m > n. Let U” be a special covering and ¢ an 
integer in the range Be ines , k and h an integer in the range n + 1, ---,m. 
From the Cech homology theory, there exists a special refinement %" of U1” 
ach that the projection into WU” of any h-dimensional B"-cycle mod M — Ai 
will be the U”-coordinate of a Cech cycle mod M — Aj-1, hence will (by the 
definition of the A’s) be ~O mod M — A; (see [2]). It is obvious that 8” can 
be chosen to be independent of h since the range of h is finite—Now let U” be 
an arbitrarily chosen special covering. From what has been said, we may 


choose special coverings 
= --- Dh 


such that fori = 1, --- , &, the projection into B; of a U;.-cycle mod M — Aj-4 
of dimension exceeding but not m, is ~0 mod M — A;. Let 7; be a pro- 
jection U;1 — U; which is permutable with 7,—it is easy to see that such 
projections exist (see [3], p. 138). Let po, o,--- stand alternately for 6, « 
beginning with po = 6. 

Putting 2 = ©, , it follows from (1) that poQ,(Uo) ~ 0 mod M — Ao. Hence 
7000n( Uo) ~ mod M — Ao, say (with = 0) 


(2) = Ui) mod M — A;. 


Now piQny:(U) is a cycle mod M — Ap since its boundary mod M — Ap is 
= which vanishes since 66 = (1 — T)(1 +--- + 
1-7’ = 0. From the definition of the U’s we have ~ 0 mod 
M — A,. Hence there exists a relation (2) with i = 1. On repeating the 
construction we obtain relations (2) corresponding to 7 = 0,---,k. Let 


2) = Ui) (i = 0,---, 1) 
= Qn4e( Ux). 

Then from (2) we have 

(4) BY = mod M — A; (¢ = 1,---,k). 


Now piYn4iis a U-cycle mod M — A;, hence mod M — A;. The particular 
cycle px¥n4s is null. For by lemma 3, this cycle lies in U, — (Us)o. But this 
isimpossible unless p.¥n4x = 0 since n + k = m + 1 whereas by the properties 
of special coverings, the simplexes of U, — (Ux)o are of dimension S$ n. We 
conclude therefore that pxYn4x~0mod M — A;,. Hence by successive applica- 
tions of lemma 4, the relations (4) yield 


pPiVnii ~ Omod M — A, (i = k,--- , 0). 
In particular ppY, 0 mod M — A; and hence there exists a relation of the form 
BpoX Ux) = mod M — Ax. 
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Write 
(5) = — 


On operating on both sides of (5) by po, we find that »H = 6H = 0 mod 
M — Ax. Hence by [8], section 3.11, there exist chains P(U,), T”(U,), the 
latter in L, such that 


(6) H(U,) = of (Ux) + mod M — 


From (3) with ¢ = 0, we have Y, ~ @, mod M — A;,. Consequently from (5) 
and (6) we have 


Qn(U.) ~ oF + mod M — A, 


which, since 1, is an arbitrary special covering, establishes A) under the assump- 
tion that m > n. The proof for the case m = n is not essentially different and 
we therefore omit further details. 

B) In the cycle A of proposition A) the chains oI(U") and I’(U’) are 
U’-cycles mod M — A,. 

For in any case BA equals 


(1) + = O mod M — A,. 


Now whereas, by lemma 3, C UW" — Us. Hence the 
two chains in the left member of (1) have no common simplex and therefore 
vanish separately mod M — A,. 

C) Let d bea point in L”. There exists for d over g, an n-dimensional funda- 
mental pair (4, A) such that A(d) is invariant and A is of the form 


for(u’) CL". 


For by the hypothesis of uniform n-regularity there exists for d over gp an 
n-dimensional fundamental pair (Q, D). Now since d is a point of L’, any 
given neighborhood C(d) will contain an invariant neighborhood of d. Such a 


neighborhood, for example, is the intersection of C, TC, ---, 7” 'C. Thus D 
can be replaced by an invariant neighborhood of d. . Moreover, from the n-regu- 
larity of M over g,, there exist neighborhoods Ao, --- , Ax of d satisfying the 


conditions stated in A). The set A = A; forms together with the cycle A of A) 
the desired fundamental pair. 

‘D) L’ is nowhere dense in M. 

For, let L_= L” and let Ly be the maximal open subset of L. Assume, con- 
trary to D) that Lo ¥ 0. Then L) —-L # 0, otherwise Lo would be both open 
and closed, hence identical with M so that 7 would be the identity. Let d bea 
point in Zp — Lo and let (A, A) be the fundamental pair for d of proposition C). 
On account of the n-regularity of M over g, there exists a neighborhood 
A’(d) C A such that if C is a non-empty subset of A, n-cycles mod M — A in 
M — C are ~0 mod M — A’. Suppose in particular that C = A’ — A’L. 
Then by the choice of d,C #0. Moreover L C M — C since L(A’ — A’L) = 9. 
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Therefore r’(u’) C M — C for every u”. Let U be an arbitrary but fixed 11’. 
1 Be {U"} is a suitably chosen refinement of U” and x an arbitrarily chosen 
projection 8 — U, then *I“(®) is the U-coordinate of a Cech cycle mod M — A 
in M — C (see proof of A)), hence is ~0 mod M — A’. (That r’(B) is a 
eyele mod M — A follows from proposition C)). Next take for C the non- 
empty set LA’. Then oI! C M — C since in any case oI’. C M — L by lemma 3 


adM — LCM — LA’ = M —C. Hence as above, for a suitable special: 


refinement %, of U and projection m : B, — U, we have moI'(¥.) ~ 0 mod 
M— A’. We may assume that 8 = &, for both coverings can be replaced by 
a common (special) refinement. If we then take = = we have 


a(ol'(B) + ~ mod M — A’ 


and hence the U-coordinate of A is ~0 mod M — A’. Since U is an arbitrary 
special covering, this implies that A ~ 0 mod M — A’ which is impossible. - 

E) Let d be a point in N and let F(D, d, n) be a uniform family of n-dimen- 
sional fundamental pairs (Q*, D) (q = 2, 3, 5, --- ) such that Did) CN. There 
exists a neighborhood B(d) C D and a covering % of M such that if T is a periodic 
transformation of prime period p satisfying the relation: T << % over N, there 
exist chains of the form ¢I'(11") with coefficients in g, such that 


{ol'(U")} ~ Q mod M — B. 

To prove this, choose a neighborhood D’(d) € D such that for each prime q, 
0 is a basis for n-cycles mod M — D relative to homologies mod M — D’ 
(coefficients in g,). On replacing D’ by a smaller neighborhood of d if necessary, 
we may assume that D’ C D. Next, choose a neighborhood D’’(d) related to 
D’ in the same way that D’ is related to D. Now let k = m — n + 1 and 
choose neighborhoods B,(d), Bi(d) (¢ = 0, --- , k) contained in D such that 

Bi D Bis (¢ =0,---,k-1) 
B; > B; (i = 0,---,k) 
and such that, for each g, cycles mod M — B; over g, of dimension > n are 
“mod M — Bj; (i = 0,---,k — 1). By repeated applications of lemma 2 
there exists a covering S such that if 7 « B over N, then D D oD’ and 
Bi oB; , so that 
In particular, if we write G@ = oD’ and A; = oB;, we will have 
(1) 
(2) DD" DA. 


The sets G, Ay, Ay, --- depend on T' since o does but the sets D’, D”, Bi, Bi 
donot. Consider B,(d). We can choose a neighborhood B(d) € By such that 
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if C is a non-empty open subset of B and q a prime, then over g,, n-cycles 
mod M — Bin M — Care ~0 mod M — B’. 

Now consider a definite T of prime period p such that T K B over N. Since 
G CD, (2, G) is a fundamental pair over g,. Moreover, it follows from (2) 
and the relation between D’ and D” that 9 is a basis over g, for n-cycles 
mod M — G relative to homologies mod M — Ao. Finally, cycles mod M - 4, 


over gp of dimension > n are ~0 mod M — Aiz: ; for, such eycles are cycles 


mod M — B; since B; C oB; = A; and as such, they are ~0 mod M — Baie, 
hence mod M — since = C From these facts and the 
relations (1) it follows that the sets G, Ao, --- , Ax satisfy the conditions in 
proposition A) and consequently there exists a cycle A mod M — A, over g, 
of the form 


(3) {or(U") + 


such that A ~ 0’ mod M — A,. 

Let y” denote an arbitrary n-cycle mod M — A, in L’, coefficients in q,. 
7” is a cycle mod M — B; since By C cB, = Ax. The open set By — L"B, 
is non-empty since L” is nowhere dense (proposition D)). Hence y’, being in 
L’, hence in M — (By. — L”B,), is ~0 mod M — B by choice of B. In short, 
n-cycles mod M — A, (over gp) in L” are ~0 mod M — B. Now for each U’, 
T’(’) is a cycle mod M — A, in L” (proposition B)). If %” is a refinement 
of U” and x a projection 8” — 1’, the 117-coordinate of A can be replaced by 
the projection of its B’-coordinate by r. But if B’ is suitably chosen, 7I'”(B’) 
will be the 117-coordinate of a Cech cycle mod M — A, in L", coefficients in gp , 
hence will be ~O mod M — B. Hence we may assume in (3) that {f'”(U’)} ~0 
mod M — B. Hence 2’ ~ {oI'(U")} mod M — B. This establishes E). 

F) Let Ube a covering of M and. let 7 be a periodic transformation such that 
T K Uover N. Let N* be a non-empty open set such that N* CN. There 
exists a special refinement 11’ of Ul and projection 7: U” > U such that +7 = + 
for all 11’-simplexes in N*. 

The component sets of a given Ul” fall into “cyclic families,” the sets in a 
given family being images of each other under powers of 7. Each family con- 
tains exactly p sets or a single (invariant) set. Let cU” denote the cyclic 
family to which U“(e Ul’) belongs. Let »(1”) denote the totality of cyclic 
families cU’ such that at least one member of cU” meets N*. To establish F) 
it will be sufficient to show that there exists a refinement 11” of U such that to 
each cyclic family cl” in »(1”) there can be associated a set U = U(cU’) of U, 
containing all the sets in cl". For if x is a projection 1” — U carrying each 
set in cU" (cU? a member of »(11")) into U (cU") and arbitrarily defined for the 
remaining sets of 1’, it is clear that x7 = x for U”-complexes in N*. To show 
that 11’ exists, let there be associated to each point z in N aset U,of U containing 
the orbit of x. This is possible since T << WUover N. Evidently we may asso- 
ciate to each x in N a neighborhood V(z) such that the images of V(x) under 
powers of 7’ are contained in U,. Let V(x), --- , V(xn) be a finite number of 
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these sets forming a covering of N* and let Y be an open set such that V* C Y, 
7 Cc 2V(a). Let ¥ be the totality of sets V(zx,) together with the single set 
u-Y. Evidently % is a covering of M. Now the closed sets N* and M — Y 
are disjoint. Hence there can be chosen a 1”, refinement of ¥, such that sets of 
iI which meet N* will not meet M — Y. Consider a cyclic family say cUf 
in o(U"). At least one member of cU * meets N*. That member, however, 
can not meet M — Y, hence it is contained in one of the sets V(x;) say V(x). 
Hence its images—the members of cU{—are all contained in U,,. If we define 
the function U(cU) to be Uz, for the cyclic family cU7 and similarly for the 
remaining cyclic families of »(11’), it will possess the desired properties. 

G) There exists a covering 2 of M such that no periodic 7 of prime period can 
satisfy the relation T over N. 

For let d be a point of N and let F(D, d, n) be a uniform family of n-dimen- 
sional fundamental pairs (Q”, D). On replacing D by a smaller neighborhood 
of dif necessary, we may assume that DCN. Let B(d), B be the neighborhood 
and covering of proposition E) and let H(d) be a neighborhood of d such that 
A CB. Since F(D, d, n) uniformly satisfies condition (1) in the definition of 
fundamental pair (section 4) there exists a covering U such that for arbitrary 
prime p, 

(1) 2?(U) 0 mod M — 


Let 8 be a covering such that if 7 is a periodic transformation with T < B 
over N, then oH C B (lemma 2). Let. & be a common refinement of B, U, B. 
We shall show that 2 has the required property. Suppose there exists a T of 
prime period p such that T « YM over N. Let N* = cH. Then N* CB CN. 
By proposition F) there exists a refinement U1” of U and projection 7: U” > U 
such that 77’ = + for U"-simplexes in N*. Consider the relative cycle {oI'(U”)} 
of proposition E). Let A(U”) be the subchain of I'(U") consisting of these 
simplexes which are in N*. Then P(U’) — A(U*) C M — N*. Since N* is 
invariant under 7’, we have also 


— cA(U’) CM — N*. 


This relation holds if the left member is replaced by its image under 7. But 
since the chain cA(11”) is in N*, its image under 7 is pA(U") = 0 mod p. Hence 
roI'(U") ~ 0 mod M — N*. Since (7) ~ of (U") mod M — B, hence 
mod M — H, we have 72?(U1") ~ 0 mod M — H. By definition of Cech cycle, 
’(U") ~ 9?(U1) mod M — H so that 2”(11) ~ 0 mod M — H which contra- 
dicts (1). This concludes the proof of theorem II under the hypothesis that M 
is bicompact. 


7. We conclude with a word concerning the locally bicompact case. In the 
first place, an examination of the preceding proof shows that in the bicompact 
case, it would have been sufficient to assume merely that M is uniformly n-regu- 
lr over N instead of the whole of M. Now suppose that M, N satisfy the 
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conditions of the theorem but that M is not bicompact. M can be converted 
into a bicompact space M; by the addition of a single point’ say ». In M, 

N has for its counterpart an open set Nj not containing ©. If M is uniformly 
n-regular, then M, is at least uniformly n-regular over N,. Hence there is a 
covering %, of M, such that no periodic transformation 7; operating in M, can 
satisfy the relation T; K i over Ni. Now every periodic 7' operating in M 
induces a periodic 7 , of same period, operating in M;, and leaving « fixed, If 
% is the covering of M obtained from %, by suppressing the point ©, it is easy 
to see that the relation: 7’ « %& over N would imply T K Y%, over Ni. Hence ¥ 
is the required covering of M. 


Tue INsTITUTE FOR ADVANCED Stupy AND BARNARD COLLEGE, 
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8 We may define as neighborhood of ~ the complement of any bicompact set in M, plus 
itself. With this topology M,, like M, is a connected finite-dimensional space in which 
open sets are countable sums of closed sets. Moreover, M, will be uniformly n-regular 
except possibly at the point «. 
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CONTINUOUS MAPPINGS OF INFINITE POLYHEDRA 
By SamvuE. EILENBERG 
(Reeeived March 20, 1940) 


This paper is concerned with some special cases of the general problem of 
determining the homotopy classes of continuous mappings of a polyhedron K 
intoa space Y. The well known theorem of H. Hopf solves the problem when 
Kisa finite n-dimensional polyhedron and Y = S" is the n-sphere. The solu- 
tion is given in terms of homology. Ina recent paper’ the author has generalized 
Hopf’s result simultaneously in the following three directions: 

(a) The hypothesis that K is finite is removed by admitting infinite chains 
and letting cohomologies replace homologies. 

(b) The hypothesis that K is n-dimensional is replaced by a hypothesis con- 
cerning the vanishing of certain higher-dimensional cohomology groups. 

(c) S" is replaced by a more general space Y. 

Although the use of cohomologies in this problem seems quite natural and 


justified, the results become more intuitive and easier to apply in the cases when 


the theorem has a homological interpretation. Such an interpretation is easily 
available when K is finite but does not seem to be possible generally, Section 2 
of this paper gives such an interpretation for a large class of infinite polyhedra. 
Various applications are given in sections 3-10. The results of CM which are 
being used here are collected in section 1. 


1. Let K be a finite or infinite cell-complex, i.e. a locally finite polyhedron 
with a given cell decomposition. K” will denote the sub-complex of K con- 
sisting of all cells of dimension S n. Given an abelian group G we shall consider 
infinite chains in K with coefficients in G and denote the resulting n-dimensional 
cohomology group by "He(K). 

Let Y be an arewise connected topological space and let yoe Y. We shall 
denote by 7,(Y) the 7" homotopy group of Y with respect to yo as origin.” We 
shall assume that +:(Y) = Ofori <n. If n = 1 we replace this condition by 
the condition that #(¥) (= the fundamental group of Y) is abelian. 

The set of all continuous mappings f(K) C Y will be denoted by Y*. Given 
hi, fieY“ we use the notation fy ~ f, to denote that fo and f; are homotopic. 
(1.1) Given f there is an such that f ~ f' and f'(K”*) = y 

p. 241] 


Cohomology and continuous mappings, these Annals, vol. 41 (1940), pp, 231-251. We 
shall refer to this paper as to CM. 

* This group was introduced by W. Hurewicz, Proc. Akad. Amsterdam 38 (1935), p. 113. 
The definition given in CM, p. 235, seems to suit our purposes best. 
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Given f « Y* such that f(K"') = yo we construct an n-dimensional chain 
d"(f) in K with coefficients from 7,(Y) as follows: 

Let o” be an oriented n-cell of K. Since the boundary of o” is carried by f 
into the point yo, the mapping f(o") C Y determines uniquely an element 
d(f, of z,(Y). We define 


We have proved that 

(1.2) d"(f) is a cocycle in K. [CM, p. 240, Hom. Th. 1] 

(1.3) If fo, fie fo(K”') = = yo and fo = fi then d"(fo) and d" (fi) 
are cohomologous in K. [CM, p. 242, Hom. Th. 3] 

Given an arbitrary f¢ Y*“ there is by (1.1) a mapping f’ « Y* such that 
f ~f' and f'(K"") = yo. From (1.3) it follows that the cohomology class of 
the cocycle d"(f’) is independent of the choice of f’. We denote this cohomology 
class by d"(f). It follows from (1.3) that 
(1.4) If fo, fie and fo fi then d”(fo) = d"(fi). 

It follows that for each homotopy class @ of Y* the cohomology class d"(¢) 

is uniquely defined. 

The following theorem includes all the further results of CM which will be 
needed in the sequel [CM, p. 243]. 

TuHEeoreEM 1. Let K be a finite or infinite cell-complex and Y an arcwise con- 
nected topological space such that 7:(Y) = 0 fori <n. If n = 1 this condition 
is replaced by the condition that Y is i-simple® for i = 1, 2, --- , dim K. 

(1.5) If "Hy,@(K) = Ofori =n+1,n + 2, --- then given a cocycle d” of K 
with coefficients in x,(Y) there is a mapping f « Y* such that f(K") = yo 
and d"(f) = d". 

(1.6) If ‘Hy,~(K) = Ofori =n+1,n + 2, --- then, given fo, fie such 
that fo(K"") = fi(K"") = yo, we have fo > fi if and only if d"(fr) and 
d"(fi) are cohomologous in K. 

(1.7) If = = 0 fori = n +1, + 2,--- then the 
homotopy classes ® of Y* are in a (1-1)-correspondence with the elements of 
the cohomology group "H,,~)(K). The correspondence is determined by the 
operation d"(®). 


2. Let "“H’(K) be the n homology group of K obtained using finite chains, 
and "X("(Y) the n™ homology group of Y obtained using finite singular chains. 
In both cases the group J of integers is taken as the coefficient group. 

It is well known that every f e Y* induces a homomorphic mapping hj of 
"3C'(K) into a subgroup of ""(Y) and also that if fo, fie Y* and fo > fi then 
hj, = hy,. It follows that for every homotopy class ® of Y~ the homomorphism 
hg is uniquely defined. 


_ See CM, p. 235. The condition was introduced by the author (Fund. Math. 32 (1939), 
pp. 167-175) and it concerns the mutual behavior of 7:(Y) and m(Y). In particular Y is 
i-simple if one of these groups vanishes. Y is 1-simple if and only if #:(Y) is abelian. 
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Let us assume that K is connected, Y is arcwise connected and that 2(K) = a ie 
r(Y) = Ofort <n. If n = 1 the last condition will be replaced by the condi- 
oy f tion that 7(K) and m(Y) are abelian. In this case it was proved by W. Hure- ay 
wiez that the groups #,(K) and “3’(K) can be considered identical.‘ Simi- 
larly for +»(Y) and “K"(Y). The homomorphism h; induced by a mapping 
feY* becomes then a homomorphic mapping of ,,(K) into a subgroup of z,(Y). | Be 
TueoreM 2. Let K be a connected finite or infinite cell-complex and Y an arc- { 
wise connected topological space such that w(K) = 7(Y) = 0 fori <n. If 
n = 1 this last condition is replaced by the condition that K is 1-simple and Y is 
i-simple for = 1, 2,---,dim K. 
(2.1) If = Ofori = n+ 1,n + 2, --- then given a homomorphism if 


hain 


ent 


‘hat h mapping »(K)[= "KC'(K)] into a subgroup of x.(Y)[= "K'(Y)] there is 
of an f such that hy =h. 
ogy (2.2) If = Ofori =n +1, + 2, --- then given fo, fie Y~ we have 
hj, = hy, of and only tf fo fi. q 
(2.3) If = = 0 fori = n + 1, + 2,--- then the 
"(6) homotopy classes ® of Y* are in a (1-1)-correspondence with the homomorphic 
mappings of m,(K)[= "KC'(K)] into subgroups of r.(Y)[= "K'(Y)]. The t 
| be correspondence is determined by the operation hg . 
Proor. Let ko¢K”'. Consider the mapping 1 « K* such that 1(z) = z 
on- for every 2K. According to (1.1) there is a ge K* such that g ~ 1 and 
kon g(K"') = ko. According to (1.2) this leads to a cocycle ' 
4 Yo i 


in K with coefficients in 7,(K). 
Suppose now that conditions of (2.1) are satisfied and let h be a homomorphic 
aad mapping of 7,(K) into a subgroup of ,(Y). Consider the cocycle 


8 of in K with coefficients in r,(Y). By (1.5) of Th. 1 there is an f e Y“ such that 
{(K"") = y and d"(f) = d". We are going to prove that h7 = h. 

Since ,(K) and are identical, every element a 7,(K) can be repre- 
sented as a finite cycle 


ins. ao? 


where a; are integers and only a finite number of them are ¥ 0. Using the 
en definition of d(g, o?) and of d(f, 0?) it follows that 


= Dad, 02), = ot) 


‘Proc. Akad. Amsterdam 38 (1935), p. 521. | 
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But since d(f, o7) = h{d(g, o7)] it follows that 
hj (a) = (a)). 


Since g ~ 1 we have hj (a) = a; therefore h(a) = h(a) and h? = h. This 
proves (2.1). 

Let fo, fie Y* and let h7, = h7,. Without restricting the generality we may 
assume that fo(ko) = fi(ko) = yo. Consider the mapping fig « Y“ forj = 0,1, 
Since f;g(K” *) = yo we may consider the cocycles d”(f jg) in K with coefficients 
in 7,(Y). Given any n-cell of of K we get, according to the meaning of h} , 


This implies d(fog, = d(fig, since ht = ht. Therefore d”(fig) = d"(fy). 
Now, if the hypothesis of (2.2) is satisfied, then by (1.6) of Th. 1 we have 

fo ~fiyg. Since fog ~ fo and fig ~ fi this gives fo ~ f:. Hence (2.2) is proved. 
(2.3) follows immediately from (2.1) and (2.2). 


3. Let G be an abelian group. Given a finite cycle 
a” = aor 
in K with integer coefficients and an arbitrary cocycle 
= p Bio? 
in K with coefficients in G, we define an element a"d” of G by taking 
ed = 


It is easy to verify that if a" is the boundary of a finite (n + 1)-chain or if d" 
is the coboundary of a (n — 1)-chain then a“d” = 0. Consequently given two 
elements «"K"(K) and d" e"H<(K) the multiplication @"d” is a uniquely 
defined element of G. For a fixed a” it gives a homomorphic mapping of "H«(K) 
into a subgroup of G. Similarly for fixed d” it gives a homomorphic mapping of 
"K'(K) into a subgroup of G. 

Now, let Y be an arewise connected topological space such that m(Y) = 0 
fori <n. If mn = 1 we assume that Y is 1-simple instead. We choose & to be 
the group 7,(Y) which can be considered identical with "'(Y). 

Let f « Y* and let f(K"") = yo. We shall consider the cocycle 


d'(f) = o?)o? 
and its relation to the homomorphic mapping h? of "'(K) into a subgroup of 


"K'(Y) induced by f. 
Given a finite cycle 
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in K with integer coefficients, we clearly have 
hj(a") = a: d(f, 


and therefore 
a"d"(f) = h(a"). 

Using (1.1) we find 

(3.1) Given any mapping f « we have a"d"(f) = hj (a") for all a” «"K"(K). 

Our hypothesis concerning Y is satisfied if Y = S” is the n-dimensional 
spherical manifold. The group 7,(Y) = "K'(Y) is then isomorphic to J. 
Using Th. 2 and (3.1) we prove 

TuzoremM 3. Let K be a finite or infinite connected cell-complex such that 
n(K) = Ofori <n. If n = 1 we replace this condition by the condition that 
is abelian. 

(3.2) If 'H,,<m(K) = Ofori =n+1,n + 2, --- then for every homomorphic 
mapping h of the group "K"(K) into a subgroup of I there is a cohomology 
class d" "H;(K) such that a"d" = h(a") for every (K). 

(3.3) If ‘Heim (K) = = 0 fori = n + 1, + 2, --- then given 
d" «"H,(K) such that a"d” = 0 for all a" « "K"(K) we have d” = 0. 

It follows from (3.2) and (3.3) that if the hypothesis of (3.3) is satisfied then 
the homomorphisms h mapping the group "’(K) into subgroups of I and the 
elements d" of "H;(K) are in a (1-1)-correspondence. h and d” correspond to 
each other if and only if 


a’d” = h(a") for all a" "K'(K). 


Proor or Tu. 3. If the hypothesis of (3.2) is satisfied then given the homo- 
morphism h there is by (2.1) of Th. 2 a mapping f « S™ such that h? = h. By 
(3.1) we then have a"d"(f) = h(a") for every a" « ""(K). This proves (3.2). 

If the hypothesis of (3.3) is satisfied then by (2.1) of Th. 2 there is for every d” 
a mapping f e Y* such that d"(f) = d”. If now a"d” = 0 for all a" e "'(K) 
then it follows from (3.1) that hj = 0. By (2.2) of Th. 2 we then have f ~ fo 
where fo(K) = yo. This implies, by (1.6) of Th. 1, thatd”(fo) = d"(f). There- 
fored" = 0 and (3.3) is proved. 

The following example will show that in Th. 3 the hypothesis that 7(K) = 0 
fori < m cannot generally be removed if n > 1. Let = be one of D. van 
Dantzig’s solenoids® imbedded in S*. Let K* be a subdivision of the open and 
connected set S* — > into an infinite cell-complex. It is clear that ‘H¢(K*) = 0 
fori = 3, 4, ..- and any abelian group G. It has been recently proved by N. E. 
Steenrod® that the 1** homology group of K*, constructed using infinite cycles 
and integer coefficients, is not enumerable. Since K’ is a manifold this implies 
mmediately that “H;(K*) is not enumerable. On the other hand since = is 
connected it follows from duality theorems that *"(K*) = 0. Hence (3.3) 


*Fund. Math. 15 (1930), pp. 102-125. 
*These Annals, vol. 41 (1940), pp. 833-851. 
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does not hold for K = K’ and n = 2. Naturally, the condition m(K’) = Ois 
not satisfied. 


4. Two topological spaces X and Y are said to have the same homotopy type’ 
if there are two mappings f « Y* and g e X” such that gf e X* is homotopic to 
the mapping 1 « X* defined by the condition 1(x) = x for every xX, and 
similarly fg « Y” is homotopic to 1 « Y”. 

TuEorEM 4. Two finite or infinite connected cell-complexes K, and Kz which 
satisfy the following set of conditions have the same homotopy type: 

(4.1) (Ki) = mi(Ke) = Ofori <n, 

(4.2) mn(Ki) and ,(Ke) are isomorphic, 

(4.3) (Ki) = (Ke) = Ofori =n 
(4.4) = = 0 fort = n + 

If n = 1 we replace (4.1) by the following 
(4.1): Ki and Kz are i-simple for i = 1, 2,--- ,k, where k = max (dim K,, 

dim 

Proor. Let h be an isomorphic mapping of 7,(K,) on 2,(Ke) and let h* be 
the inverse isomorphism. Applying (2.1) of Th. 2 to Kz' we obtain a mapping 
f «Kr' such that hf = h. Similarly we obtain a mapping g « Kf? such that 
he = h*. Consequently hj; = h*h. It follows that hj; = hi , where 1 «Ky! 
is defined by 1(x) = a for all xe K,. Applying (2.2) of Th. 2 we find that 
gf ~ 1. Similarly fg ~ 1 where 1 « Kz. This proves that K, and Kz have 
the same homotopy type. 


+1,n 
1,n + 2,---. 


5. In the following we are going to characterize complexes which have the 
same homotopy type as S”. The cases n > 1 and n = 1 will be treated 


separately. 


THreorEM 5. A finite or infinite connected cell-complex K has the homotopy 
type of S” (n > 1) af and only if 


(5.1) m(K) = 0, 

(5.2) = Oforl <i<n, 

(5.3) "K'(K) is cyclic infinite, 

(5.4) = Ofori =n+1,n4+2,---, 
(5.5) "Hy = 


THEOREM 5. A finite or infinite connected cell-complex K has the homotopy 
type of S' if and only if 


(5.6) m(K) is cyclic infinite, 
(5.7) K is i-simple for i = 2,3, --- , dim K, 
(5.8) = Ofori = 2,3,---. 


7W. Hurewicz, Proc. Akad. Amsterdam 39 (1936), p. 124. 
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Proors. Sufficiency. n > 1. By a theorem of Hurewicz* it follows from 
(5.1) and (5.2) that r(K) = Ofori <n. Therefore 
(5.9) a(K) = a(S") = Ofori <n, 
From the same theorem it follows that ,(K) and "3("(K) are isomorphic. 
Therefore 
(5.10) mn(K) and ,(S") are isomorphic. 
Since S” is n-dimensional therefore 
(5.11) 'H,(S") = Ofori = n+1,n+ 2,.-- and any G. 
From (5.4), (5.5), (5.9), (5.10) and (5.11) it follows that the conditions of 


Th. 4 are satisfied. Therefore K and S” have the same homotopy type. 
n= 1. Since (K) is cyclic infinite therefore we see that 


(5.12) m(K) and m,(S') are isomorphic. 

Since S' is i-simple for every 7 and 2;(K) is abelian it follows from (5.7) that 
(5.18) K and S' are i-simple for i = 1, 2, --- , dim K. : 
Since S' is 1-dimensional and z;(S') = 0 for 7 > 1 it follows that 

(5.14) “H.(S') = 0 fori = 2, 3, --- and any G, 

(5.15) (K) = 0 fori = 2,3, --- 


From (5.8) and (5.12)—(5.15) it follows that the conditions of Th. 4 are satis- 
fied and therefore K and S’ have the same homotopy type. 
The necessity follows from the following two lemmas: 

(5.16) If X and Y are arcwise connected and have the same homotopy type then 
mi(X) is isomorphic with r:(Y), and X is i-simple if and only if Y is. 

(5.17) If the finite or infinite connected cell-complexes K, and Kz have the same 
homotopy type then is isomorphic to and is 
isomorphic to “°(Ke). 

The proofs are left out. 

Since 7;(K) = 0 implies that K is 7-simple it follows that if m(K) is cyclic 
infinite and +,(K) = 0 fori > 1, then the conditions of Th. 5; are satisfied and 

K has the homotopy type of S'. This is a theorem of Hurewicz.* 


6. Theorem 5 leads to the following characterization a the finite complexes 
which have the homotopy type of S”. 


TaxoreM 6. A finite polyhedron K has the homotopy type of S” if and only . 


if K has the same fundamental growp and the same homology groups (integer 


*Proc. Akad. Amsterdam 39 (1936), p. 221. 
* If k is n-dimensional, this is a theorem of Hurewicz, loc. cit. In the general case it 
also follows from some unpublished results of Hurewicz. 
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coefficients) as S".? If n = 1 there is an additional condition that K is to be 
i-simple for i = 2, 3, --- , dim K. 

Proor. The necessity follows from (5.16) and (5.17). If K has the same 
integer coefficient homology groups as S" then since K is finite it follows that 
"H.(K) is isomorphic with 'H¢(S) for any 7 and any coefficient group G. This 
shows that if the conditions of Th. 6 are satisfied then the conditions of Th. 5 
(or Th. 5;) are satisfied too, and consequently K has the homotopy type of 8", 

There is no example known to prove that the additional condition in the case 
n = 1is really necessary in Th. 6. 


7. Theorem 4 will be used again to prove the following theorem concerning 
homotopy groups. 

Turorem 7. Let K"*' be an at most (n + 1)-dimensional (n > 1) finite or 
infinite connected cell-complex such that a(K"") = 0 fori <n. If the 
group m,(K"*’) is a free group with a finite number k > 0 of generators then 
0. 

Proor. Suppose that mn4:(K""’) = 0, then 


(7.1) = 0. 
Since K"** is at most (n + 1)-dimensional we have 
(7.2) 'H.(K"*') = Ofori > n + 1 and any G. 


Let Ki? be a complex obtained by taking k copies of S” disjoint except for 
one point which is common for all of them. It is clear that 


(7.3) ai(K"*') = 2(K?) = Ofori 
(7.4) and are isomorphic, 
(7.5) "H.(K?) = 0 fori > nand any G. 


It follows from (7.1)-(7.5) that Th. 4 can be applied to demonstrate that 
K"* and Kf have the same homotopy type. Since an4:(8") ¥ 0 for n > 
it follows that ray1(K?) ¥ 0 and from (5.16) that mayi(K”™’) # 0. 

Th. 7 can also be proved in the case when +,(K""’) is the unrestricted direct 
product of No cyclic infinite groups. 


8. In the following we shall discuss the situation arising when S” "~~ is top- 
ologically imbedded into S’. 

TueoreM 8. Let be a homeomorphic image of contained in S’ 
wherer > n > 0. 

If n > 1 then S” — Si" has the homotopy type of S” if and only #f 
m(S’ — = 0. 


10 L, Pontrjagin, C. R. Acad. Sci. URSS 19 (1938), p. 147; H. Freudenthal, Comp. Math. 
5 (1937), p. 301. 
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If n = 1 then S’ — Si” has the homotopy type of S* if and only Crome 
1(S° — Si) is cyclic infinite and S’ — St” is i-simple for i = 2, 3, - 

Proor. The necessity of the conditions follows from (5.16). In preci to 
prove that they are also sufficient note that it follows from duality theorems 
that 
(8.1) — and ‘3C"(S") are isomorphic for i = 0, 1, - - - and any G. 

Since S’ — is a manifold the group — is isomorphic 
with the (r — i)-th homology group of S’ — Sj" obtained using infinite 
chains. Since Sj" is locally connected in all dimensions it follows from a 
recent theorem of Steenrod’ that thisgroup is isomorphie with” “"H*(S{""). 
Therefore 
(8.2) ‘Ho(S” — = Ofori = n+ 1,n + 2,--. and any G. 

Now, (8.1) and (8.2) and the conditions of Th. 8 permit us to apply Th. 5 
(or Th. 5:) and prove that S” — Sj-"” has the homotopy type of 8”. 


9. Aset Y C X is called a retract of X if there is a mapping r ¢ X* (called a 
retraction) such that r(X) = Y and r(y) = y for allye Y. If r ~ 1, where 
1 ¢X* is defined by 1(x) = z for all x e€ X, then Y is called a deformation retract 
of X. 

We shall consider in S’ a homeomorphie image S¢ of S” and a homeomorphic 
image Sj "of wherer > n = Oand = 0. Assigning orienta- 
tions to Sp and Sj ”* we obtain then a linkage coefficient whose absolute value, 
denoted by o(S¢ , St"), is independent of the chosen orientations. We have 
proved in another paper” that SQ is a retract ef S’ — Sj "” if and only if 
i(S) , S’"*) = 1. We shall now discuss the analogous problem obtained by 
replacing retracts by deformation retracts. 

TuzoreM 9. Let Sj and Si" be disjoint homeomorphic images of S" and 
contained in 8S’, wherer > n > 0. 

Ifn > 1 then St is a deformation retract of S’ — S;"” if and only if 
, = 1 and — = 0. 

If n= 1 then Sj is a deformation retract of S’ — Si if and only if 

= 1, — is cyclic infinite, and if S’ — is i-simple 
fori = 2, 3,- 

Proor. If So mM a deformation retract of S° — Sj" then by the theorem 
quoted above = 1. It also follows that S? and — 
have the same homotopy type and therefore the remaining conditions of Th. 9 
are fulfilled in view of Th. 8. 

_ Now, let = 1 and let r be a retraction mapping — 
into S$}. Let yo be a basis-cycle for the group ""(S3). We shall prove that 
10 is also a basis-cycle for "IC (S" — Si"). In fact, if this is not the case 
there is a singular cycle y" in S’ — S{~"" such that yo ~ ky” in S’ — SP" 


a Math. 31 es p. 192, see also K. Rereuk and S. Eilenberg, Fund. Math. 26 
p. 215. 
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where k # +1. This implies yo = r(vo) ~ kr(y") in So contradicting our 
hypothesis that yj was a basis-cycle for "K"(S>). Therefore ¢ is a basis-cycle 
for "K'(S" — Si"). Since r(yo) = vo it follows that h? = hf , where 1 is 
the identity mapping of S’ — Sj" into itself. 

If the remaining conditions of Th. 9 are also fulfilled then, by Th. 8, 8” - 
So." has the homotopy type of So. From Th. 5 (or Th. 5;) it then follows 
that (2.2) of Th. 2 can be applied to mappings of S’ — Sj" into itself. Since 
h? = hi, we have r ~ 1 so that So is a deformation retract of S’ — S>"". 


10. If we take n = 0 in Th. 8 and Th. 9 then S’ — Sj" is not connected 
but consists of two connected regions C,; and C,. By duality theorems we have 
"HK" (C;) = Ofori = 1,2, --- andj = 1,2. If we further admit that 7,(C,) = 0 
then by a theorem of Hurewicz‘ C; can be deformed to a point. It follows that 
S’ — Si" has then the homotopy type of S° where S° consists of two points. It 
is also clear that then every Sj C S’ — such that , = 1 isa de- 
formation retract of S’ — Sj’. Hence we see that 
(10.1) The statements of Th. 8 and Th. 9 concerning the case n > 1 hold also for 

n = 0 provided the relation m(S' — Sj’) = 0 is interpreted as ™(C;) = 
m(C2) = 0 where C, and C2 are the components of S’ — Sz”. 

In the case n = 1 Theorems 8 and 9 contain the condition that S’ — Sj~ 
should be 7-simple for 7 = 2, 3,---, 7. In the case r = 3 (and also in the 
trivial case r = 2) the author has proved” that this condition can be dropped. 
The similar question concerning r > 3 remains unanswered and seems to be 
closely related to the following problem: 

Let be a homeomorphic image of in S’ where r > n > 0. Under 
what conditions is S’ — Sj" aspherical (i.e. r:(S° — Sj") = 0 fori > 1)? 

In particular, is S’ — Sj" aspherical if n = 1 and 2,(S” — S{”’) is cyclic 
infinite? 

Again this question has been answered positively only for r = 2, 3° 


UNIVERSITY OF MICHIGAN 


12 Fund. Math. 28 (1937), p. 238. 
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ON PROJECTIVE EQUIVALENCE OF TRILINEAR FORMS 


By Ropert M. THRALL 
(Received March 20, 1940) 


1. Introduction. The two fundamental problems in the projective classifica- 
tion of trilinear forms are: (I) the determination of necessary and sufficient 
conditions for the (projective) equivalence’ of two trilinear forms; (II) the de- 
termination of a set of forms which consists of one and just one representative 
form from each class of equivalent forms. 

In the form’ F(z, y, 2) = GapsYazsts let there be py’s, gz’s, and rz’s and suppose 
that the numbers 7p, g, r are the two way rank invariants® of the form F. Let 
the variables be so named that p S q S r. We can measure progress in the 
solution of problems I and II in terms of the sets of invariants (p, q, r) for which 
they have been solved. 

Problems I and II have been rationally solved (i.e. for the coefficients dags 
belonging to any field) for p = 1 and p = 2. Forif p = 1, then g = rand is 
the only invariant of F. For p = 2 the trilinear form can be considered as a 
pencil of bilinear forms. Two such pencils are equivalent if and only if they 
have the same minimal numbers and projectively equivalent invariant factors.‘ 

If p > 2 problems of rationality enter, and most of the progress here has been 
for forms with coefficients in the field, K, of complex numbers; although in 
[13], the case (p, g, r) = (3, 3, 3) was discussed for forms belonging to a Galois 
field by rational methods applicable to any field. [14] contains the complete 
solution for forms (3, 3, 3) with coefficients in K. 

In §§2-9 of the present paper, methods similar to those used in [14] are applied 
to the next case (3, 3,4). The coefficient field is K although many of the results 
are obviously more general. §2 is devoted to definitions and notation for de- 
terminantal manifolds associated with trilinear forms. In §3 the forms (3, 3, 4) 
are divided into generate and non-degenerate cases according to their associated 
determinantal manifolds. §§4-8 give classification theorems for the various 
non-degenerate cases. Theorem 4.3 is basic in this discussion. §5 discusses 
briefly generalization of 4.3 to forms (p, p, 2p — 2). The principal results of 
these sections are found in theorems 6.5, 6.6, 7.1, 8.6. §9 (especially theorem 
9.1) and the appendix contain the solutions of problems I and II for the degen- 


‘For definitions of equivalence and g-equivalence, see [14] p. 678. (The numbers in 
brackets refer to the bibliography.) 

* Repeated Greek indices indicate summation. 

3 This means that F is equivalent to no form with less than py’s, gz’s and rz’s. For dis- 
cussion of and reference to these invariants, see [14] p. 678. 

*See [9], and [12] p. 682. 
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erate cases. In §10 the work of T. G. Room’ on determinantal manifolds is 
applied to the “general” case for 3 S p <q S rand3 < p= q Sr to obtain 
theorems which reduce problem I to a study of projective equivalence of mani- 
folds related to the forms. Also in the section is a discussion of different inter- 
pretations of the concept ‘‘general’’ as applied to trilinear forms. 


2. The determinantal manifolds’ associated with a trilinear form. Let 
F(z, y, 2) = GapsYa%ets = = = define the elements of the 
matrices || 2s ||, || yes ||, || 20s ||. Denote by Vz = (| p, @ ler — 1]) the manifold 
consisting of points x in projective r — 1 space for which || xag || is of rank s or 
less. We write the equations for V{ in the form | tag |, = 0. We call V, = 
V2" the principal manifold of the matrix || zag || and of the form F.’ The mani- 
folds V; and V: are defined analogously from the matrices || ygs || and || zas ||. 
The equivalence of two trilinear forms obviously implies the projective equival- 
ence of their corresponding manifolds’ V, and in general the converse is also 
true. (See §10.) 

Since the derivative of an n-rowed determinant is a linear combination of its 
n — 1 rowed minors, the manifold V° must be multiple on V*. In general V3 
has dimension r — 1 — (q — 8)(p — s) and so will necessarily be non vacuous 
only for values of s for which this dimension is positive. In particular cases, 
however, the dimension may be greater than this number. 


3. Trilinear forms (3, 3, 4), general theory. In general, V, = V; (the princi- 
pal manifold), a cubic surface in 3-space, and V; and V2, zero dimensional 
manifolds of order six in 2-space, are the only non empty manifolds associated 
with a trilinear form (3, 3, 4). However, there are degenerate cases in which 
some of the Vs exist, or in which V; or V2 is of dimension greater than zero. 
On this basis we divide our treatment inte two parts: 

(A) The non-degenerate cases: V) is empty, and V; is of dimension zero and 
order six. 
(B) The degenerate cases: At least one of the conditions under (A) is not satisfied. 

Before treating (A) and (B) separately we study three algebraic transforma- 
tions defined by the form F. We say that 7 and 2 are images under the trans- 
formation 7’; if 


(3.1) = 0, = 1, 2,3, 4. 
The transformations T; and 7; are similarly defined by 


= 0, a = 1, 2,3, and = 0, 6 = 1, 2,3. 


5 [3] especially Chapter VII, or [10]. Chapter VII is based upon [10]. Fora review of [3] 
see [11]. 

6 The definitions and notation are those given by Room [3] Chapter I. ; 

7If r = q (r = q = p) F has two (three) principal manifolds, but if r > g 2 p there 1s 
just one principal manifold. 

8 See [13] p. 386. 
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Considered as linear equations in Z the number of solutions of (3.1) depends 
upon the rank of || yee II, and inversely for g and || Zat ||. Thus if 7 and 2 are 
images under 7, then ge Vy and ZeV,. If ge V, it will have a whole line 
of images 2, which must all lie on Vi. If ge Vi; but ¢V}, then it will have a 
single image 2. Hence, if V3 is of dimension zero, V} is empty; and, if further 
Vis empty, the points of V; and V; will be in 1-1 correspondence. 

From this it follows that the conditions under (A) above are actually sym- 
metric in y and z although stated in terms of y only. A zero dimensional 
manifold, V3, of order six is, in general, a set of six distinct points. However, 
these points may coincide in various ways so that the actual number of distinct 
points in V;, may be anything from one to six. The above arguments show that 
under (A) if V; has k distinct points then V; likewise has k distinct points. We 
shall show later that 7 has the same multiplicity in V} as its image Z has in V2. 

T, is a transformation between points of V? (the whole z-plane) and points 
of V2. If ze V: its image under 7, is a plane, which must be a linear factor 
of V2; if Ze V2 but ¢V? its image is a line on V2 ; and if 2¢ V2, its image is a 
single point of V;. 3 is of the same general character as 72. 


4, The non-degenerate cases. Consider the general trilinear form (3, 3, 4) 
in which the coefficients @ags are independent indeterminants. The three rowed 
minors of || ygs || define a web, W, , of cubics whose base is the six (in this case 
distinct) points of V;. Let fs(y) denote the three rowed minor of || ygs || ob- 
tained by dropping the 6-th column. Then two generic members G(A, y) = 
\ifiy) and G(u, y) of Wy will meet in nine points of which six, say y”, --- , y 
have coordinates free of X and w. The u-resultant® of G(A, y) and G(x, y) will 
therefore split rationally into a factor 

H(u, aps) Yue 
of degree 6 and free of \ and u, and a second factor of degree 3. 

If now we give the dags arbitrary values in the ground field K, for which 
H(u, dass) # 0, some or all of the six points, y‘”, may coincide. If a point, 
P, of V} arises from an s-fold factor of H then we assign to P the multiplicity 
sin V;, thus ensuring that V; will have multiplicity 6 in any form for which 
H #0. On the other hand this multiplicity s assigned to P is by its definition 
He ng as the multiplicity of intersection at P of two generic cubics of the 
web W,. 

We now divide the non-degenerate cases into two sets: 

The linear non-generate cases: W, contains a curve of genus one. 

The nodal non-degenerate cases: Wy contains no curve of genus one. In this 
section we shall treat only the linear cases. 

If C is a curve of genus one belonging to W, , we can utilize its Puiseux ex- 


*See [5] vol. 2 p. 21. 
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pansions to characterize Vi . To obtain uniqueness we choose the particular 
expansion 


Ye = E(t) a= 1,2,3 
at a point P = (c,, ¢2 , cs) for which 


where 7 is the smallest index for which c; ¥ 0, and 7 < k unless a vertex of the 
coordinate triangle lies on the tangent to C at P, in which case cy, = 0 and it 
may be necessary to take 7 > k. That this is possible follows from the linearity 
of every branch of C and the general theory of Puiseux expansions.” We shall 
call these specialized expansions the canonical expansion of C at P. 

Let the web, W, , be given by 


G(A, y) Aafe(y) 6=1,---,4 


If G(A, E()) = 0 mod f° but # 0 mod ¢*” then P counts s times in V3. Let 
P,(t) be obtained from £,(t) by dropping all terms whose degree in ¢ is s or 
greater. If C’ is any other member of W, (of genus one), then the first s terms 
of its canonical expansion E,,(t) will likewise be P.(t) and so the polynomials 
P(t) express properties of the web and not merely of the particular curve C in 
the web. We call the P.(t) the canonical polynomials of W, at P. (We note 
that these polynomials are identically zero unless P ¢ V3 .) 

Let P*, = 1,---, h, count s, times in V7, + --- + sp = 6), and let 
the canonical polynomials of W, at P* be P%(t). 

4.1 Derinition. The curve K:g(y) = 0 is said to pass through V; if and 
only if g(P*(t)) = 0 mod t wp = 1,--- ,h. 

1.2 THrorem. The cubic ay) = 0 belongs to W, if and only if it passes through 
vi. 

or there is just one web of cubics satisfying the six conditions of definition 4.1. 
(4.2 does not hold in the nodal cases.) 

The results of this section obviously hold for the z-space as well as the y-space. 
The following theorem is fundamental in the solution of problem II for the linear 
case and with a slight modification applies also to linear branches of V; in the 
non linear case. 

4.3 TuroreM. Let F be a linear non-degenerate form and let T; send P on 
Vi, into P’ on V2. If a branch of V2 at P has multiplicity «, with canonical 
polynomials P,(t), then there exists a linear branch of V at P’ of multiplicity o 
with canonical polynomials P}(r), and a polynomial + = c(t) = bit + bet + 

+ beat”, 0, such that 


(B.): F(t, tag) = = 0 mod 


10 See for instance [2] pp. 213-231. 
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Proor. We take P = (1, C2, ¢3), P’ = (ci , ¢2 , ¢3) and for convenience sup- 
pose 0. 

The four congruences, B, , can be regarded as homongeneous linear equations 
with coefficients in the ring, R, of polynomials in ¢ reduced modulo ¢’. The 
matrix || yssPa(t) || is by hypothesis of rank 2 (in R). Hence there exists a 
solution zs = Q(t) with the following properties = 1, = + 
2 = ¢,/c1 + E(t) where the E(t) belong to R (i.e. are polynomials in ¢ of degree 
less than ¢). 

The polynomials P,(t), not all zero divisors (P,(¢) = 1), are solutions of the 
congruences Zaa(Qs(t))ya = 0. Hence the rank of || zas(Qa(é) || is <3 (actually 
9 since the case is non-degenerate). To complete the proof of the theorem we 
need merely to show the existence of a r = bit --- + boat” ', bi: ¥ 0 such that 
= Pa(7(t)) where the Ps(r) are “canonical” polynomials for If E2(t) # 
0 mod t we take 7 = E(t). Otherwise take 7 = £;(t). [If both E,(t) and 
B,(t) were divisible by t’ the whole line yx — cay; = (ck — ¢;Cx)y, Would map 
into P’ under 7, contrary to the hypothesis of non-degeneracy.] 


5. Linear non-degenerate forms (p, p, 2p — 2). The forms (3, 3, 4) belong 
to the series of forms (p, p, 2p — 2) in which the principal manifold is a deter- 
minant, and in which V?~" and V?~ are, in general, zero dimensional, of order 
y= (?- | A form (p, p, 2p —2) is said to be non-degenerate if V2 is 
zero dimensional of order N, and V?~* is empty. A non-degenerate form (p, p, 
2p — 2) is said to be linear if V?~* can be defined by canonical polynomials 
satisfying 4.1 with the word “curve” replaced by “hypersurface.”” With these 
definitions theorem 4.3 is valid for forms (p, p, 2p — 2) if we replace V3, V2 
by V7", V?" throughout. The proof of this generalization is stepwise parallel 
to that of 4.3. 


6. The general non-degenerate case. In the general case V; consists of six 
distinet points y, --. , y®, not on a conic and no three on aline. This implies 
the same for V2 , since otherwise 7; and 72 could not map the y and z planes re- 
spectively into the same surface V2. Let coordinates be so chosen that y 
(1,0,0),y° = (0, 1,0), = ©,0, 1), y® = (1, 1,1), y® = (4,0), = 
(6 a; 2” =(1,0,0), 2” =(@,1,0), z® = (0,0,1), = (1,1,0), 
2” = (e,a’,b’), = (e,c’, d’); and so that 


(6.1) 2° =O i=1,---,6 


expresses the congruence of Vj and V2 under 7;. Of these six equations, one, 
say the last, must be dependent on the other five; for otherwise there would be 

" The existence theorem for linear equations in a commutative ring assures the existence 
of a solution with not all Q, null divisors. By taking ¢ = 1 we see that Q; is not a null 
divisor (since ¢, # 0). But every non-null divisor in R has an inverse in R, so that 
% = Qs/Q, is also a solution and has a4 = 1, 
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only three independent x.s , whereas r = 4. This means that the coordinates order 
of y® and z® are rational functions of the coordinates of y“, 2, i < 6. satis! 
a ~ b, for if a = b then y”, y®, y® are collinear. Hence we can solve the 
first five equations of 6.1 for x2, and 2s; giving 7. 
= = X33 = O, = + + + , 
= (—1 — + (—1 — + (—1 — 3) 223 + (—1 — a4) a line 
meet 
where side, 
_b-0’ _ eb — ab’ _ (e-a’)b 
If now we set = 21, = X23 = = and compute V3 we find the f 
(62) = [e(a — a’)(b — b’)(a’ — (a — a’)(b’ — e)(ab’ — a’b), 
(b — b’)(a’ — e)(ab’ — a'b)], direc 
and from the symmetry we obtain z by substituting z, a’, b’, a, b for y, a,b, UM Pr 
a’, b in 6.2. hi 
6.3 THrorEM. Given i < 6, and 2, i < 5 there exists a unique point 2) 
2” for which y® is any preassigned point (e, c, d) not on the conic or any of the © pa 
: lines determined by y, i < 6. b) th 
For proof it is sufficient to observe that the equations _ 
ptt = (at — — — ts) 
(6.4) pt, = — etr)(ts — th) (ats — 920s 
pts = — — t)(ats — 
Imag 
define an involutorial plane Cremona transformation. If now we set t’ = y® B ide 
and t = 2°’, 6.4 reduces to 6.2, so that 6.2 has a unique solution for a’, b’interms J Hen 
of e, a, b, c,d. (The excluded conic and lines include all of the principal curves Wg deger 
of the transformation.) | Su 
Theorem 6.3 enables us to give the complete solution of problems I and Il Bg U a 
in the general case. For we have at once the following theorems: B® degen 
6.5 THEorEM. There exists a trilinear form with (p, q,7) = (8,3, 4) for which FAR dege 
V; is any preassigned, general set of six points in the y plane. B  deger 
6.6 TuEorEM. Two forms, F and F, for which Vj is general are equivalent if & Th 
and only if is projectively equivalent to 
| The projective invariants of the six point plane manifold have been given BQ deger 
by Coble in [7]. 7.2 


Lie ds if and only if V; is projectively equivalent to V? . 
Hence, the g-class containing a form is identical with the class containing the 


6.7 Corottary. Two non-equivalent general forms F and F are g-equivalent | and o 
form if and only if V; is projectively equivalent to V2 (not necessarily in the ; 


| 
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order of congruence under 7). In general this is not the case, but if e, a, b, c, d, 
satisfy certain syzygies it may happen. 


7, The non-general, non-degenerate linear cases. There are approximately 
a hundred different projective types of special zero dimensional manifolds of 
order 6. For instance, there may be six distinct points; all on a conic, three on 
a line, three on one line and the other three on a second line, five on two lines 
meeting at one of the points, the vertices of a triangle plus a point on each 
side, the vertices of a quadrilateral.” If two of the points coincide (become 
“infinitely near’’) along some fixed direction, there are 11 types of ways in which 
the other four points can be placed relative to the first point and the given 
direction at it, ete. ete. We shall not consider each such case separately, but 
the following theorem enables one to determine when two such manifolds U 
and U’ ean serve as V, and V? for a trilinear form, thus giving the informa- 
tion needed to reduce problem II (for the forms of this section) to a matter of 
direct computation. 

7.1 Tazorem. Jf U and U’ are two zero dimensional (non-nodal) manifolds 
of order 6 there exists a trilinear form (3, 3, 4) with Vj; = U and V2 = U' if and 
only if the following conditions are satisfied. 

a) the points and branches of U and U’ can be put into 1-1 correspondence in 
accordance with the requirements of theorem 4.3. 

b) the resulting relations B, considered as linear equations in the Zag shall have a 
matrix of rank 5. 

¢) the V? thus defined is irreducible, and without a line of nodes. 

Proor: Necessity, a) is a consequence of theorem 4.3; b), there are just 
924 of which just 4 (=r) are independent; c), if V; were reducible it could not 
be the rational map of the y plane and so one of its factors would have to be the 
image of a one dimensional part of V? or of a point of Vy , either possibility giving 
a degenerate case. If V2 has a line of nodes its plane sections are rational. 
Hence, the corresponding curves in W, must be rational; and the case is either 
degenerate or nodal. 

Sufficiency. a) and b) are sufficient to define a form (3, 3, 4) with V; including 
U and V? including U’, with the inclusion being equality unless the case is 
degenerate. Reference to §9 shows that V2 contains a line of nodes in the 
degenerate cases where it is irreducible. Hence c) implies that the case is non- 
degenerate (as well as non-nodal). 

This theorem is valid for the general case but is weaker than theorems 6.3 
and 6.5. The following extension of 6.6, which solves problem I for all non- 
degenerate, non-nodal cases, is an immediate consequence of 7.1. 

1.2 THzorem. Two non-degenerate, non-nodal forms F, F are equivalent if 
and only if Vi and V? are projectively equivalent to V;, and V7 , respectively. 


- four of the points are on a line, the case is degenerate with the whole line belonging 
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The following two lemmas are useful in applications of 7.1. 

7.3 Lemma. If a line \ cuts V; 3 times in points whose images under T; lie 
on a line X’, then either the case is nodal; or Vi includes d, V2 includes \’, and the 
V? is reducible. (It is not necessary that \ cut V; in 3 distinct points.) 

7.4 Lemma. If V3, lies on a conic, then the case is degenerate. 

Both of the proofs follow upon direct application of 4.3 and will be omitted. 

7.1 and 7.3 enable us to prove the following theorem: 

7.5 TuroreM. Not every quaternary cubic can be written as a three rowed deter- 
minant whose elements are linear forms.” 

More specifically and in the language of this paper the theorem is 

7.6 THeoreM. V2? can be any quaternary cubic excepting one projectively 
equivalent to f(x) = 21 + 13t3 + 2324, characterized projectively by its unode of 
the third kind." 

Proor. The surface f(z) = 0 contains just one line, 4. Suppose that V; 
contains the two points P; and P2 both of which map into w under 73. Then 
each point of » has two images in the y plane and therefore all of u lies on Vz, 
ie. u is a line of nodes of V3. But f(x) has only one node. We have proved 
that if V2 is f(x) = 0 then V; has just one point, P. P cannot be a node of W, 
for then every plane section of V2 would be rational. 

Next suppose that P is not a point of inflexion for all members of the web, 
W,. Then both P and the tangent at P to the curves of the web must map 
into » under 73 , which would again require yu to be a line of nodes. 

The only remaining possibility is that Vj, be a single point at which the curves 
of the mapping web have a common inflexion tangent, \, and three further 
“infinitely near’’ intersections. Similarly, V2 is a single point cut three times 
by a line \’. But now d and 0’ satisfy the hypotheses of 7.3, and so by 7.1 no 
determinantal representation of f(z) can exist. To complete the proof we re- 
mark that representations for the other projective types can be readily 


constructed. 


We conclude this section with some applications of 7.1 which illustrate the 
general method of attack in the special, linear, non-degenerate cases. We ask 
if Wy can be a web of cubics with a common inflexion tangent at one point 
and with a triple intersection at a second point; and the same for W,. 

Choose y coordinates so that W, has the inflexion point (1, 0, 0) with tangent 
ys; = 0, and so that the second base point is (0, 0, 1) with common tangent 
y:1 = 0. Then the canonical polynomials will be P“ = (1, ¢, 0) and p” = 
(at’, t, 1). Then choose z coordinates so that the canonical polynomials are 
Q” = (1, 1, br}) and Q® = (0, 72, 1). 

If Q® and P® were images under 7’, , then by 7.3 the case would be degenerate. 
Hence, P corresponds to Q°, i = 1,2. We have two sets of equations B. , 


18 In [8] p. 175 Dickson has proved that every “sufficiently general’? quaternary cubic 
can be written as a determinant, but he gives no counter example. Room ((3] p. 65) states, 
incorrectly, that any quaternary cubic is determinantal. 

14 See [1] p. 61. 
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each with o = 3. If we can choose constants b; ¥ 0, be; c: ¥ 0, c so that 7, = 
bt + bel’ and 72 = Git + ct’ we will have met condition a) of 7.1. The equa- 


tions are: 


=0 

Bo qm + bite = 0 
+ bet» + bbizs = 0 
X33 = 

Be + Cit = 


+ + Cote = 0. 


Necessary and sufficient conditions for the dependence of these equations are 
by = = 0, c:bib = ab; or = a/bb,. This gives 


0 Le 0 
|| tag || = || — —bbitig ag || ~ || 
tsi  —(a/bb;)r 0 O 


Then V2:24%3(a2 + 24) + 2324 = 0 is irreducible and has only three nodes so 
that condition ¢) of 7.1 is satisfied, and the existence of the form in question is 
proved. Incidentally, the canonical form obtained shows that there is but one 
cass of forms having V; and V2 of the above required type. 

We can show, further, that for this particular choice of V; there can be only 
the one choice of V2 (to within projectivities). For by 7.1 V2 must have just 
two points, each of multiplicity three. By a purely geometric study of the 
surface V2 defined by V3, it can be shown that there are just two possible kinds 
of mapping webs having two base points each of multiplicity 3. One of these 
is V; and the other has a base lying on a conic and so is excluded by 7.4. 

However, it is not always necessary that Vv; and V? be of the same projective 
type. For consider the form represented by 


0 
tog || = tig + 
32 0 


has canonical polynomials P® = (1, t, —t’), P® = (0, 1) and has 
(1, n, 71 — ari), Q® = (t2 , 0, 1) where 7) = —t + at’ — at’, m = —t. 
The members of W, have a common inflexion tangent whereas those of W, 
lonot. We note that for a form F to have both V2 and V7? projectively equiva- 
lent either to V; or to V2 would contradict 7.3. 


8. The nodal non-degenerate cases. A linear system of curves has no variable 


nultiple point. Hence, for every member of W, to be of genus zero there must 


“ Bertini’s theorem. [4] p. 25. 
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be a fixed double point (cusp). This double point counts four times as a member 
of Vj but it is only three (linear) conditions on a cubic to have a fixed double 
point. For a cubic to contain the remaining two points (or branches) of V; is at 
most two further linear conditions. Hence, there is a 10 — 5 = 5 parameter 
family of cubics on V;, of which W, is some 4 parameter subfamily. 

We see readily that there are just five projective types of nodal cases: 

N, : node plus two outside points. 

Nz : node with one fixed tangent plus an outside point. 

N; : node with both tangents fixed. 

N,: node with one tangent and a further fixed direction along that branch. 

N;: cusp (the tangent must then be fixed). 

Let ¢ and wu be indeterminants over K and set R = K(u)[t] mod ?. 

8.1 TororemM. If P and P’ are images under T,, then P is a node of W, if 
and only if there exist polynomials linear in t and in u such that 


(8.2) F(t, ta)PaP3tep = 0 mod ¢° identically in u; 


furthermore, if P is a node in W, , then P’ is a node in W,. 

Proor: We suppose y and z coordinates so chosen that P = (1, 0, 0) and 
P’ = (1,0,0). If Pisa node of W, , then any line py; = 1 = py2 = t = Pr, 
pys = ut = P;, through P must meet the curves of W, twice at P. Or stated 
analytically, if W, is G(A, y) = Aafs(y) then G(A, P.) = 0 mod ¢’ identically in wu. 

Now since || ygs(P.) || is of rank 2 (in R), we proceed as in the proof of theorem 
4.3 to obtain solutions zs = P(t) of the equations 8.2 such that Pj = 1, P: = 
tfo(u), P; = tf;(w) where the fg are rational functions of wu with coefficients in K. 
A short argument (which we omit) shows that the form is degenerate unless f 
and f; are linearly independent first degree polynomials in u, say fe(u) = csu + 
dg, 8 = 1, 2. The polynomials P, P’ satisfy the conditions of the theorem. 
Further, since pzs = Ps is by suitable choice of u, any line through P’, 8.2 is 
symmetric in y and z so that P’ is a node of W. This completes the proof of 
the necessity of 8.2. The sufficiency is obvious. 

The cases N,, --- , Ng are sufficiently alike to justify our treating only one, 
N,, in detail and merely listing a representative of each class in the other cases. 
Suppose then that V} consists of the points (1, 0, 0), (0, 1, 0), (0, 0, 1) of which 
the first is a node and let 7; map these points into z = (1, 0, 0), (0, 1,0), (0, 0, 1) 
respectively. Now apply 8.2 and 4.3. We obtain 


(8.4) || tap || = + 


Let = 22, = 23 = = Then V2is 


+ + + dsx3) = 0. 
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7’ contains a line, J, , of nodes, with the equations x, = 2; = 0. The members 
of the pencil of planes 72 = ax cut V? twice in J, and in a further line 
la : tya(al, + + + ds) = 0, = 


|, and 1, meet at (—adz — ds, 0, 0, at, + acs). The point (x;, 0, 0, 2) is on 
two distinct lines, la, lai , unless the roots a, a of 


+ acs) + + = 0 
coincide. This happens if 
(8.5) (cat + dots)” — = 0. 
The discriminant of 8.5 is 


which is zero only if the case is degenerate. Hence, 8.5 defines two distinct 
points, Q; and Q., on l,. The points R,; = (1, 0, 0, 0) and R, = (0, 0, 0, 1) 
are the only points of V2. 

8.6 THEOREM. J'wo forms F and F belonging to case N, are g-equivalent if 
and only if the unordered pair of points Q, , Qe are projectively equivalent to the 
unordered pair Q, , Qe under a projectivity which sends V} into V} . 

Proor: The “‘only if” is obvious since the points Q and # are defined purely 
in terms of V2 and Vi. The “‘1f’’ follows by normalization of 8.4 to a form 
containing a single parameter and then computation of the cross ratio of the 
four points in terms of this parameter. Subcases may arise in which one or 
both of the Q’s may lie on V2. 

N; gives the single class represented by 


0 
|| tas || = 


Ns gives the single class represented by 


0 Ze 
Yq Le 


tas || = 


\; gives a family of g-classes with parameter a ¥ 0, —1 


0 
= |] 22 |). 
Yq ax3; 


Two forms F, F’ in case N; are g-equivalent if and only if a + 1/a = a’ + 1/a’. 
The argument for the cusp case is only slightly different. Necessary and 
‘uficient conditions for W, to be cuspidal can be written in the form of 4.3 and 
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8.2 utilizing Puiseux expansions. There is just one class under N,z, repre- Of 
sented by are ¢ 
0 
—Xo The 
In every nodal case the principal manifold contains a line of nodes, and it is pairs 
also a cone in cases N3; and N;. are t 
9, The degenerate cases. Consideration of the manifolds V; , V:, V}, V?, 
V:, Vz, and the relations between them defined by the transformations 7,, 10. 
T:, T3 is sufficient to distinguish between the classes of degenerate forms in form| 
all save one set of classes, whose members are identical save for different values of a | 
of a parameter and the distinctness of these classes follows from [14], p. 687; the f 
case 4. 10. 
The classes are first divided into sets of classes according to the nature of V} jective 
and V!. Then among the classes possessing equivalent V} and equivalent V! equiv 
we make a second subdivision according to Vz or V2 or both, and if this is still 10. 
not sufficient to complete the classification we consider V; and V2. In the grequ 
appendix is a table which contains the matrix || yg || for a representative of each Ih 
degenerate class (3, 3, 4) and sufficient information to distinguish between the [14] a 
different classes. The proof of the completeness of the table is a normalization leave 
process along the lines of the similar proofs in [13] and [14] (i.e. successive dis- Hy = Th 
carding of forms equivalent to one retained). Because of its similarity to those Jy sgeb 
and its length we shall omit the completeness proof. minal 
We note that the terminology “degenerate cases” is justified in that V; isa [eq “gen 
reducible cubic in all of the degenerate classes except gl1 and g12 in which it Hy i an 
is a ruled cubic with a nodal line. Furthermore, it is also true that no manifolds Hy fist i 
can be V2 for both a degenerate and a linear non-degenerate class, so that it 7 theor 
would have been possible to have defined “degenerate class” in terms of V; Bq Tw 
alone, proper account being taken of classes g11 and g12. y butt 
As a partial summary of the results listed in the table of classes we give the 4 minar 
following theorem which solves problem I for the degenerate cases. Ay lence 
9.1 THEorEM. A necessary and sufficient condition for the equivalence of two ; is rat] 
degenerate trilinear forms F and F with (p, q, r) = (3, 3, 4) is that Vi and im ics 
be simultaneously projectively equivalent to Vt and v? fort = 2, y, z in turn, & We 
except in the following cases: 
a) If Vi, Vy, V} consist of 2, 1, 1 points respectively, Vz of three independent 4 10.3 
planes, and T;, T, map V1, into m2 respectively,’ and the same for F, then 4) V, 
F ~ F and only i) = and = or ii) m and # 4 Vy 


b) If Vz Vy , Vi consist of 1, 0, 0 points respectively and V3 is a line; and the 4 ) Vi 
same for F, then F ~ F if and only if a + 1/a = & + 1/4 where a, aare the i Vith | 
parameters of F and F in the canonical form given for the classes 9:2 in the table. , valid, 


16 , being planes of V2. 73) 
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Of the 53 degenerate cases (the infinite family of g-classes discussed in 9.1b 
are counted as one case, 9:2, but each other case includes only a single g-class) 
wnsideration of Vi, V:, Vz, and V; is sufficient to isolate 37 and to divide the 
remaining 16 into 8 pairs. In four of these pairs: e,8, e68; ¢16, e565 f:2,fr2 
the distinctness is a consequence of different projective situations of V; on V2. 
The distinction between e36 and ¢6 is given in 9.la. In the remaining three 
pairs; fol ; ; gs2 consideration of V; and is sufficient, and these 
are the only degenerate cases which require consideration of V; and V2. 


10. Trilinear forms with3 < p<qZror3 <p=qsr. Although not 
formulated in the language of trilinear forms the work of Room” on the freedom 
of a projectively generated (determinantal) manifold can be rephrased to give 
the following theorems: 

10.1 Tazorem. In general, two forms F and G with3 < p < q S r are pro- 
jectively equivalent if and only if their principal manifolds are projectively 
equivalent. 

10.2 Tozrorem. In general, two forms F and G with 3 < p = q S r are 
g-equivalent if and only if their principal manifolds are projectively equivalent. 

In a sense 10.1 and 10.2 solve problem I for all cases (p, q, r) not treated in 
(14] and the earlier sections of this paper. However, the qualifying “in general’ 
leaves much to be desired and requires some clarification. 

There are at least two current interpretations of “in general.’’ The modern 
algebraist means by “general” that the coefficients are independent indeter- 
minants over the base field. The traditional algebraic geometer means by 
“general” that the coefficients are given elements of the base field but are not 
in any special relation to each other. In this discussion we shall denote the 
frst interpretation by “generic”? and the second by “non-special.’”’ The above 
theorems refer to the second interpretation. 

Two completely generic trilinear forms with the same p, q, 7 are isomorphic 
but the concept of projective equivalence is meaningless (unless the indeter- 
mnants of the two forms are related). On the other hand, projective equiva- 
lnce always has meaning for non-special forms, but the concept non-special 
is rather vague and can be made definite for objects of a given category only 
after the relevant properties of these objects are known. 

We can illustrate this by discussing several possible definitions of non-special 
forms (3, 3, 4). We consider first 

10.3 Dermnrrion. A form F(3, 3, 4) is said to be non-special if 
i) V, is empty. 

t) V; consists of 6 distinct points not on a conic and no 3 on a line. 
Vis not projectively equivalent to 


oo this definition of non-special the following theorem (ef. theorem 6.6) is 
valid, 


[3] Chapter VII, especially p. 124, or [10]. 
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10.4 Taxorem. In general, F ~ F if and only if Vi, Vi are projectively 
equivalent to , V2, respectively. 

However, 10.4 remains true (cf. 7.2) with a much weaker definition of “in 
general.”” We may delete 10.3¢ and replace 10.3b by 
(10.3b’) V} is zero dimensional of order 6 and W, is non-nodal. 

But this modified definition could hardly have been made without the complete 
solutions of problems I and II for forms (3, 3, 4) at hand. 

The “only if” of 10.4 is valid for any definition of “in general.” The “if” 
follows for any non-degenerate case in which V; defines a unique W,. This is 
the real reason for distinguishing between the non-nodal and nodal cases. 

The situation for (3, 3, 4) suggests that the non-special need not be of the 
strongest possible type and leads to the question: Just how special can a trilinear 
form (p, q, 7) be and still be non-special with respect to theorems 10.1 or 10.2? 
It is certain that the concept ‘‘non-special’’ must include some generalization 
of the concepts “non-degenerate” and “nodal,” and it is possible that no further 
requirements need be made. 

TuroreEMs 10.1 and 10.2 give no clue to the solution of problem II. For 
forms with p = g, Room” has a theorem which gives necessary and sufficient 
conditions that a hypersurface can be a principal manifold, but these conditions 
being inductive in nature are not completely satisfactory from our point of view. 
However, in any systematic attempt at solving problem II one would do well 
to take account of the numerous examples and theorems contained in Room’s 
work. 

Appendix. The cases in the table of g-classes are labeled first with a small 
letter describing V) and V: and then a number giving the projective nature 
of V2. When there are several cases with the same letter and number, sub- 
scripts are attached to the letter. The capital letters after the comma describe 
V; and are not a part of the label. The key to the letters and numbers used 
follows: 

V; and are 

both lines 

one a line and one a point 

both points 

one two points and one a single point 
both a single point 

one a single point and one empty 
both empty 


Qa 


V2 is 

quadric and plane meeting in a conic 
quadric and plane meeting in two lines 
cone and plane meeting in a conic 

cone and plane meeting in two distinct lines 
cone and plane meeting in a single line 


aor WD 


18 [3] p. 65. 
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12 


three independent planes 
three coaxial planes 

two planes one double 
triple plane 

whole space 

ruled cubic with nodal line of first kind" 
ruled cubic with nodal line of second kind’® 


HOOD NN 


single point 
points, > 1 
one line 


two intersecting lines 


two skew lines 
conic 

plane 

empty 


(In combinations such as LP; read “line plus 7 points.’’) 


TABLE OF DEGENERATE g-CLASSES 


a,10, L, 


18, Q 


a6, LP» 


Le 


a8, Le 


LP 


Y2 
0 


Y2 


“See [1], p. 61. 
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¥3 
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¥3 
Y2 


Ls 


c6, LP» 


d.6, LP; 


618, 4 


€38, C 
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a7, 
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y O O y O O 
P 0 Yo Ys 0 P. 3 0 Y2 0 fil, 
Ye Ys 0 0 
ys O Ys 0 0 
Ps y O Ps O ye ys O fil, 
O ys YW Ye ye O ym Ys 
ys O O O 0 0 
e46, LP 0 Y2 0 ¥3 P. 3 0 Y2 0 gil, 
ye O ym O y O ¥3 
y3 O O O 0 0 (6,1 
66, P. 2 0 Y2 0 ¥3 3, CP 0 Yo Ys 0 . 
Ys yw O 0 ¥s 
0 y 0 0 0 
y e2, Le 0 Yo Ys 0 el, ¢ 0 Yo Ys 0 
yi. O Y2 y 0 O Rez 
fi5, Pe ye O ys O f25, L O ys O 
ys y O 0 ys O 
O ¥s Ys O gol, 
f5, Pp Y2 0 ¥3 0 f 14, P. 2 Y2 0 Y3 0 
O ys ye O ys O O Um 
Oyt+ys yi O Y2 
SoA, Ps |i ye O ys LP |l ye O ys O (I) A. 
Ys O O ys O “4 
fid,P2 | 0 ye O ys f3,Ps | 0 yx O ys 
0 ys ye O 0 yw y O 
Ps 0 Yo 0 ¥ fi2, Po ye O O 
0 y2 O ys ye O 
ye 0 O fs2, L yo O 
0 ys ye O 0 ys ye O (0) T. 
O ys O yi O Ys Ye (ll) Vir 
L y 0 O P ye O O ¥ | 
0 y 0 Ye 
Sc2, LP ye O ¥s S12, Pe ye O O ¥s 
0 Ys Ye 0 0 Y3 0 
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y 0 O yi y O O 
fl,P || O Ys fol, P2 yo yr O ys 
0 ys yr 9 0 ys yz O 
yz O ye ys O 
fl, P2 | ye O Ys gi2z,L | 0 0 
0 ys y O 00 
yO 0 0 
| 0 O g8, P 
00 w NM 
ye ys O O 
g6, P —ys O g3, Pe 0 0 
O O 0 ys O 
y ys ye ¥s yw O 
g2,P || 0 ay ye O go2,P2 || 0 O0O y m 
Yi 0 Ys 0 O Ys 0 
y ys 0 Y 
g2,P2 O Ye gil, 0 
ye ys O 
gl, Py 0 0 Yo Yi 
Cm ys O 
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HOMOMORPHISM OF GROUPS 
By J. H. M. WeppERBURN 


(Received October 18, 1940) 


As usually given homomorphism between groups is a many-one relation but 
it will be shown below that the treatment of the many-many relation is just as 
simple and in some respects clearer because of the symmetry. 

Let G and H be two groups each divided into mutually exclusive sets 


G=GQ4+@+.---= 

G, ~ G, = 0, H, ~ H,=0 (p ¥ q) 

where the notation is not to be taken to mean that the sets are denumerable; 

the elements of a set G, will be denoted by g,, Ip ,-++. Then G is said to be 

homomorphic to 7, G ~ H, if 

(1) = H,H, H,. 

If = g:, then H,H, H,; but H, A H, = 0 if r 8; hence r = s, that 

is, (1) implies 

(2) GG, 

Again, if hah, = let gags = ga; then HH, S Ha. But < ; 


therefore H. ~ Ha ¥ 0 so that d = c and, since ga < Ga no matter what elements 
go and g, are in G, and G,, we have 


that is, the relation of homomorphism is reflexive. 
Suppose now that the identity g, is in G, ; then 


= Jr = DAG, = Gy = 

for all p, and therefore 
(3) MH, H,, H,Hi Hp. 
If the identity of H lies in H,, it follows similarly that 

H.H, = H, = H,H, 
and in particular 

HA, = = HH, . 
But from (3) HH, < H. and hence a = 1, so that the identity of H lies in . 

Since G is a group, any g; has an inverse, say gp, such that 
= 91 = - 
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Hence HGp S Gi: but G:G, = G, and hence Gp = G,, that is, G; is a group. 
since the relation is reflexive, H, is also a group. Let gp be any element of G, 
#1) and let Gp = Gq < Gy; then G,G, ~ G, > g; and therefore from (2) 
0,6, $ G1. But GG, so that Gg, But Gy, < G,G, so that 
Go G1 ; hence 


Gp = S Gp 


so that 
(4) G, = 
for every element gpin Gp. Similarly Hy = Hyhy and Gp = g,G,, Hp = hp, , 
«that G, and H, are invariant in Gand H. The final result can now be stated. 
TaroreM. If G ~ H, thenalsoH ~ G. If G, contains the identity of G, then 
H, ~ G, contains the identity of H. Further G, and H, are invariant subgroups 
if @ and H, respectively, and G/G, ~ H/H,. 
Let G, be a subgroup of G minimal with respect to the property that there is 
ahomomorphism with H given by G/G,; ~ H/H;, ; and let G2 be a second such 


subgroup. If we set 
then g; ~ hy in the first homomorphism, and g; ~ h; in the second. Let 
B=QGAnAG, G=LBi, G= DB: 
C=hAm, 
then = >> Bysy; , and 
G= = Brain 
H = = Canin 


which gives a homomorphism between G and H by means of B and C. But 
B is a subgroup of G, which is minimal and hence B = G, and so Gz = G,. The 
ninimal subgroup G; is therefore unique. 


Princeton, New JERSEY. 
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AN ANALOGUE TO MINKOWSKI’S GEOMETRY OF NUMBERS IN A 
FIELD OF SERIES 


By Kurt MAuLER 
(Received November 16, 1939) 


Minkowski, in his “Geometrie der Zahlen” (Leipzig 1910), studied properties § 


of a convex body in a space R, of n dimensions with respect to the set of all 
lattice points. Let F(X) = F(a, ---, tn) be a distance function, i.e. a func- 
tion satisfying the conditions 


F(O) = 0, F(X) > Oif X # 0; 
F(tX) = |t| F(X) for all real ¢; 
F(X — Y) S F(X) + F(Y). 


The inequality F(X) < 1 defines a convex body in R, which has its centre at 
the origin X = 0. Suppose that this body has the volume V. The well known 
result of Minkowski asserts that if V = 2”, then the body contains at least one 
(and so at least two) lattice points different from 0. This theorem is contained 
in the following deeper result of Minkowski (G.d.Z. §§50-53): “There are n 
independent lattice points X, X®, ... , X°” in R, with the following properties: 


(1) F(X) = o" is the minimum of F(X) in all lattice points X # 0, and for 
k = 2, F(X) = o™ is the minimum of F(X) in all lattice points X which are 


independent of X,.-., X“. (2) The determinant D of the points X”, 
, X satisfies the inequalities 


1<|Dj<nl. 


(3) The numbers o“ depend only on F(X) and not on the special choice of the 
lattice points X“, and they satisfy the inequalities 


0 < < o” 2" < Ve oe” < 


ac, al = 
(A new simple proof for the last part of this theorem was given by H. Davenport, 
Quart. Journ. Math. (Oxford Ser.), Vol. 10 (1939), 119-121). 

From Minkowski’s theorem, properties of general classes of convex bodies 
can be obtained. For instance, there is a convex body G(Y) < 1 polar to F we )3 s 
1, and to this body correspond by the theorem n minima 7°’, twee, 

I have proved (Casopis 68 (1939), 93-102), that these minima are related to the 
o’s by the inequalities 


1s < ny? (h = 
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from this result, applications to inhomogeneous Diophantine inequalities can 
be made, and in particular, generalizations of Kronecker’s theorem can be 
btained. 

The present paper does not deal with ordinary convex bodies in a real space. 
The n-dimensional space P,, with which we shall be concerned has its coordinates 
na field & with a non-Archimedean valuation |z|; a distance function is any 


junction satisfying 
F(O) = 0, F(X) > Oif X #0, 


F(tX) = |t| F(X) for all tin &, 
F(X — Y) S max (F(X), F(Y)). 


The inequality F(X) < 7 then defines the convex body C(r), if r > 0. We 
show that every convex body is bounded, and that it has properties similar to 


a parallelepiped in real space. 
In particular, let & be the field of all Laurent series 


= al + + 


vith coefficients in an arbitrary field f; the valuation | z | is defined as | 0| = 0, 
ad |c| =e’ if ay ~ 0. Further let A, be the modul of all points in P, , the 
wordinates of which are polynomials in z with coefficients in f; these points we 
all lattice points. We consider only distance functions F(X) which for all 
X ¥ 0in P, are always as integral power of e. We shall define a certain posi- 
tive constant V as the volume of C(1); this constant is invariant under all linear 
transformations of P,, with determinant 1, and the volume of C(1) and that of 
its polar reciprocal body C’(1) have the product 1. In analogy to Minkowski’s 
theorem, the following theorem holds: “There are n independent lattice points 
X"..., X in P, with the following properties: 1) F(X?) is the minimum of 
F(X) in all lattice points X ¥ 0, and for k = 2, F(X“) is the minimum of F(X) 
in all lattice points X which are independent of X°,...,X“". 2) The deter- 
ninant of the points X, ... , X™ ig 1. 3) The numbers F(X“) = o, which 
depend only on F(X) and not on the special choice of the lattice points X, satisfy 
the formulae 


= => 
Further, we have similar minima , cee, 7” for the distance function G(Y) 
which defines the polar body C’(1); these are related with the o’s by the equations 


(h = 1,2,---,m). 


These two results can be used to study special Diophantine problems in P, ; 
‘few of them are considered as examples. All the proofs in this paper are 
lased on the methods of Minkowski, and in one final paragraph I make use of 
ideas of C. L. Siegel. 
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I. Convex Domains IN NoN-ARCHIMEDEAN SPACES 
1. Notation. In this chapter, we denote by 


an arbitrary field, 

|a| a non-Archimedean valuation of the elements x of 
R the perfect extension of R with respect to this valuation, 
P,, the n-dimensional space of all points or vectors 


xX = 5 ahs 


where the coordinates 4, , +--+ , Xn lie in R, 
|X | the length of the vector X, viz. 


| X | = max (| 2 |, --- , | Z|). 
We apply the usual notation for vectors in P,, ; thus if 
X= and Y = +++, Yn), 
and a belongs to &, then we write 
X+V + yn); 


aX = (am, azn), 


XY = Do aay. 
h=1 


For instance, the length | X | of X has the properties: 


(1) | X | = 0, with equality if and only if X = (0, --- , 0) = 0; 
(2) |aX | = |a|| X |, if ais any element of &; 

(3) |X +Y¥| max (|X|,|¥)); 

(4) |XY| s|X||¥|. 


If D is any sub-ring of &, and X, ... , X are vectors in P,,, then these 
are called D-dependent, or D-independent, according as there exist, or do not 
exist elements a, --- , a, of D not all zero, such that 

aX” +...+4,X” =0. 


A set of vectors of P, is called a D-modul, if with X and Y it also contains 
aX + bY, where a and b are arbitrary elements of D; the modul has the dimen- 


1 This means that the function | z | satisfies the conditions: 
|0| = 0, but |z| > 0 for z #0, 


y| S max (| 2], | y |). 
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jon m, if there are m, but not m + 1, D-independent elements in it. The di- 
mension of a ®-modul is at most n, while that of any other class of moduli need 
not be finite. 


, The distance function F(X). A function F(X) of the variable point X 
in P, is called a general distance function, if it has the properties: 


A) F(X) 20; 
B): F(aX) = |a| F(X) for all a in &, hence F(0) = 0; \ 
(): F(X = Y) S max (F(X), F(Y)); 


itis called a special distance function or simply a distance function, if instead 
if (A) it satisfies the stronger condition 


(A’): F(X) > 0 for X # 0. 
[iris a positive number, then the set C(r) of all points X with : | 
| F(X) Sr 


goatee a convex set; if F(X) is a special distance function, then it is called a 
7 convex body. It is clear from the definition of F(X) that a convex set C(r) 
contains the origin 0, and that with X and Y also aX + bY belong to it, if a 
aid b are elements of & such that |a| < 1,|b| $1. Further, if 


(1, 0, , 0), E® = (0, 1, 0), - , = (0, 0, - 1) 
| we the n unit vectors of the coordinate system, then 
ie. F(X) S a,|F(E™)), 


and therefore 
| F(X) 
hese I there T is the positive constant 


note 
r= max (F(E™)). 
h=1,2,-+*,n 


((r) contains therefore all points of the cube 
ains 
1en- 

| Ve prove now that for special distance functions there is a second positive con- 

| tant y, such that for all points in P,, 

| () F(X) = 

4 


|] . Ve consider only convex sets and bodies as defined; they are obviously symmetrical 
Vth respect to the origin. 
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Proor: We assume that (6) is not true and show that this leads to a con- 


tradiction. 


By hypothesis, there is an infinite sequence S of points 


such that 


Since 


X® = an) #0 


lim 


hve | 


F(X) 


(h = 1, 2,3,...), 


0. 


F(aX) _ F(X) 


[ax] |X| 


for alla ¥ 0 in &, we may assume that for the elements of S 


lim F(x) 


0, 


so that in particular the n real sequences 


are bounded. 


|, | 


= 1, 


|, | ae? |, (k = 1, 2,---,n) 


Hence we can replace S by an infinite sub-sequence which we again call S: 
X®,..., such that the n real limits 


(7) 


a, = lim | 2" | 


exist and satisfy the equation 


max 1. 


k=1,2,°- 


We call S a sequence of rank m, if exactly m of the limits a; , a2, --+ , dn do not 
vanish; without loss of generality, these are the m first limits a; , a2, +--+ , Gn. 
Obviously 1 S m S n. 


If the rank m = 1, then for large h 


(h) 
xX 
| | = 1, and (1,259 


say, where 


Hence by (5) 


FE") = P( 


xXx” 


h 
oP 


a” 


(h) 


(h) 


ai” 


lim | X*” | = 0. 


< max (F(X), | X*” 


The 
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and therefore for h 
0 < F(E”) S 0, ie. F(E®) = 0, 


which is not true. 
Hence the rank m = 2. Put 


xXx” x” 


Then from (7) for large 9; h 


(9) (h) 
< max (7 2 max (F(X), F(X”), 


and therefore 


Two cases are now possible: 


a: The limit 
lim | X%” | = lim max (| |, , | ai?” |) 


exists and is zero. Hence the vn limits in & 


(8) = lim (k = 1,2, +++, n) 


all exist, and in particular 


80 that 
X* = (af ,---, an) ¥0. 
By the continuity of F(X),* 


F(X*) = lim F (7) = | tim F(X”) =0 


which is not true. 


b: The limit 
lim | X | 


' If ¢ > Ois given, then there is a 8 > 0, such that | F(X) — F(Y) | < efor|X — ¥| <4, 
48 follows easily from the properties (B), (C), and (5). 
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either does not exist, or exists and is different from zero. That implies that at 
least one of the limits (8) does not exist. Now obviously 


lim | | = 0 (k = m,m +1, ---,n), 
since for large g, h 
a ay” 2 


(g) 
max (| |, | ze” |) 


(k =m-+1,--- 
Hence the index y of this non-existing limit (8) is S m — 1. For this index, 
lim 


either does not exist or exists and is different from zero. Hence there is an 
infinite one-dimensional sub-sequence 


(9) KX 
of the double sequence X°,, such that for all 7 


| 6, 


(i = 1, 2,3, ++.) 


where c is a positive constant. Further obviously 
lim F(X"? = 0, 


lim | | = 0 (k =m,m+1,---,n), 


and all m — 1 first coordinates 
op hi) (k = 1,2,---,m-—1) 


are bounded for i 
Let &; , for every 7, be the coordinate 
(k = 1,2,---,m-— 1) 


of maximum value | z{%*""? |; hence 


since | &| 2 | ar"? |. 
Then there is an infinite subsequence 
(j = 1, 2, 3, ---) 
of the sequence (9),.such that, if 


= = (2%, = 1, 2,3, -); 
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then all n limits 
lim | 2% | = a (kK = 1,2, ---,n) 


exist and satisfy the equations 
max (a1, ,@,) = 1, Om = = +++ = a, = 0, 
and 


lim F(X% i?) = 0, ite. lim F(X’) = 0, 


jive 


0 < lim F(X") 


: 
c 


Therefore the new sequence S’ 


has the same properties as S, but is of lower rank. Hence by induction with 
respect to the rank, a contradiction follows also in this case.— 
By the inequality (6), all points of the convex body C(r) lie in the finite cube 


|X| 


a convex body is therefore bounded. Conversely, if a convex set is bounded, 
then it is a convex body. For if its distance function F(X) is not special, then 
there is at least one point X° + 0, such that F(X) = 0; hence all points of 
the straight line passing through X and the origin 0 belong to the set. 


3. The character of a convex body. Let C(r) be a convex body, F(X) its 
distance function. If X’ ~ 0 is an arbitrary vector, then the point X = aX’, 
where a is an element of 8, lies in C(7) provided that | a | is either sufficiently 
small and positive, or 0. Hence for every index h = 1; 2,---, n, the set S, 
of all points 


X = (4, +++ , Xn) with m= --- = xz, ~ 0 
of C(r) is not empty and contains an infinity of elements. By (6), 


|an| 


for the points of S,. Therefore | z, | has a positive upper bound & in this set, 
and to every « > 0 there is a point 


h) h h 
for which 


magne 
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whereas there is no point X for which 
F(X) 7, = By =O, > &. 
The system of the n points 


corresponding to ¢« is obviously §-independent, and any point X of P, can be 
written as 


X = + + 
where the u’s belong to & and are given explicitly by 


Une = Ohke Te (h = 1,2,---,n) 


with a matrix 
(Chke) 


of non-vanishing determinant and elements depending on e¢, but not on X. 
We distinguish now whether the valuation | x | of &, is discrete or not. 
If | x | is discrete, then there is a constant b > 1, such that for all z ¥ 0 in &* 


|x| = b° 


4 If | z| is discreet, then F(X) has a similar property: The set s of its values for X in 
P, has no point of accumulation except 0. This is clear for n = 1, for then all vectors are 
multipla of the unit vector (1). Suppose that the statement has already been proved for 
all spaces of n — 1 dimensions, but that it is not true in P,. There is therefore an infinite 
sequence = of points 


X® = (a(t), (k = 1, 2, 3, 
in P, , such that all numbers 
F(X), F(X®), F(X®),... 
are different from each other, and that the limit 


lim F(X) =x 


exists and is positive. Write 


X® = EO 4 Xw* (k = 1, 2, 3, 
where 
= (0, oft), (k = 1, 2, 3, 


lies in the (n — 1)-dimensional subspace Pn1: t; = 0, of P». By (6), | 2{* | is bounded in 
2; hence we may assume that 


lim | | = 
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with a rational integer g depending on x. In this case the set of values | x4? | 


satisfies the equations 
| ax? | = & 


index e. Put 


= rmax (|u|, (ual) = max ( 


Then obviously 
F(X)S7, if &(X) 

Conversely let X be any point in C(r). Then 


S& 
and therefore 


| 21 | 


= 1. 


= 


since, if necessary, we can replace = by an infinite subsequence. If » = 0, then for all 


sufficiently large k 
F(X®) = F(X), 


s0 that the sequence X‘)*, X@*, X(@)*, ... has the same properties as 2, contrary to the 


hypothesis on Py; . 
Hence if 


=q®, then  lim|q| = 1, 


so that for all sufficiently large k 
| = 1. 
Obviously 
X*® = — = — 
lies in Px, and for all large k 
F(X®) = F(q®X®) F(X@»), 
Hence 
F(X*®) = max (F(X), 
Therefore the sequence of positive numbers 


F(X*®), F(X*®), F(X*), 


‘ontains an infinity of different elements and has the limit A, so that again a contradiction 


is obtained. 


(h = 1, 2, n) 
for all sufficiently small «. We assume that « is sufficiently small and omit the 
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Hence, if 
X’ = X — wX” = (0,28, ---, za), 
then 
F(X’) S max (F(X), |u| F(X)) S 1, 
and so X’ also belongs to C(r). Therefore 
S &, 
so that 


| 2 | 
= 


Continuing in this way, we obtain all inequalities 
| | = 1, +++, | Un | = 1, 


i.e. we have proved 


6(X)<t if 


Ahk Tk ) =< 1 
k=1 


is called a parallelepiped; our result may therefore be expressed in the form: 
If the valuation | x | is discrete, than every convex body C(7) is a parallelepiped. 
As we have proved, the two domains 
F(X)S7r and 
are identical. In general, this does not imply the identity’ 
F(X) = &,(X) 


for all X, and the function ,(X) depends on r. Suppose, however, that the 
set of values of F(X) is the same as that of the values of | x |, and that 7 is also 
an element of this set.° Then 


The domain defined by 


* &,(X) = max ( 


h=1,2,+++,n 


®,(X) = 6(X) 
becomes independent of 7, and for all X in P, identically 
(10) F(X) = ®(X), 


as follows easily from the property (B) of the distance functions.— 


5 E.g., if R = K is the p-adic field (p = 3), n = 2, and 
F(X) = max (| |p, 2 | 22 |p) 


6 It suffices to assume that F(X) does not assume every positive value, and that the 
equation F(X) = 7 has no solution. 
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Next assume that the valuation | x | is not discrete, so that its values lie every- 
where dense on the positive real axis. Now the n vectors 
xX? 
€ € 


will depend on ¢, and so does the function 


Ahke Lk 


6,(X) =17 = max 


Evidently 
(11) if @(X)S7r 
Conversely, suppose F(X) Then 
| | 
and therefore 
| 21 | 
| U1. | = | “<i +e. 
Hence, if 
Xi = X — ue = (0, tx, Teed, 
then 


F(X?) S max (F(X), | w. | F(X!)) < + 
There is a number @, in R such that 
F(X) S|a|rS (+07, ie. Fla X) <r. 


Hence 
S$ (1+ 0b, 
and therefore 
| tee | = 
80 that, if 


Xl we = X (we X!? + = 0,0, 28, 
then 
F(X¢) S max (F(X), | | F(X?) < (1 + 
Continuing in the same way, we obtain the n inequalities 


| < (1 + ©)" (h = 1,2,---,n), 
hence 


(12) ®,.(X) <(1+6)"7, if F(X) <r. 
From (11) and (12), since e > 0 is arbitrarily small: 
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If the valuation |x| is everywhere dense on the positive axis, then the conver whet 
body C(r) can be approximated arbitrarily near both from the inside and outside 
by means of parallelepipeds. 

Take now, say 7 = 1 and put has 1 


To every point X, there are two elements a and 6 of &, such that we k 


@(X) (1+ 6%(X) and F(X) S (1+ &F(X). 
Hence from (11) 


n 
Ahke 
k=1 


h=1,2,°*+,n 


wher 
and from (12) ; 
is no 
x X n n all 
FUG $ 1, <(i+.", S$ 
and therefore uniformly in X = 
(23) (1 + S F(X) S (1 + 5. 
In general, these inequalities cannot be improved to an equation analogous to © Yan 
(10), e.g. if F(X) = 7 has no solution. 1 (14) 
4. The character of a convex set. If F(X) is not special, then the set M of | In 
all solutions of F(X) = 0 contains elements other than X = 0. From (B) and 
(C), with X and Y also aX + bY belongs to M, if a and b are elements of &. 
Hence M is a &-modul, say of dimension n — m. Obviously m < n; it is pos- © be th 
sible that m = 0, but then F(X) vanishes identically and C(r) is the whole / 
space. Suppose therefore, that 1 < m S n — 1, and let . 
be n — m8-independent elements of M, 
P®. p® p™ 
m other points of P, , so that the system of n vectors i 
j 
is still R-independent. Then every point X in P, can be written as ; where 
X +... + 
with elements 1; , , Un of R, viz. does : 


Un = (h = 1,2, 
k=1 8 


§ 
| 
| 
| 
| 
| 
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where the constant matrix in & 
has non-vanishing determinant. Since i 
F( = 0, 
we have 
F(X) = r(x uP”) = V(V), 
i=l 
where 
V(V) = 00) = ¥( Bum, Bass) 
k=l k=l 
is now obviously a special distance function in the m-dimensional space P,, of : | 
all points V = (v1, +++, Um). Every convex set with m > 0 can therefore i 


be considered as a cylinder, the basis of which is a convex body of m < n di- 
mensions. 


5. The polar body of C(r). Let F(X) be the general distance function of §4, 
Y an arbitrary vector in P,. Then we define a function G(Y) by 
(4) GO) = 0; G(Y) = lim sup (| XY )) for all X with F(X) < 1, if Y ¥ 0. 
In order to determine this function, let 


Q”, Q”, Q” 
be the n points in P,,, which satisfy the equations 
P™ Q® 1 forh =k, 
0 forh#k, 
and write 
Y = +--- + 
then 


we = (h = 1,2,---,n), 
k=1 


where the determinant of the matrix in & 


n 


does not vanish. Then 


XY = vw, + oes + UnWn. 
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Hence obviously 
G(Y) = , unless Wnit = +++ = Wn = 0. 


Suppose therefore that 


(15) Wnt = Unie = --- = w, = 0, 
and put 
GY) = x(W), 
where W = (w,, +--+, Wm) is a vector in P,. Then from (14), 


(16) X(0)=0; X(W) =limsup (| VW |) forall Vwith¥(V) <1, fW ¥0, 


so that the relation of X(W) to W(V) is the same as that of G(Y) to F(X). 
By §4, ¥(V) is a special distance function, and so is X(W), as follows easily 
from (16) and the properties (A’), (B), and (C) of ¥(V). 

We call G(Y) the polar function to F(X); for m <n tt is not itself a distance 
function, but becomes one in the m-dimensional space (15), where it coincides 
with X(W). The set C’(1/r): G(Y) S 1/r, is further called the polar set to 
C(r); it lies entirely in (15) and here is identical with the convex body 
X(W) = 1/r. 

Suppose now that m = n, i.e. both F(X) and G(Y) are special distance func- 
tions; then the polar set C’(1/7) becomes a convex body. We shall prove that 
in this case the relation between F(X) and G(Y) is reciprocal, i.e. F(X) is the polar 
function to G(Y) and C(7) the polar body to C’(1/r). 

This assertion is evident, if F(X) = | X |, for then obviously G(Y) = |Y]. 
Further let 


Q = OX = 


be an arbitrary matrix in with nonvanishing determinant, and its comple- 
mentary matrix, so that for all X and Y the scalar product’ 


Ox.a*Y = XY. 


Then the transformed distance functions G’(Y) = G(Q*Y) and F’(X) = F(&X) 
have still the property that the first one is polar to the second, since 


G'(Y) = GQ*Y) = lim sup (| Y |) 
F(x)<1 


= lim sup (|@X-0* Y |) = lim sup (| XY)). 
F(2X)<1 F’(x)si 


Further, if F(X) and F2(X) are two distance functions such that for all X 
S F(X), 


The vector X’ = (x, , x,) = OX is defined by 2, = ante for h = 1,2, »™ 
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then the polar distance functions G;(Y) and G:(Y) satisfy the inverted in- 


uality 
= G(Y). 


We distinguish now the same two cases as in §3. If the valuation |x| is 
discrete, then we showed the existence of a matrix 


A = (Oak) 
in & with determinant different from zero, such that 
F(X) = &(X) = | AX | 
identically in X. The polar function to F(X) is therefore 
G(Y) = | |, 


and since (AX)* = A, the statement follows at once.—In this case, the definition 
of G(Y) can obviously be replaced by the simpler one: 


|XY | 
(17) GY) = = max 


Secondly, let | z | be everywhere dnt on the positive real axis. Then to 
every 6 > 0, there are two matrices 


= (oft and Ae = 

in & with non-vanishing determinants, such that if 

F(X) = Fe(X) = | |, 
then for all X 

S F(X) S F(X) S (1 + 4)Fi(X), 

as follows easily from (13). Hence if 

G(Y) =|ATY|, = | Ary | 
are the polar functions to F(X) and F(X), then also 

GAY) = G(Y) = GAY); 


and® 


GY) S (1 + 26)G,(Y), 


‘There is a number @ in & such that 


51+ 26. 
Then by hypothesis 
F\(X) S (1 + 6)F2(X) S F2(aX). 
Hence 


i s a (2 GY), 


sinee the polar function to F3(aX) is (2). 
a 
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for all Y. Since 6 can be taken arbitrarily small, the assertion follows again for 
the same reason.—In this case, the definition of G(Y) is easily replaced by 

| XY | 
By the proved reciprocity of F(X) and G(Y), the formulae (17) and (17’) re- 
main true if G(Y) is replaced by F(X) and vice versa. 


II. “GEOMETRY OF NUMBERS” IN A DOMAIN OF PowER SERIES 


6. Notation. We specialize now the fields ® and & of §1, and denote by 
f an arbitrary field, 
z an indeterminate, 
ZT = kz] _ the ring of all polynomials in z with coefficients in E, 
R = k(z) the quotient field of &, i.e. the field of all rational functions in z with 


coefficients in f, 
|a| the special valuation of R defined by 
0, 
if x 0 is of order f, 


R  the-perfect extension of R with: respect to. this valuation, i.e. the field of 
all formal Laurent series 


= aye! + + ay- eee 


with coefficients in £; if ay is the non-vanishing coefficient with highest 
index = 0, then |x| = e’, 

A, _ the set of all “lattice points’’ in P,, , t.e. that of all points with coordinates 
in 

The valuation | z | is by definition a power of e with integral exponent. We 
assume the same for all distance functions which we consider from now onwards, 
and we shall consider only convex sets or bodies C(r), where 7 is an exact power 
of e, say 7 = e’. 


7. The volume V of a convex body C(1). Let F(X) be a special distance 
function, C(e‘) the convex body F(X) S e‘, where tis an arbitrary integer. Itis 
obvious that the set m(é) of all lattice points in C(e) forms a f-modul. In the 
special case F(X) = | X |, this set has exactly 


M(t) = n(t + 1) 


f-independent elements. Hence, by the inequalities (5) and (6), m(é) has always 
a finite dimension M(t), and this dimension is certainly positive for large ¢. 


* The order of a rational function is the degree of its numerator minus the degree of its 
denominator. 
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Obviously 
(18) + 1) = Molt) + 
Suppose that ¢ is already so large that 


et Sr. 
‘*) can be written as 
A= Xo +.2X1, 
where X) and X; are again lattice points, and the coordinates of Xp lie in f, i.e. 


<1, F(X) s$Tse™. 


Then a lattice point in C(e 


Hence 
F(2X;) S max (F(X), F(Xo)) Se, F(X) Se’, 


so that X; lies in m(é). Conversely, if X; belongs to m(¢), then 
F(X) S max (F(2X)), F(Xo)) < e™. 


Now the two vectors Xp and 2X1, where Xy and X; are lattice points and | x | < 
1, are f-independent, and the Xo form a f-modul of dimension n. Hence 


(19) M(t+1) = M(@ +n. 
The two equations (18) and (19) show that for large ¢, the function M (t) — 
M,(t) of t is independent of t. Hence the limit 


(20) V = lim ef 


exists; it is called the volwme of the convex body C(1)."° In particular, if F(X) = 
|X|, then obviously V = 1. 


8. The invariance of V. Let 
Q = and = 


be a matrix with elements in @ and determinant D # 0, and its inverse matrix. 
The linear transformation 


or X=Q’Y 
changes F(X) into the new distance function 
F'(Y) = F(X) = F(Q’Y); 


let C’(c') be the corresponding convex body F’(Y) < e‘, and V’ the volume 
of C’(1). Then 


Vv’ = |DIV. 


_ This definition is analogous to that of the volume of a body by means of lattice points 
I an ordinary real space. 
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Proor: We denote by m’(t) the f-modul of all lattice points in C’(e'), by 
M'(t) the dimension of m’(¢), and prove the statement in a number of steps. 

1: The elements of Q lie in T, and D belongs to fF. 

The formulae Y = 2X, X = Q’Y establish a (1, 1)-correspondence between 
the elements X of m(t) and Y of m’(t). Obviously, this correspondence changes 
every linear relation 


ax” + + a,x” =0 


with coefficients in f into the identical relation in the Y’s, and vice versa; there- 
fore f-independent elements of m(¢) or m’(¢) are transformed into f-inde- 
pendent members of the other modul. Hence both moduls have the same 
dimension: M(t) = M’(t), q.e.d. 

2: Qis a triangle matrix 
ga |% % 0 


Ant Ann} 


with elements in T and determinant 
D = +++ Ann O. 
The equation Y = QX denotes that 
Yr = 
Y2 = Ant, + Arete, 


Yn = + + + AnnXn 5 
hence every lattice point Y can be written as” 
Y = ox* + Y*, 
where X* and Y* are again lattice points and Y* = (yj, --+ , yn) satisfies the 
inequalities 
| < | yz | < lyn | < | ane |. 
Therefore 
|Y*| a,ie af’; 
where ¢; is a positive constant depending only on @, and I” is the constant in (5) 


belonging to F’(Y). The set of all vectors Y* forms a f-modul m* of dimen- 
sion d, where 


= |au||a2|--- | aan | = | 


1 We use the trivial lemma: “To a and b = 0 in & there is a q and anr in &, such that 
a =ba+rand|r|<|b|. 
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Let t be so large that 
al”. 
Then for X* in m(t) 
F'(Y) = F(Q’Y) = F(X* + Q’Y*) S max (F(X*), F'(Y*)) e’, 
and conversely for Y in m’(t) 

F(X* + Q’Y*) e',i.e. F(X*) S max (F(X* + Q’Y*), F’(Y¥*)) < 
There is therefore a (1, 1)-correspondence between the elements Y of m’(é) and 
the pairs (X*, Y*) of one element X* of m(¢) and one element Y* of m*. Hence 
= + 4, qed. 

3: The elements of 2 belong to T. 
The result follows immediately from the two previous steps, since Q, as is 


well known,” can be written as Q = Q,0,, where the two factors are of the 
classes 1 and 2. 

4; The elements of Q lie in ®. 

Now 2 = 2,0 , where both Q, and are of the class 3, so that the statement 
follows at once. 

5: 2 has elements in &, such that 


|D| = 1, |an| $1 (h, k = 1,2,---,n). 
Then the same inequalities hold for the inverse matrix Q’, so that for every 
point X 
|oX|s|X|, |X| 
and therefore 
|X| = = 
Now to every lattice point X there is a second lattice point Y such that with 
a suitable point Y* 
ox = Y + Y*, | <4; 
then conversely 
a’Y = X + X*, | X*| <1, 
and 
oxX*= —FY*. 
The relation between X and Y is therefore a (1, 1)-correspondence which ob- 
viously leaves invariant the property of f-independence. Suppose that 


__'? This can be proved, e.g. by a method analogous to Minkowki’s “adaptation”’ of a lat- 
tice; Geometrie der Zahlen §46. 
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Then for X in 
F(X*) <T se, 
and therefore 
F'(Y) = F(QQ’Y) = F(X + X*) S max (F(X), F(X*)) 


so that Y lies in m’(é); conversely, if Y belongs to m’(é). then X is an element 
of m(t). Hence M(t) = M’(t), q.e.d. 
6: Finally, let 2 have elements in R. Then it can be split into 


Q = % + 2 
where % is of the class 4, while the elements of 0* lie in & and have so small 


values that 


= 


is of the class 5. Then the result follows at once, since Q = QQ; . 

Two conclusions are immediate from (21). The convex body C(e'), ice. 
F(z ‘X’) < 1, is obtained from C(1) by the transformation X’ = 2z'X; hence 
it has the volume V(e') = e"'V. Secondly, let G(Y) be the polar distance func- 
tion to F(X), and V’ the volume of the convex body C’(1), i.e. G(Y) S 1. Then V 
and V’ are related by the equation 


(22) VW’ =1. 
For by §5, there is a matrix A with non-vanishing determinant, such that 
F(X) =|AX| and G(Y) = |aA*Y|, 
hence 
V=(\A\)* and V’ = (jA* |)" = [A]; 


the statement is therefore obvious. 


9. The minima of F(X). To the distance function F(X), there exist n &- 
independent lattice points 


X® = ... (k = 1,2,---,n), 


such that 
F(X) =o” = e” is the minimum of F(X) in all lattice points X # 0, 
ey — _® 92 ° 
F(X") =o e” is the minimum of F(X) in all lattice points X which are 
R-independent of X“, ete., and finally 
F(X) = o” = e is the minimum of F(X) in all lattice points X which are 
R-independent of X®, X®,..., 


The numbers o”, o®, --- , o” are called the n successive minima of F(X). By 


this construction, the determinant 


D= | xf” 
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lies in & and does not vanish; further obviously 

(23) s--- Se” S%.- 
We shall prove the two equations 

(24) |D| = 1, 


n 1 


in the second one, V is again the volume of C(1). Thus, i in particular, > is an 
cement of f, and may obviously be taken as equal to 1. 
A: Proor or (24). Every point X in P, can be written as 


xX = yx” ox. 


where the y’s are elements of R. Then the coordinates x, of X are linear func- 
tions with determinant D of the coordinates y, of Y = (yi1,---,Yn). We 
define a new distance function II(X) by 


m(X) =| 


By (21), the convex body II(X) S 1 has the volume | D |; we determine it in 
the following way: 

If X is a lattice point, then Y also has its coordinates y, in ET. For since 
with Y also X is obviously a lattice point, we may assume without loss of 
generality that 


(26) n(x) =|Y| <1, 
and have to show that no lattice point X ~ 0 satisfies this inequality. Let m, 
where 1 S m S n, be the greatest index for which ym ~ 0. Then 


are R-independent lattice points, and by (26) 
F(X) S max (| |F(X), | Ym F(X™)) < o™, 


in contradiction to the minimum property of o°” 

Hence there are exactly M,(t) = n(t + 1) siuinsanits lattice points such 
that W(X) < e’, viz. all points corresponding to a basis of Findependent points 
Y with | Y | < e'. Therefore 

|D| = lim 1, q.e.d. 


B: Proor or (25). Now we use the fact that every point X in P, can be 
Written as 
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where the y’s belong to R. Let 2(X) be the distance function given by 

2(X) =| Y |. 
Since 

Fie xX) = 1 (h = 1,2,-..,2), 
obviously 

F(X) $1, if 2>(X) $1. 
But the converse is also true: If 
F(X) $1, then 2X) 31, 
and therefore evidently 
F(X) = 2(X) = | ¥ |, 


identically in X. 
For suppose that on the contrary for a certain point X in P, 


F(X) $1, but 2(X)>1. 
Then let m with 1 < m S n be the greatest index for which | ym | > 1; hence 
ifm <n 

| Ym+1 | be | 1. 


Write 
yo = eye (h = 1,2, -++,n), 
where the y,; are elements of Z, the y;” elements of &, and 
ym Ym = yr =0, | | 
and put 
so that 


Y = zY* + Y**, 
Obviously, Y* is a lattice point, Y** a point such that | Y**| < 1. Also write 
Xe = x™ = x®, 
h=1 h=1 
so that 
X = 2X* + X*. 
Then from 2(X**) = | Y**| < 1, 
F(X**) <1. 


Hel 


sinc 


Le. 


num 


| 
and 
whe 
poit 
are 
The 
i 
The 
F 
We) 
= 
| | 
| 
i 
| 


nce 


rite 


ANALOGUE TO MINKOWSKI’S GEOMETRY OF NUMBERS 511 


Hence 
F(zX*) = max (F(X), F(X**)) $1, -F(X*) <1, 


and | 
F(X°) < 


where X° = 2"X*. This inequality, however, is impossible, since the m lattice 
points 


= x”, wee, x?” 
are R-independent, so that by the minimum property of o‘” 
F(X®) 2 «™. 


Therefore (27) is true, so that by the invariance theorem of §8 


... gm) 
since the transformation of X into Y has the determinant 
Dg | 


The equation (25) is therefore proved. 
From this equation and from (23) in particular 


< vu 
ie. to every distance function F(X) there is a lattice point X # 0 such that 
1 
F 
(X) s WV 
Here equality holds if and only if all minima 


thus certainly not, if V is not an integral power of e”. 


10. The relations between the minima of F(X) and G(Y). To the n lattice 


x X“” defined in the last paragraph, we construct n points 
satisfying 

0 for h#¥k; 


since ‘. D| = 1, these points are lattice points. We further define n positive 
humbers 


(28) = (h = 1,2,---,n), 
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so that 
Then F(X) and the polar function G(Y) can be written as 
(31) G(Y) = max | l), 
h=1,2,--+,n 


thus in an entirely symmetrical way. For we proved in the preceding paragraph 
that if X is written as 


h=1 
then 
F(X) =|Y\, Y = Yo, 


But by multiplying (32) scalar with Y, --.., Y®, we get by (27) 


Yr = (h 1, 2, 0) 
and therefore (30). The formula (31) is a consequence of (30) by the results 
in 

From (27) and (31) 


We prove now that these numbers 7” in their natural order are the n successive 
minima of G(Y) in A,. Obviously it suffices to show that if . 


are any n R-independent lattice points, such that 
< G(Z) Giz), 


13 We can prove (31) directly in the following way: Obviously 
n 
X = (XY (n-h+1)) XW 
where the brackets are again the scalar products. Hence from (14) 


> (XY ) 


h=1 


G(Y) = max (|XY]) = max ( 


where the maximum extends over all points X of C(1), i.e. for which 


|XYewn| < = 7 (h = 1, 2, n). 


By choosing X such that there is equality in one of these conditions, but that all other 
scalar products XY-*+) vanish, the assertion follows after replacing h by n — h + 1. 
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then'* 
> ay”) 


Consider the n + 1 vectors 
At most n of these are §-independent; hence the scalar products 


1,2,---,n—-h+l 
j=1,2,---, h 


do not all vanish simultaneously, and at least one of them, say X 
different from zero. Since it is an element of T, therefore 


| XZ” | > 1 
Now by (17) 
XY| s 
for all points X and Y. Therefore 


l< Z® | < F(X < G(Z™) an G(z™), 


as was to be proved. 
From (28) and (29) in particular 


(D\1/n-1 
(34) < (7) and < (¢ 


so that if the minimum of F(X) in Li is small, then the same is true for that of 
G(Y), and vice versa. 


ll. The relation between the homogeneous and the inhomogeneous problem. 
The reciprocity formulae of the preceding paragraph can be applied to in- 
homogeneous problems. Let P be an arbitrary point in P, which is not neces- 
sarily a lattice point; it can be written as 

P = ax” + 
where the p’s lie in ®. Put 


Pr = t+Tr (h = 1,2,+-+,m), 


where x, is an element of © and 


In| < 


ll 


“The minima o™ of F (X) have the analogous property. 
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Then the lattice point X = (x, --- , Xn) satisfies the inequality 


n (n) 
F(P+X)=F (= nx”) < ‘ 


or by (28) 
1 
(35) F(P+X)s 
This inequality cannot in general be improved, since 
1 
(36) (2 x” 4+ x) 2 


for all lattice points X, as follows immediately from the R-independence of the 
n vectors 


x”, x” + 2X. 


These two inequalities (35) and (36) relate the inhomogeneous F-problem to the 
homogeneous G-problem, in analogy with similar relations in many parts of 
mathematics. 


As an application, consider the two polar distance functions 
F(X) = max (| — |, | — Ln-1 |, e* | Tn |), 
G(Y) = max , | | anys + +++ + + Yn), 


where ¢ is a positive integer. Assume that the numbers 1, a1, --+ , @n-1 are 
§-independent, so that for all lattice points Y = (yi, Yn) 


OY + + + Yn 0. 
Then, as t > ~, the first minimum 7” of G(Y) 
a) 


Hence by (35), for every « > 0 and for every point P = (pi, «++ , Pn) there isa 
lattice point X = (a,--+-+,2n) satisfying the inequalities 


| adn = + pi | | + Pn— | 
Thus we have established a result analogous to Kronecker’s theorem. 
12. A property of matrices. Let 


Q = 


be a matrix in R with determinant 1; then there is a matrix 


U = 


with 


satis 
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sndmmniatanl determinant 1, such that the product matrix 
QU = = 
satisfies the equation 
Il max (| |) = 


h=1 k=l, 


Proor:® To the convex body C(1) belonging to the distance function 
dy ) 
k=l 


there are n lattice points X, X®, ... , X“” of determinant D = 1, such that 
the n minima 


F(X) = max ( 


h=1,2,°++,n 


F(X) =o” (h = 1,2, +--+, 
satisfy 
0 <o (1) <o (2) < < oe” 1. 
let X = (xf, -.. , 2), and X be the matrix 


= (xi 


with elements in & and determinant 1. We introduce new coordinates 


+... + ie, = ah” ap (h = 1,2,--+,n); 


then F(X) changes into 


ai Onk Yk 


F(X) = F'(Y) = (\> 


where 


= = 2X. 
The n points X = X” are transformed into Y = E” (h = 1, 2, --- , m); hence 


F'(E™) ona” (h = 1,2,--- ,n), 
that is 
(7) max (|ax|) =o” (k = 1,2, -+-,n). 
h=1,2,--+,n 


* An analogous theorem in the real field was proved some time ago by C. L. Siegel in 
‘letter to L. J. Mordell. The present proof and theorem, though not stated in Siegel’s 
paper, are obtained from it with only slight changes by making use of the results in §9. 
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Hence every minor A,, of order m formed from the m first columns and m arbi- 
trary rows of ’ satisfies the inequality 


(38) \a| 


On the other hand, any determinant A of order m can be written as 
A= an dn, 
h=1 


where the a, are the elements of its last column, and the 6, their cofactors; 
therefore 


|) =| A| (| a, 


We apply this inequality repeatedly to the determinant 
of 2’ and use (37) and (38); then it follows that there exists 


an (n — 1) order minor A,1 of A, formed from the n — 1 first columns of Y 
and satisfying 


an (n — 2)* order minor An-2 of Ans formed from the n — 2 first columns of 0 | 


and satisfying 


etc.; a second order minor Ae of Az formed from the two first columns of © and 


satisfying 


| = 
2| =o 
and finally an element A, of Ac lying in the first column of Q/ and satisfying — 
| Ay | = oe”. 


Without loss of generality, we may assume that the determinants so con- 
structed are exactly the principle determinants 


A, | Ox (r = 1, 2, 


We shall now construct a set of matrices of order n 


(1 gf” 0)) 


: | }m rows 
(m) 
1 Jm-1 0 0 (m = 1,2, +++ , 
O 1 .-- 


where 
row a 
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where the g’s lie in £, and Uj is the unit matrix. If 
= Un = (m = 1,2,---,n), 
then = 9’, and for h, k = 1, 2, --- 
af = if k m, and aim = gale? 4 
The n principal determinants of Qm : 
= | on (r = 1,2,---,n) 


are therefore equal to the a ones Of Qn; and so of 2’. 
By construction, the elements of 2; peer = inequalities 


| ate | < o' (h, k = 1, 2,'--- ,n), 
and therefore also the iat 
| af? | so” (h = 1,2, ---,n). 
Assume now that U;, --- , Um were determined such that 
[ag | (h,k = 1,2,---,n); 
| se” forh = 1,2,---,n;k =1,2,---,m—1. 


Then U» , as we shall prove now, can be constructed such that ©, satisfies the 
stronger inequalities 


| ae | < forh = 1,2,---,n;k = 1,2,---,m. 
To this purpose put 


and determine elements 71 , ‘Y2, +++ Of such that 
= = 0. 


This system of linear equations has the determinant A,,;. On solving, 
= (r > 1, 2, 1), 


where An, is the (m — 1) order minor of A,, obtained by omitting the m* 
tow and the rt column. Hence from (37), 


(1) (m) (m) 


let the element g” of Um now be the number in & satisfying the inequality 
<1 (r = 1,2,---,m— 1), 


a 


- 
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so that 
(m) 
m 
| |= 


Then from the first system of inequalities (39) for h = 1, 2,--- ,n 


) ) (m) (m) _(m—1) (m) 1) 
| afm | = | | = + + + af 
m-1) _(m) 
< max (Sa: “Co eee gmt) “Co 4 


and from the second system for h = 1, 2,--- ,m 


| = «++, | 


Since the remaining inequalities (40) are contained in (39), the matrix U,, has 
the required property. Hence if 


U = Un, 


then this matrix satisfies the statement of our theorem. 


13. A property of the product of n inhomogeneous linear polynomials in n 
variables. Let Q = (dax)a.n—1,2,....» be again a matrix with elements in 9 of 
determinant 1. We form the distance function 


F(X |f) = | anti + + + 


where fi, fo, ,f, are n integers such that f; + --- + fn = 0. By the theo- 
rem of last paragraph, there is a matrix U with elements in T and determinant 1, 
such that the product matrix 


Q* = QU = (an) 


satisfies the equation 


max (|aj|) = 1. 


k=1,2,+++,n 


Let us choose the integers f; such that 


(41) eth = max 
k=1,2,°°+,n 
and put 
an = (h, k = 1,2, 


Then by the transformation X = UY, F(X) | f°) changes into a new distance 
function 


F(X |f°) F’(Y) = (lan + + Ane Yn\)s 


where 


deter 


There 
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value 
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now all coefficients ay, satisfy the inequalities | a | < 1, and their 


where 
joterminant is still 1. Obviously, for all n §-independent vectors 
y? = E”,---, = the value of this function 

<1 (h = 1,2,-+-,n). 


Therefore by the equation (25), necessarily 


and so all minima of F(X |f °), where the f”’s are given by (41), have the same 
value 1, and in particular, the first minimum of F(X | f°) has the exact value 


where V = 1is the volume of F(X | f°) < 1. 
As an application, let a, a2,--+,@, be any n elements of &, and m, 
mn, mn elements of satisfying the equations 


(h=1,2,---,n). 


If, Yn are the elements of for which 
1 
— m| = (h = 1, 2,-+-,n), 
then obviously 


Hence the lattice point X = %2, +++ ,2n) = U'Y satisfies the inequalities 


| + +++ + + an| S (h=1,2,---,n), 
and therefore the inequality 


TT | + + Se”. 


Here the constant e~” on the right-hand side is the best possible, as is clear if, 
eg. 2 is the unit matrix and all a, = 1/z. 


14. Distance functions in &,. The field ® of all rational functions with 
wefficients in f has valuations different from the “infinite” valuation | z |, 
which expresses the behavior of x at the point z = ~. 

Let ¢ be any element of f, and » the “finite” point z = ¢. Then we define a 
valuation | x |, by putting for « # 0 


| x l» 


where f, p is that integer, for which neither the numerator nor the denominator 
tthe simplified fraction (2 — are divisible by z — we denote by 


‘ 
|| | 
a 
| | 
| 
of | 
0- | 
1, a 
/ 
4 
| 
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the perfect extension of with respect to this valuation; it consists of all formal 
Laurent series 


x = az — + — + — +... 


with coefficients in f, and if ay ¥ 0, then |x|, = e”. 

Let now F(X) be any special distance function of R; we use it as the measure 
for the size of X. Further let F(X | p) be a general distance function of &,. 
Since 

— |p) = “F(X |p), 


this distance function may assume arbitrarily small values, if X lies in the modul 
A, of all lattice points. By (5), there is a constant T, > 0 such that 


F(X |p) ST,|X 
here for X = Dn) 
|X |, = max (| 21 |), | 
Hence 
F(X |p) ST, for all lattice points X. 


| Let ¢ be an integer such that 
1 
e sT,, ie. ¢2 log{— }, 
r, 
and C(e‘ | p) the convex set of all points X in P, for which 
F(X |p) Se“ 


Then the set m(—¢| p) of all lattice points in C(e~ | p) contains with X and Y 
also aX + bY, when a and 6b lie in ZT; it is therefore an T-modul. By the 


general theory of polynomial ideals,”* this modul has a basis of 7 lattice points 


P® = (pl, ... , p) (k = 1, 2,---,m), 

such that every point X in A, belongs to m(—¢ | p), if and only it can be written as 
X =yP? +... + y,P” with 
The determinant 
D(—t) = | ph” ¥ 0, 
and therefore the number 
A(—t) = | D(-d) | 

is positive. 


16 Compare the basis theorem in §80 of van der Waerden’s ‘Moderne Algebra”, Vol. II, 
lst ed. 
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The function F(X) changes into a new distance function 
FY(Y) = F(X) = FQY), = (Pha 
by the transformation (42). The convex body F’(Y) S 1 has the volume 
V’ = A(-2) 
where V denotes the volume of F(X) S 1. By the results in §9, there are n 
lattice points , with determinant 1, such that 
F(Y) F(Y) = 


The transformed lattice points X°, ..- , X°” given by 
= = (z{”,..., 2% (k = 1,2,-++,n) 
have the determinant 


D(—t) = | 


and satisfy the relations 


It is not difficult to prove that for large ¢ 
A(—t) = O(e"), | D(—#) |» = OE). 
In the following case, sharper results are obtained. Let 
F(X |p) = (| + + + |») 


where the a’s are elements in &, such that 
h=1,2,---,m 
Then to every positive integer ¢ there are elements Ay, in T satisfying 


h=1,2,---,m 


Hence, if y1, +++ , yn belong to and 2, --- , 2», are defined by 


TM = Yt, = Yn-m ; 


(42) Tn—m+h = (z (Any Abn—nYn—m); 


(h = 1, 2,---,m), 


F(X |p) Let F'(Y) = F(X) be the special distance function in & 


tetived from F(X) by the transformation (42). Then F’(Y) < 1 has the 
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volume | (z — ¢)™'|V =e ™V. Hence there are n K-independent lattice 
points Y”,... , ¥Y of determinant 1 such that 


mt 


The n lattice points X, ... , X derived from these by (42) have the deter- 
minant (z — ¢)”‘ and satisfy the conditions 


mt 
F(X) cee F(x”) = F(xX® | p) (k 1, 2, 
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CONCRETE REPRESENTATION OF ABSTRACT (L)-SPACES AND THE 
MEAN ERGODIC THEOREM 


By Sxizvo KakuTANi 
(Received February 6, 1940) 


|. Introduction.’ Let 2 be an abstract space where a completely additive 
measure is defined. As is well known, the totality of all the real-valued measur- 
able functions z(t) which are absolutely integrable on 2 constitutes a Banach 


pace with || x || = [ | z(t) | dt as its norm. Although the space L(Q) is 


not necessarily separable,” it may always be considered as a semi-ordered Banach 
gace. Indeed, if we denote, for any pair of elements x(t) and y(é) « L(Q), by 
:2y (ory S 2) the relation that x(t) = y(t) almost everywhere on Q, then 
the following conditions are satisfied (x, y, z, we L(Q), \ = scalar): 
(1) 22 yandy = ximply x = y, 
(Il) 2 2 yandy = zimply x = z, 
(Il) « 2 yand X = O imply »9x = dy, 
(IV) 2,2 yimpliesx +22 y + for any z, 
(V) tn 2 Yn, Xn — & (strongly) and y, — y (strongly) imply x 2 y, 
(VI) to any pair of elements x and y, there exists a maximum z = x V y such 
thatz => 2 y, andz S 2’ foranyz’ with2’ > 2,2 2 y, 
(VII) to any pair of elements x and y, there exists a minimum w = x A y such 
thatw z,w S y, andw = for any w’ with w’ 2, w’ S y. 
Moreover, this semi-ordered Banach space L(Q) has the following important 
property : 
(VII) 2 O and y 2 O imply || + y|| = || + lly lls 


; n orther words, calling x to be positive in case x = 9, norm is additive on posi- 
q ive elements. Such a Banach space was introduced axiomatically by Garrett 


‘The principal results of this paper were previously announced in 8. Kakutani [7]. In 
we have tacitly assumed the condition (IX). 

‘There are two typical cases when L(Q) is not separable. The first one is the case of 
the Haar’s measure of a non-separable bicompact topological group, and the second one 
ithe case of the linear measure in the plane. In the first case, the total space @ is of finite 
ieasure and every measurable subset ©’ of 2 with m(Q’) > 0 determines a non-separable 
Banach space L(Q'). In the second case, the total space is not expressible as a sum of a 
‘cuntable infinite number of subsets of finite measure, while L(’) is separable for every 
nasurable subset 2’ of 2 with m(Q’) < 

‘It is to be noted that in the first case (see footnote (2)) there exists an element 2%» > 0 


4 forexample, a function to(t) which is identically equal to 1) such that 2» /\ z > 0 for any 


] °° while there exists no such element in the second case. 


‘t= y means that we have x(t) = y(t) almost everywhere on @. 
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Birkhoff [3]. He has introduced the space of this type as a generalization of 
the concrete Banach space (L) (i.e., the space of all the real-valued measurable 
functions x(t) which are absolutely integrable on 0 S ¢ S 1), and has discussed 
the iteration of bounded linear operations in such Banach spaces. We shall 
call a Banach space with the semi-ordering satisfying (I)—(VIII) an abstract (L)- 
space (notation: (AL)). Every Banach space L(Q) is an (AL), and, in contrast 
to general abstract (L)-spaces, this will be called a concrete (L)-space. 

In the present paper we shall discuss the converse problem, i.e., we shall 
investigate how it is possible to represent any abstract (L)-space (AL) by a 
concrete (L)-space L(Q). In other words, given an abstract (L)-space (AL) 
with the semi-ordering satisfying (I)-(VIIJ), it is required to construct a space 
© and a completely additive measure defined on some Borel field of 2 such that 
the corresponding Banach space L(Q) is equivalent (= isometric and lattice- 
isomorphic) to the given space (AL). 

This problem is not always possible, if we have no further assumptions on 
(AL). In order to see this, we have only to notice that the property: 

(IX) Ay = O implies ||x + y|| = |} — yl, 
which is always satisfied for any concrete (L)-space, does not necessarily follow 
from the conditions (I)-(VIII). Indeed, if we consider the (x, y)-plane with 
the usual semi-ordering: (x1, yi) = (22, ye) if and only if 2; = 22 and y, = » 
simultaneously, and define its norm by 

if «20, y20 or 2850, yS0, 

=Ve+y if z2@, #40 or y20, 
then the conditions (I)-(VII) are all satisfied, and yet we have || (1,0) + 
0,1) = 4,1) | =2> 10,0 -@ = v2. 

If, however, the conditions (I)-(IX) are all satisfied, then our problem has a 
solution. This will be proved in Theorem 7. The proof is divided into three 
parts (§§3, 4 and 5), and our principal idea is essentially contained in the papers 
of H. Freudenthal [4] and F. Wecken [14]. Moreover, it is to be noticed that 
every abstract (L)-space with the properties (I)-(VIII) can be provided with 
an equivalent norm which satisfies the additional condition (IX) (Theorem 1, §2). 

In Theorem 9 (§6), we shall prove a mean ergodic theorem in abstract 


(L)-spaces. This is a generalization of a result of Garrett Birkhoff [3] and may§ E 


be considered as one of the most general formulations of the mean ergodic theo- 
rem and Markoff’s process. It is further to be noted that, by virtue of Theorem 
1, the condition (IX) is unnecessary for the validity of this theorem. 


In concluding the introduction, we shall list some elementary lemmas con- : 
cerning the semi-ordered Banach space, which follow directly from the condi-§y 


tions (I)-(VII) and which are needed in the following discussions. 
Lemma 1.1. = 0 implies (x V y) = Ax V dy, Mx Ay) = 
Lemma l.2. (x Vy) (@Ay 
(y + 2). 
Lemma l.3. (x Vy) + =at+y. 
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Lemma 1.4. uA = 0 1,9 = 1, 2, , 2) imply + + 

Lemma 1.5. = 24 — wherex, = x = (—2) VOand2, Ax_=0. 
Lemma l.6. (Vy) Az = (@A2) VY A2), @AY) V2= 
These lemmas will be found in H. Freudenthal [4] and L. Kantorovitch [8]. 


9. Change of norm. 

Tuzorem 1. Every abstract (L)-space (AL) with the semi-ordering satisfying 
the conditions (1)-(VIII) can be provided with an equivalent norm which satisfies 
the conditions (I)—(IX). 

Proor: Put ||2|\* = || + for any xe(AL). Then we have 
any z, y ¢(AL) and d S 0. The first two relations are almost trivial and the 
third one may be proved as follows: || z + y ||* = || (@+y)+||+ || @+y)-|| S$ 
+ || + y-|| GinceO S 
y-) = || rel] + ll + + = Ilell* + lly Thus 
|x ||* may be considered as a norm on (AL). Moreover, as is easily seen, the 


conditions (V), (VIII) and (IX) are all satisfied for this new norm || z||*.. 


Hence all what we have to prove is that the two norms || z || and || 2 ||* are 
equivalent. 

In order to show this, denote by (AL)* the space (AZ) metrized by the new 
norm || x ||*. We have only to prove that (AL)* is complete. For, since we 
have || || < || 2 ||* for any 2, the identical transformation: x — z is a bounded 
linear transformation which maps (AL)* biuniquely on (AL). Consequently 
if (AL)* is complete, then by a theorem of S. Banach [1] (pp. 40-41), this 
mapping must be bicontinuous and there exists a constant C such that || 2 ||* < 
(|| || for any z. 

Now, in order to prove the completeness of (AL)*, let {z,} (n = 1, 2,---) 
be a fundamental sequence in (AL)*: lim || 2m — ||* = 0. We have to 


show that there exists an (AL)* such that lim || z, — = 0. Without 


the loss of generality we may assume that we have || am — 2, ||* < 2°” for 
m2n, Since || tm — tn || S || — ||* for any mand n, {xn} (n = 1,2, ) 
is also a fundamental sequence in (AL), and, by the completeness of (AL), 


q ‘tere exists an Z € (AL) such that lim || z, — || = 0. We shall show that we 
7 lave also lim || x, — @||* = 0. For this purpose, put = tn V tay 


for p = 0, 1, = 1, 2, +++ = tn). Then we have 

S + — and || — En.p || || — || S 

| — ||* 2°" for p = 0,1,2,--- ;n =1,2,---. Consequently, 

ce — || S 2 = 2°”, lim = Z, (strongly) 
poo 


“sts and this limit clearly satisfies tm < % and — %m|| 2” for 
Since lim || — @|| = 0 we have  S and ||z, — #|| 2” 


“ 
f 


if 
le 
| 
ll 
st 
at 
| 
yn 
th 
Yo 
Ts 
4 
at a 
m 
| 
| 


i 


526 SHIZUO KAKUTANI 


forn = 1,2,---. Consequently, || — || — an ||* + || — @||* = 
| in — | + | in — | for n = 1, 2, +++ , and thus we have 
proved that lim || z, — #||* = 0. 


The proof of Theorem 1 is now completed. 

Thus we have proved that we can introduce in every abstract (L)-space an 
equivalent norm which satisfies the conditions (I)-(I[X). Hence we shall 
assume hereafter (in §§3, 4 and 5) that all the conditions (I)—(IX) are satisfied, 


3. Direct decomposition. The principal result of this chapter is stated in 
Theorem 2. In the case of the space of functions of bounded variation,° Theo- 
rem 2 has previously been shown by F. Wecken [14]. 

We begin with elementary lemmas. 

Lowa 3.1. lz Vy Vyll S lle vuylls 
\|2 — 2’ ||. Consequently, x, — x (strongly) implies x, V y > x A y (strongly) 
and tn, \y—x A y (strongly) for any y. 

Proor. Weshall prove only the first relation. 2 Vy = 
+ 2')4) VY + — 2’)4) = Vy + — 2’), implies V y 
x’ Vy S (« — 2’), and consequently (x Vy — 2’ S — 2’),. Anal- 
ogously, we have (x V y — x’ V y)_ S (x — 2’)_. Consequently ||z Vy - 
Sil 
(@ — || = || — 2’ || (by (EX). 

Lema 3.2. 05 4 S% S S S +--+ S y implies the existence 
of lim z, = 2’ (strongly) withO S 2’ S y. 


Proor: For each n we have (by (VIII)) || — 2 || = || (tin 
xi) || = || — || S lly — 21 ||. Hence || — || < and conse- 
quently lim z, = 2’ (strongly) exists and 0 S 2’ S y (by (V)). 


Lemma 3.3. For any x = 0 and y = 0, lim (nz A y) = P.(y) (strongly) exists 


and 0 S P.{y) S y. 

ProoF: Clear from Lemma 3.3. 

Lemma 3.4. For any x = 0, y > P,(y) is a projection operator defined for 
ally = 0.° 


(3.1) P.(y + 2) = P.(y) + 
(3.2) y S zimplies P.(y) S P.(z), 
(3.3) P,(Ay) = \P.(y) for any \ = 0, 


(3.4) || Pe(y) || ||_y ||. More generally, || Px(y) — Pz(y’) || | 
Consequently, yn —> y (strongly) implies P,(y,) — Pz(y) (strongly), 


(3.5) P(P:(y)) = P-(y). 


5 This is, indeed, one of the most familiar examples of abstract (L)-spaces. In this case 
every principal ideal is separable. See also S. Banach and S. Mazur [2]. 

¢ In order to define P.(y) for any y ¢ (AL), we have only to put Pz(y) = Pz(y) — Pz(y-) 
for any y. It is clear that we have (3.1), (3.3) (for any \ = 0), (3.4) and (3.5) for any ¥- 
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Proor: By Lemma 1.2, (nx A y) + (ma A z) = (mz + (mz Az)) A (y + 
(nz A 2)) = 2nx A (na + 2) A (y + nx) A (y + 2). Hence nz A (y +2) S 
(nz Ay) + (na Az) 2nx A (y + 2). Making n — we have (3.1). (3.2) is 
clear since y S 2 implies nx A y S nz A z forn = 1, 2,---. (8.3) is also 


clear since, by Lemma 1.1, nz A Ay = (Re A ) forn = 1,2,---. The first 


relation of (3.4) is again clear, and the second one is a direct consequence of the 
fact that we have ||nmz Ay — nz Ay’|| S ||y — y’|| forn = 1, 2,--- (by 
Lemma 3.1). Lastly, (3.5) follows from the relation that nz A P.(y) = lim 


(nt \ (ma A y)) (strongly, by Lemma 3.1) = nz A y forn = 1, 2,---. 
Lemma 3.5. 
(3.6) x’ implies P.(y) Pz(y), 
(3.7) x A x’ = 0 implies P.(y) A Pz(y) = 0, 
(3.8) x’ = O implies Pz+2(y) = Pz(y) + 
(3.9) Sz (mn = 1, 2,--+-) and x, — (strongly) imply P.,(y) P2(y) 
(strongly).” 


ProoF: (3.6) is clear since  S x’ implies nz y S nz’ A yforn = 1,2,---. 
(3.7) is also clear since x A x’ = O implies (nz A y) A (nz’ A y) = 0 forn = 
1,2,---. (3.8) follows from the relation: n(x + 2’) Ay = (nt + nz’) Ay = 
(ne V nz’) A y (by Lemma 1.4) = (nx A y) V (na’ A y) (by Lemma 1.6) = 
(nz A y) + (na’ A y) (by Lemma 1.4, since (nx A y) A (nz’ A y) = 0) for n = 1, 
Lastly we shall prove (3.9): z, x implies mz, A y S P:,(y) 
P.(y) (by (3.6)) and consequently || P:(y) — P:,(y) || || Psy) — mmm Ay || 
|| Py) — mz A y|| + Ay — mtn Ay|| S || — me A y|| + 
m||z — 2» || (by Lemma 3.1). Now, for any e > 0 take an mp so large that 
we have || P.(y) — mx A y|| < ¢/2 and then m so large that we have 
mg — || < €/2forn > m. Then we have || P.(y) — P:,(y) || < for 
n>m. Since ¢ > 0 is arbitrary, we have P.,(y) — P.(y) (strongly). 

Lemma 3.6. For any x = O and y = 0, P.(y) = 0 is equivalent tox A y = 0. 

Proor: Since we have always P.(y) = x A y, P:(y) = 0 implies t A y = 0. 
a x A y = O implies nz A y = 0 for n = 1, 2, --- and consequently 

= 0. 

Lemma 3.7. x A (y — P,(y)) = 0 for any x = O and y 2 0. 

Proor: By (3.5) and (3.1), we have P.(y — P.(y)) + P.(y) = Py — 
P.y)) + P:(P2(y)) = P.(y). Hence P.(y — P.(y)) = 0 and, by Lemma 3.6, 
*A(Yy — P.(y)) = 0. 


It is worth noting that z, > x (n = 1, 2, ---) and z, — x (strongly) do not necessarily 
1 
mply P.,(y) > Pz(y) (strongly). For example, put 2a = for n = 1, 2,---. Then we 


have = 0 (n = 1, 2, -++), = 0 (strongly) and yet P.,(y) = y does not tend to 
P,(y) Po(y) = @, 
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DeFINiTIon 1. For any x 2 0 andy 2 0, z > y (ory < =z) means that we 
have y A u = O for any u 2 Owithz Au = 0. 

Lemma 3.8. x > P,(y) for any x = Oandy 2 0. 

Proor: x A u = 0 implies (nz A y) A u = Oforn = 1, 2,--- , and making 
n— © we have P,(y) A u = 0. 

Lemma 3.9. 2x > y is equivalent to P(y) = y. 

Proor: By Lemma 3.8, P.(y) = y implies z > P.(y) = y. Conversely, since 
x A (y — P-(y)) = 0 by Lemma 3.7, x > y implies y — P.(y) = y A (y - 
P.(y)) = 0 and consequently y = P.(y). 

DeFINITION 2. A set I of positive elements of (AL) is said to be an ideal 

if the following conditions are satisfied: 


(3.10) xelandyelimply z + yel, 
(3.11) xeland y < x imply y eI, 
(3.12) YneI(n = 1, 2,--- ) and — z (strongly) imply z eI. 


Lemma 3.10. For any x 2 0 the set of all y = 0 which satisfy y < x is an ideal. 
Proor: We have only to prove the following three statements: 


(3.13) x >yandz > zimplyz > y +z, 
(3.14) x > yand y > zimply z > z, 
(3.15) «2>ynr(n = 1,2,---) and y, y (strongly) imply z > y. 


(3.13) is clear since x A u = 0 implies y A u = 0 and z A u = 0, and conse- 
quntlyO uty = 
yA\u+z/ u (by Lemma 1.2) = 0. (3.14) is also clear since xz A u = 0 im- 
plies y A u = 0 (since x > y) and this again implies z A u = 0 (since y > 2). 
Lastly, (3.15) follows from Lemma 3.1. For, yn A u = 0 (n = 1, 2, --- ) and 
Yn — y (strongly) imply y A wu = lim (yn, A u) = O (by Lemma 3.1). 


DeriniTion 3. The ideal obtained in Lemma 3.10 is called the principal ideal 
with wnit x and is denoted by [z]. It is clear that y €[z] and y > 0 implies 
y \ x > 0. For each principal ideal, the unit is not unique. For example, 
we have [x] = [Az] for any \ > 0. More generally, any y = 0 which satisfies 
x > yand y > x simultaneously has the property: [z] = [y]. 

The totality of all the positive elements of (AL) constitutes itself an ideal. 
We shall call this ideal a unit ideal. The unit ideal is not necessarily principal, 
and we have 

THEoREM 2. The unit ideal is decomposed into a direct sum of a (not necessarily 
countable) number of principal ideals. More precisely, there exists a family of 
principal ideals |[ra]} (a € M) such that ra A xg = 0 for any a # B, and any y > 0 
can be uniquely expressed in the form: y = >,°-y Yan > You € [Lay], where {an} 
(n = 1, 2,---) ds a countable sequence of indices from MN which depends on y 
such that Pz, (y) = Ya, (n = 1, 2,---) and P,,(y) = 0 for other a e M. 
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Proor: Let all the positive elements of (AL) be arranged in the well-ordered 
sequence: Zo, 215 22, Zaz < y. We shall define the transfinite se- 
quence {a}, a <¢, by transfinite induction. Put 2» = 2, and assume that ag 
is already defined for all8 <a. Then put = Za if \ x3 = O for any B < a, 
and zt, = 0 otherwise (i.e., if there exists at least one 8 < a with z. A x3 > 0). 
In this way, 2. can be defined for alla <y. Itis clear that we have z_ A 23 = 0 
for any a ¥ #6, and that for any z > 0 there exists at least one a < ¢ with 
t, \« > 0. We shall show that this sequence {za} (a < ¢, omitting those a 
with z. = 0, and this set of indices will be denoted by MM) is the required one. 

In order to prove this, consider, for any y > 0, the set {P.,(y)} (ae M). 
Since 0 S P.,(y) S y for any ae Mt and since P.,(y) A P:,(y) = 0 for any 
a B (by (3.7), we have Pz,,(y) = Pza,(¥) V V +++ V 
for any finite system of indices {a,, a2,---,a,} from Mt (by Lemma 1.4). 
Hence the set of indices a « M with P,,(y) > 0 is at most countable,* and if we 
denote these by {an} (n = 1,2, --- ), then the strong limit lim Dif P.,.(y) = 


Li-1P.,,(y) exists and P:,,(y) y. We shall prove that this is an 
equality. Indeed, if we have y’ = y — > P,,(y) > 0, then there must exist 
at least one index ae Mt with zz A y’ > 0. This is, however, a contradiction 
since we have S ta Ay’ S La A (y — (y)) = 0 for any ae M (by 
Lemma 3.6). 

Thus we have proved that there exists a sequence of indices {a,} (n = 1, 
2,---) from M such that y = P,,(y) and Pz,(y) = 0 for other a M. 


In order to prove the uniqueness of this expression, let us assume that we have 
y= Leays,,0 < yp, €[as,] (n = 1, 2,---). Then we have y = yg, and 
consequently Pz, (y) 2 Pz (Ye,) = Ye, > 0 (by Lemma 3.9) for n = 1, 2,---. 
Hence {8,} (n = 1, 2, --- ) isa subsequence of {a,} (n = 1, 2,---). We shall 
prove that the totality of {8,} (n = 1,2, --- ) coincides with {a,} (n = 1,2, --- ) 
and that we have Pz, (y) = yp, for n = 1, 2,---. For, otherwise, we should 
havey = Pra, (y) > Psp, (y) 2 ya, = y Ory = Lena Psa, (y) 2 
pa Pr, (y) > > 2-1 ys, = y, which is clearly a contradiction. 

This concludes the proof of Theorem 2. 

TuzoreM 8. In order that the unit ideal is principal, it is necessary and suffi- 
cient that IN is at most countable. 

Proor: If there exists a unit 1 such that 1 > x for any x > 0, or equivalently, 
> 0 for any x > 0, then we have = 1A 22> 0forany aeM. Since 
Ta /\ % = 0 for any a 8, we have 0 < Te, + + Ze, = te, V 
Ta V S 1 for any finite system of indices {a1 , a2, , an} from M 
(by Lemma 1.4). Hence 9 must be at most countable.? Conversely, if M is 

*We have only to notice that for each n there exists only a finite number of indices a 
such that || Pz,(y) || > 1/n. 

* Analogously as in footnote 8. We have only to notice that for each n there exists 
only a finite number of indices a such that || x, || > 1/n. 
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at most countable: M = {a, a2,--+}, then 1 = || will 
be a unit. Indeed, x > 0 implies the existence of an index a, with z., A - >0 
and consequently 1 A « = 2-"-|| 2a, || Az > 0. 

THEOREM 4. very separable abstract (L)-space has a unit. 


Proor: If we put zy = || for any ae M, then we have || =] 
and Le A tz = 0 for any @ ~ 8. Hence (by (IX)) we have || 2, — ap || = 
\| + 29 || = || ze || + || || = 2 for any a B. Since (AL) is separable by 


assumption, Jt must be at most countable and, by Theorem 3, the unit ideal of 
(AL) must be principal. 

Remark. This result may also be obtained directly as follows: Let {z,} 
(n = 1, 2, --- ) be a countable set which is dense in the positive part of (AL). 
If we put || || then 1 is a unit of (AL). Indeed, for 
any x > 0 there exists a subsequence {2n,} (v = 1,2, --- ) of {zn} (n = 1,2,.-.) 
such that z,, x (strongly) anda, Az > 2 Ax =2z>0. Hence 
tn, \ x > O for some », and this implies 1 A = an, ||" Ax > 0. 

This result was also obtained by H. Freudenthal [4]. 


4. Integral representation. In §3 we have obtained a direct decomposition 
of the positive part of (AL) into principal ideals. Consequently, our problem 
of concrete representation is reduced to the case of a principal ideal, i.e., the 
case when the unit element 1 exists.” In this chapter we shall show that the 
positive part of an abstract (L)-space with unit may be represented by an integral 
in some abstract Boolean algebra with unit. This may be considered as a gen- 
eralization of a well-known result of O. Nikodym [9] (see also S. Saks [10]), and 
is essentially contained in the paper of H. Freudenthal [4]. The proof given 
below, however, has some interest. 

Let us denote by 1 the unit element which we assume to exist (throughout 
this chapter). Without loss of generality, we may assume that || 1|| = 1. 

DerinitTion 4." A positive element e = 0 is said to be a characteristic element 
of (AL) if we have e A (1 — e) = 0, or equivalently by Lemma 1.2, 2e A 1 = ¢. 
The totality of all characteristic elements of (AL) will be denoted by E. It is 
clear that e e E implies 0 < e < 1. 

Lemma 4.1. P,(1) € E for any x 2 0. 

Proor: 2P,(1) A 1 = lim (2(nz A. 1) A 1) (strongly by Lemma 3.1) = 


(2nz A. 1) = P,(1). 

Lemma 4.2. E is equivalent to P.(1) = 

Proor: By Lemma 4.1, P.(1) = e implies e ¢ E. Conversely, e ¢ E is equiva- 
lent to 2e A 1 = e by definition. And if 2"e A 1 = e, then 2"%e Ail = 
2(2"e A 1) A1 = 2e A1 =e. Hence, P.(1) = lim (2"e A 1) = 


Lemma 4.3. implies 1 — eeE. (Clear.) 


10 See the last lines of the proof of Theorem 7. 
11 Cf. H. Freudenthal [4]. 
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Lemma 4.4. € E and € E imply V E and E. 

Proor: 2(e: V @) AL = (2e1 V 2e2) A 1 = (2e: A1) V (2e2 A 1) (by Lemma 
16) =a Ve- 2(er A AL = A 2e2) A 1 = (2e: A 1) A (2e2 A 1) = 

e,€E(n = 1, 2,--- ) ande, — e (strongly) imply e E. 

Proor: 2e A 1 = lim (2e, A 1) (by Lemma 2.1) = lim e, = e. 


Lemma 4.6. Eis a Boolean algebra with e; e2 , e: and 1 — e as its funda- 
mental operations, and is closed in (AL) in the strong topology. 

Proor: Clear from Lemmas 1.6, 4.3, 4.4 and 4.5. 

TuzoreM 5. For any x 2 O there exists a system of characteristic elements 
{e(\)} (0 S$ A < &), called the resolution of unity, such that 


(41) implies e() elu), 

(4.2) An SA (nm = 1, 2, +++ ) and — dA imply e(An) — e(A) (strongly), 
(4.3) e(0) = 0, lim e(A) = e(~) = 1, 

(4.4) eeEande S imply de, 

(4.5) eeEande <1 — e(A) imply P.(x) = de. 


Proor: Put e(A) = Pay—z)4(1). Then e(A) is characteristic by Lemma 4.1. 
Since (AL — x), S (ul — x), ford S yw, (4.1) is a direct consequence of (3.6). 
Analogously, (4.2) is a direct consequence of (3.9), if we observe that we have 
(nl — = (And — ze) (Al — x) V0 = (Al — (strongly by Lemma 
3.1). The first part of (4.3) is almost evident; for, we have e(0) = Py-z),(1) = 
P(1) = 0. Before coming to the proof of the second part, we shall prove (4.4) 
and (4.5). e¢Eande S e(A) imply 0 S e A (x — S e(A) A — = 
lim (n(\l — x), A 1 A (x — d1),) (strongly by Lemma 3.1) = 0 (by Lemma 


1.5), and consequently P.((z7 — A1),) = 0. Hence the trivial relation x S 
1); + Al implies P(x) — 1)4) + Pe(A1) = P-(A1) = de 
(by (3.2), (3.1), (3.3) and Lemma 4.2). In the same manner, ¢ ¢ E and 
ed) imply 0 Ss eA (M1 — S (A — A = 
1 - Po»(2) A AL — 2), = 0 (by Lemma 3.7), and consequently 
P((AL — 2)4) = lim (ne A (Al — 2),) (strongly) = 0. Hence the trivial 


lation + (Al — x), = AL implies P.(z) = P(x) + P((AL — 2 


P(M1) = Xe. Thus (4.4) and (4.5) are proved. 
Now, in order to prove the second relation of (4.3), put tim e(A) = e(~) 


(strongly), which surely exists and belongs to E by Lemma 4.5. If we further 
put e’(o) = 1 — e(w), then by Lemma 4.3. Since 
1 — for any > 0, we have P.@)(x) = de’(~) and consequently 
|| || = |] e’(00) || for any > 0. From this follows directly that we 
have = O and = 1. 
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Thus the proof of Theorem 5 is completed. 
THEoREM 6. Each positive element x 2 0 of (AL) can be expressed in the form: 


where the integration is of abstract Radon-Stieltjes type and {e(d)} (0 Sd < «) 
is the resolution of unity obtained in Theorem 5. 

Proor: For any division A: 0 = < <A, =A < of the interval 
(0, A) with 0 < A; — Ava < € (@@ = 1, 2, --- , n), we have 


m(A) = — S = Pecay(z) 


< — = M(A) 
and 


i=1 


— = e(e(A) — Set. 


These relations follow directly from the fact that we have e(A;) — e(Ain) S$ 
e(A;) and e(Ax) — e(Aiu) S 1 — e(A:-1) for = 1, 2,---,m. Hence we have 


A 
(by making « — 0) Pea)(x) = [ \ de(A), and, by making A — ~, we have 
Jo 


the required relation (4.6) (since A — © implies e(A) — 1 (strongly) and 
Pi(x) = & (strongly) by (3.9)). 

The proof of Theorem 6 is hereby completed. 

Remark. Theorems 5 and 6 are also valid even if there exists no unit element 
in (AL); for, we have only to consider the principal ideal [z]. 


5. Concrete representation. In §4 we have seen that any positive element 
of an (AL) with unit can be represented by an integral in some abstract Boolean 
algebra. We shall show, in this chapter, that this abstract Boolean algebra 
(with a unit element) can be represented by a concrete one with a completely 
additive measure, and that the abstract integration can be substituted by a 
concrete one. 

TurorEeM 7. To any abstract (L)-space (AL) satisfying the conditions (I)- 
(IX), with a unit element there corresponds a totally disconnected (bicompact) topo- 
logical space 2 and a completely additive measure defined on a Borel field of 2, such 
that (AL) is isometric and lattice-isomorphic to the Banach space L(Q). 

Proor: We shall first treat the case when the unit exists. By Lemma 4.6, 
the totality E of all the characteristic elements ¢ of (AL) constitutes a Boolean 
algebra with 1 as its unit element. Hence, by a theorem of M. H. Stone [i2]- 
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HL. Wallman [13], E may be represented by a concrete Boolean algebra K of all 
the simultaneously open and closed subsets of a totally disconnected bicompact 
topological space &. Let E be the element of K which corresponds to the element 
eof E. Then m(Z) = || e || is clearly a finitely additive measure defined on K, 
and, if we put d(Z,, = + — then (denoting by and 
the corresponding elements in E), d(#,, E2) = + — = 
m((E; + — + m((E, + Ee) — Ey) = || e1 Vex — e2 || + er Vee = 
— @) VO|| + V (ee — || = lle: — ee || (by TX)); ie., with this 
metric d(E, , Ez) E is isometric with K. 

We shall next prove that this m(#) is completely additive on K. For this 
purpose, it suffices to show that no element F of K can be expressed as a sum of a 
countable infinite number of non-vacuous disjoint sets {Z,} (n = 1, 2,.--) 
of K. Indeed, if we have E = )0%_, E,, E eK, E, €K (n = 1, 2,---) and 
E,,E, = 0 (m # n), then the closed set EZ is covered by a system of open sets 
\E,| (n = 1,2,---). Since the space Q is bicompact, £ is covered by a finite 
number of £,,, and this is clearly impossible since each EF, (n = 1, 2, --- ) is 
non-vacuous and #,,-H, = 0 for m # n. 

Thus we have proved that m(E) is completely additive on K. Hence, by a 
theorem of E. Hopf [5] (p. 2), m(#) can be extended to the least Borel field B(K) 
containing K, and it will be easily seen that the residual ciass of B(K) modulo 
the ideal of all the sets of measure zero of B(K) forms a Boolean algebra which 
is isometric and lattice-isomorphic to E.” Thus we have obtained a space Q 
and a completely additive measure m(£) defined on the Borel field B(K) of 
subsets H of 2 which is isometric and lattice-isomorphic to E (if we neglect the 
sets of measure zero); and it is now an easy matter to show (under the condition 
(IX)) that (AL) is isometric and lattice-isomorphic to the Banach space L(Q) 
which is determined by the measure just obtained above. Indeed, the integral 
representation obtained in Theorem 6 is simply the one-to-one norm-preserving 
correspondence of the positive part of (AL) and L(Q), and from this follows 
(by virtue of ([X)) that (AL) and L(Q) are isometric and lattice-isomorphic to 
each other. 

Thus Theorem 7 is proved under the condition that the unit element exists. 
In order to discuss the general case, we have only to appeal to Theorem 2. 
Indeed, we have only to consider the family of spaces {Q.}, a € Pt, corresponding 
to the principal ideals {[zal}, a@¢ M, and to put Q = > est Q,. As is easily 


* For this purpose we have only to show that for any E eB(K) with E = 5°*_, En, EneK 
(w= 1,2,---) and Ei CE, CE, C-:-, there exists an eK such that E’ DE 
and m(E’ — E) = 0. In order to show this, consider the corresponding elements {én} 
(n= 1,2,---) from E. Then we have e; S S$ Se, , and || en || = m(En) 


m(E) < ». Hence lim e, = e’ exists and, if we denote by E’ the element of K which 


corresponds to e’, then E’ satisfies E’ > E, (n = 1, 2, ---) and m(E’) = || e’ || = lim]| én || = 
bon m(E,). Consequently E’ > E, = E and m(E’ — E) = lim m(E’ — E,) = 0. 


n=l 


20 ) 
t 

1. 

_| 

d 

d 

- 

a 
4 
| 
t 


534 SHIZUO KAKUTANI 


seen, L(Q) is the totality of all the measurable functions x(t) defined all over 
2 = Yoaem Qa , for which there exists at most a countable number of indices {an} 


(n = 1, 2, --- ) (depending on x(¢t)) such that we have : [ | x(t) | dt < « 


and x(t) = 0 almost everywhere on other Q,. It is clear that (AL) and L(Q) 
are isometric and lattice-isomorphic to each other. 

The proof of Theorem 7 is now completed. 

If, moreover, the space (AL) is separable, then B(K) is also separable with 
respect to the metric d(Z,, = + EH, — Furthermore, by 
Theorem 4, this (AL) has a unit 1 with ||1|| = 1. Consequently B(K) has a 
unit element 1 with m(1) = 1. Hence, by a well-known argument, B(K) can 
be embedded isometrically and lattice-isomorphically in a Boolean algebra of 
all the measurable sets of the unit interval (0, 1).” 

THEOREM 8. Every separable abstract (L)-space (satisfying (1)-(IX)) can be 
embedded isometrically and lattice-isomorphically into the Banach space (L) (= the 
concrete (L)-space defined on the unit interval (0, 1) with respect to the ordinary 
Lebesgue measure). 


6. Mean ergodic theorem in abstract (L)-spaces. 

Derinition 5. Let 7 be a bounded linear operation which maps a semi- 
ordered Banach space into itself. T is said to be positive if we have T(x) = 0 
for any x 2 0. 

THEOREM 9. Let T be a positive bounded linear operation which maps an 
abstract (L)-space (AL) (satisfying the conditions (I)-(VIII)) into itself. If there 
exists a constant C such that || T” || < C for n = 1, 2,---+ , and if there exists 


for any x = Oana = 0 such that x,, T(x) + --- T” S$ uforn = 


1, 2,--- , then for any xe(AL) the sequence {xn} (n = 1, 2, converges 
strongly to a point & € (AL), 7.e., mean ergodic theorem is valid in (AL). 

Remark. This is a generalization of a result of Garrett Birkhoff [3]. He has 
assumed that 7 preserves the norm of positive elements (i.e., || T(z) || = || 2% || 
for any x = 0), and has only proved that {f(z,)} (n = 1, 2, --- ) converges for 
any bounded linear functional f(x) defined on (AL). (Since the weak complete- 
ness of (AL) (see Theorem 11) was not proved by him, the weak convergence 
of {z,} (n = 1, 2,--- ) was not yet established). 

Proor or THEOREM 9. By Theorem 1, we have only to discuss the case when 
the conditions (I)-(IX) are all satisfied. Hence we shall assume, appealing to 
Theorem 7, that (AL) is represented isometrically and lattice-isomorphically by 
a concrete (L)-space L(Q). & may not be a sum of a countable infinite number 
of subsets of finite measure. By a theorem of K. Yosida [15] and the author [7] 
(see also F. Riesz [10]), we have only to prove that, for any x ¢ L(@), the se- 


18 Cf. 8. Bochner and J. v. Neumann, On compact solutions of operational-differ ential 
equations I, Annals of Math., Vol. 36 (1935), p. 264, Footnote 17. 
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quence {rn} (n = 1, 2, ++ ) contains a subsequence which converges weakly to 
some eL(Q). Since any z e L(Q) can be represented as a difference of two 
positive elements: x = 24+ — 2, we have only to discuss the case x = 0, and 
our theorem is reduced to the following 

Turorem 10. Let {xn(é)} (n = 1, 2,---) be @ sequence of non-negative 
measurable functions from L(Q). (Q may not be a sum of a countable infinite 
number of subsets of finite measure.) If there exists a function x0(t) € L(Q) such 
that x,(t) < xo(t) almost everywhere on Q, then the sequence {xp(t)} (n = 1, 2, --- ) 
contains a subsequence which converges weakly to some function Z(t) « L(Q). 

Proor: When Q is the interval (0, 1) or (— ©, +), this theorem is well- 
known, and the general case can be reduced to this case. To show this, con- 
sider the family K of all the sets Z,,,. = E;,[x,(t) > a], where a is any positive 
number and n = 0, 1, 2,---. Each £,,. is of finite measure since we have 


om(En,«) & zn(t) dt < for any a > O0Oandn = 0,1, 2,---. Moreover, 
since we have E,,. = lim E,..1, , Where a is any positive number and {r;} (k = 


1,2, --+ ) isa monotone decreasing sequence of positive rational numbers which 
tends to a, K is separable with respect to the metric d(Z; , E.2) = m(£, + E, — 
E,E:). Hence, by a well-known argument, K may be represented isometrically 
and lattice-isomorphically by a family of measurable sets in the interval 

Thus the characteristic functions of the sets of K and consequently the func- 
tions {z,(t)} (n = 0, 1, 2, --- ) may be considered as the non-negative measur- 
able functions of L(Q), where Q is the infinite interval (-~», +). It is 
clear that we have z,(¢) S.ao(é) (n = 1, 2,---) almost everywhere on %. 
Hence by a well-known result, the sequence {z,(t)} (n = 1, 2, --- ) contains a 
subsequence {2,,(t)} (v = 1, 2,---) which converges weakly to a function 
a(t) eL(Q%). Since £(¢) belongs to the smallest closed linear manifold which 
contains {z,(t)} (n = 1, 2,--- ), £(é) may also be considered as to belong to 
L(Q), and it is again clear that the sequence {z,,(t)} (v = 1, 2, --- ) converges 
weakly to Z(t) as a sequence of elements of (AL). 

Thus the proof of Theorem 10 and thereby the proof of Theorem 9 is com- 
pleted. 

Remark 1. The proof given above is based on the representation theorem 
(Theorem 7), and in proving Theorem 7 we have made use of the transfinite 
induction (see Theorem 2). In order to avoid such a transfinite method, we 
shall prove the following Theorem 11. As will be shown later, Theorem 11 
will give us another proof of Theorem 9. Theorem 11 is interesting in itself 
and will perhaps become a useful tool in the allied problems. 

TaxorEM 11. Let (AL) be an abstract (L)-space (satisfying the conditions 
(I)-(IX)) which is not necessarily separable, and let {xn} (n = 1, 2,--+) be an 
arbitrary sequence of points from (AL). Then there exists a separable closed linear 
subspace (AL)' of (AL) which contains {z,} (n = 1, 2,--- ) and which is also 
closed in the sense of lattice (i.e., y2 ¢(AL)’ implies V y2, A € (AL)’). 
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Proor: Let Y be the set of all y ¢ (AL) which is obtained from {z,} (n = 
1, 2,--- ) by operating a finite number of times the following operations: 


(6.1) taking a sum: y = yi + ye, 

(6.2) multiplication by a rational number: y = dy; , 
(6.3) taking a maximum: y = y: V y2, 

(6.4) taking a minimum: y = y: A ye. 


Y is clearly a countable set, and y:, yz ¢ Y implies y; + y2, Ay, yi V yo, and 
yi A y2¢€ Y, where X is a rational number. Let now (AL)’ be a closed cover 
of Y (in the strong topology of (AL)). We shall prove that this (AL)’ is the 
required one. Since it is clear that (AZ)’ is separable and contains {z,} (n = 
1, 2, --- ), we have only to prove that (AZ)’ is linear and is closed in the sense 
of lattice. 

For this purpose, let y:, y2¢(AL)’ and let be an arbitrary real number. 
Then there exist two sequences of points {yin} (n = 1, 2,--- ;¢ = 1, 2) from Y 
and a sequence of rational numbers {\,} (n = 1, 2,--- ) such that yin > y; 
(strongly, 7 = 1,2) andA, Consequently, yin + Yon Yi + Ye (strongly), 
AnYin — Ay: (strongly), Yin V Yen — Yi V Ye (strongly) and yin A Yan > 1 A ye 
(strongly). Since yin + Yon, AnYin, Yin V Yon and Yin A Yon belong to Y for 
m= + yo, Am, V Yo and y; A ye must belong to (AL)’ which 
completes the proof of Theorem 11. 

Proor oF THEOREM 9. By Theorem 11, there exists a separable closed linear 
subspace (AL)’ of (AL) which contains {z,} (n = 0, 1, 2, --- ) and which is 
also closed in the sense of lattice. It is clear that (AL)’ itself is also an abstract 
(L)-space. Hence (AL)’ can be embedded isometrically and lattice-isomorphi- 
cally into the concrete (L)-space (L) by Theorem 8. Thus {z,} (n = 0, 1, 
2, --- ) may be considered as a sequence of measurable functions {2,(t)} (n = 
0,1, 2,---) of (L). If we now consider the case x = 0, then 0 S 2,(t) S$ a(t) 
almost everywhere for n = 1, 2,---. Hence, as we have observed above, 
there exists a subsequence {z,,} (v = 1, 2,--+ ) of {an} (mn = 1, 2, --+ ) which 
converges weakly (as a sequence of points of (L)) to a point Z¢(Z). Since z 
belongs to a closed’ linear manifold which is spanned by {z,} (n = 1, 2, ---); 
& may also be considered as to belong to (AL)’, and it is clear that the sequence 
{an,} (v = 1, 2,--- ) converges weakly to Z as a sequence of points of (AL)’. 
Thus we have proved that there exists a subsequence {z,,} (v = 1, 2,---) 
of {z,} (n = 1, 2,---) which converges weakly to @ « (AL)’ as a sequence 
of points of (AL)’, and it is again clear that the sequence {a,,} (v = 1, 2, +: ) 
converges weakly to % as a sequence of points of (AL). 

The rest of the proof may now be carried out exactly as in the preceding case. 
We have only to apply the mean ergodic theorem in Banach spaces (K. Yosida 
[15], S. Kakutani [7] or F. Riesz [10]). 

Remark. Since the space L(%), where % is the interval (0, 1) or (— », +): 
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is weakly complete, we can prove in the same manner that each concrete 
(L)-space L(Q) is weakly complete. Hence, by Theorem 7, 

TueorEM 12. Every abstract (L)-space is weakly complete. 

For the case of the space of functions of bounded variation, this theorem was 
obtained by S. Banach and 8. Mazur [2]. 
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TWO ESTIMATES CONNECTED WITH THE (a, 8)-HYPOTHESIS' 


By Peter ScHEeRK 
(Received April 22, 1940) 


Small italics denote integers. The “number function” D(z) of a set D of 
positive integers d is the number of the d S z. 

Let A, B, C be sets of positive integers a, b, c respectively and A(z), B(z), 
C(x) their respective number functions. Let C be the set of all the numbers 
of the form a, 6 or a + b. 

The so-called (a, 8)-hypothesis reads: Let a and 8 be two positive real num- 
bers witha + 6 < 1. Let A(x) 2 ax and B(x) 2 Br for x = 1, 2,.--,n. 
Then C(n) 2 (a + B)n. 

This hypothesis has been treated among others by Landau, Besicovitch, and 
Schur.” The proofs of their theorems have the principle in common that the 
number function C(n) is estimated more or less explicitly through integer ex- 
pressions in the number functions of the two sets A and B; and it is only after- 
wards that estimates of these number functions are used. An analysis of 
Besicovitch’s paper shows that Landau’s and Schur’s theorems can be derived 
from the estimate contained in his proof.’ 

The problem of constructing such integral estimates of C(n) through expres- 
sions in the number functions of A and B seems interesting for two reasons: 
On the one hand one can hope to reach a deeper understanding of the (a, 8)- 
hypothesis. On the other hand this problem seems more natural, since it in- 
volves no hypothesis about the sets A and B. 

Until now two estimates of this kind are known besides that of Besicovitch.’ 
These three estimates are sharp. In each of them the number of terms can be 
made arbitrarily large by increasing n. 

In this paper two new estimates are presented each containing only a restricted 
number of terms. Like the earlier three inequalities they are valid for numbers 


1 This paper was presented to the American Mathematical Society on February 24, 1940. 

*E. Landau: Die Goldbachsche Vermutung und der Schnirelmannsche Satz, Nachr. 
Ges. Wiss. Goettingen, 1930, pp. 255-276. 

A. S. Besicovitch: On the density of the sum of two sequences of integers, Journal 
London Math. Soc. 10 (1935), pp. 246-248. 

I. Schur: Ueber den Begriff der Dichte in der additiven Zahlentheorie, Sitz. Ber. Preuss. 
Akad. Wiss., 1936, pp. 269-297. 

Also: E. Landau: Ueber einige neuere Fortschritte der additiven Zahlentheorie, Cam- 
bridge Tracts 35 (1937). 

? P. Scherk: Bemerkungen zu einer Note von Besicovitch, Journal London Math. Soc. 
14 (1939), pp. 185-192. 
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not lying in C and interconnected by Khintchine’s “Umkehrformel” (Inversion 
formula).” 

We decompose the positive numbers into intervals, such that all the integers 
in intervals of one kind belong to C, those in the others not: Let 


qo = = 0 ko gi ky g2 ke gs 


We abbreviate T(z) = A(z) + B(z). 

If ko <n < gi, then C(n) = T(n). The proof of this statement is simple.° 
Two facts follow from it: 1) The (a, 8)-hypothesis is true for ky < n S gq; [and 
therefore up to ki]. 2) If we suppose a + 8 2 1 instead of a + B < 1, thenC 
contains all the positive integers up to n. 

If we go from the first segment ky) S n S g; to any higher one kj S n S gis 
(i = 1], then there exists no longer a general inequality of the form C(n) 2 
T(n) — f(i), where f(z) depends upon 7 but not on A and B.° 

The following theorem, however, can be proved: If k; S n S giz, and if 
C(n) < T'(n), then there is a number / + 1 S k; belonging to both A and B 
such that 


Cin) = TY) + Tin —1— 1) — — 2). 


This estimate contains the (a, 8)-theorem for the interval ki <n S g2. For 
such an n satisfies at least one of the following two inequalities 


C(n)=> and Cin) > TOD +1. 


The second theorem is connected with the analogous decomposition of the 
positive integers according to whether or not they belong to B. It can be 
formulated as follows: Let 


(1) n+1€4C, C(n) < A(n) + Bln). 
Then there is a number m < n with 
m+1¢C, n—mCA, 


‘A. Khintchine: Zur additiven Zahlentheorie, Matem. Sbornik 39, 3 (1932), pp. 27-34. 
One of the inequalities being symmetrical, only one other estimate is related to it. 

*See the beginning of the proof of the first theorem. This fact was already used by 
Schnirelmann. Schnirelmann: Ueber additive Eigenschaften der Zahlen, Math. Annalen 
107 (1933), pp. 649-690. 

One can readily find examples which show that T'(n) — C(n) can be made arbitrarily 
great while 7 remains fixed: Let 


lar<ces, A=B = {1,2,---,7r, 20+ 1, 20+ 2, --- , 3v}. 


Hence C = {1,2, --- , 2r, +1, 204+ 2, 40 +2, 4043, ---, ki = 30 +7 
and — C(ki) = 2v +r) — Qr+o+r) =0—r. 
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such that 
(C(n) — C(n — m)) + (C(n) — C(m + 1)) 
= A(m + 1) + A(n — m — 1) + Bln) - (i - 1), 


Here i + 1 equals the number of numbers r S n with r + 1 € B and either 
rC Borr =0. 
Both theorems can be slightly refined, but they are already sharp in the given 
form, in the sense that there is a pair of sets A, B such that in each of the in- 
finitely many estimates of this kind m can be chosen such that equality holds, 
but that for any choice of m in none of them the greater sign is valid.’ 
Throughout this paper we abbreviate D(x, y) = D(y) — D(a) for any number 
function D(x)* and I'(z, y) = T'(y) — T(z). Thus (2) can be written 


C(n — m,n) + C(m + 1, n) 
2 A(m + 1) + A(n — m — 1)+ Bin) — (i - 1). 


(2) 


(3) 


Lemma: Letk +1¢€C,0S59 <h Sk. Then 


Proor: Leta C A,b CB. Froma = k + 1 — b would follow k + l= 
a+b6CC. Therefore, the numbers a with g < a S hand the numbers k+1—b 
with g <k +1 — 6b S hare different from each other. Their number 


A(g, h) + Bik — h,k — g) 


is not greater than the number h — g of all the numbers z with g < z S h. 
Upon adding the formula symmetrical to it to (4), we obtain 


(5) 2(h — g) 2 Tg, h) + Tk — — 


Proor of the first theorem: 
The k; and g; have the same meaning as in the introduction. If ko > 0, then 


C(ko) = ko 2 T'(ko) 
according to (4) withg = 0,h =k = ky. If ko = 0, this estimate is trivial. If 
(6) C(x) 2 T(z) 


and if z + 1 €C, then (6) also holds for z + 1 instead of z. 

We may suppose (6) is not valid for all the x € C. Then there isa ji 2 | 
such that (6) holds for all the x < g;, with z € C but not for z = kj, . We 
shall show that there exists an inequality of the desired kind for all the x 2 ki, 
belonging to an interval k; S x S giys. 


7 Cf. the example given in 3. 
8 When x < y, D(z, y) obviously indicates the number of the d C D with x < d & ¥. 
° This lemma is a well known special case of Khintchine’s ‘“(Umkehrformel”’; cf. 2, 3, 4. 
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There is a number |; with g;, Sh < k;, such that 
(7) Tih) < Ch +1) < Th +1). 
Thus + 1 must lie in the intersection A-B of A and B. The formula (5) 
with 
k=k;,, g = 0, h=k;, -h 
gives 
2C(h , = — 2 — + Th, ki) 
hence, because of (7) 
(k;,) = 2C(h) + 2C(h , kj,) 2 + — + Th, ki) 
= Th) + T(k;,) + TR, — — 1). 
Since C(k;,) S T'(kj,) — 1 we obtain 
C(k;,) 2 + 1) + 1. 
The numbers k;,, kj,, +--+, andl, bh, ---, 1; may already have been 
constructed [i = 1] such that 1; + 1 C A-B and 
(8) C(z) 2 Ti) + T@ 1) @ 2) 
forz = k;,. If (8) holds for z and if x + 1 €C, then (8) also holds for x + 1 
instead of x on account of 1; + 1 CA-B. 
If (8) is not valid for all the z € C with x > k;, , then there exists a number 


ji > j; such that (8) holds for all the z € C with kj, < x S g;,,, but not for 
«= k;,,, ; and there is a number m with g;,,, S m < k;,,, such that 


rd) + P(m — 1; — 1) — (@ — 2) S C(m) < C(m + 1) 
(9) 
< + — li) — — 2). 
Therefore 
linn =m—1,CA-B. 
From (5) with 
we have 
2C(m, = — mM) = — — + 
> Min +1, hig, — +, Bic — — 
2 Min, hig, — 1) +, — lin — 2. 
On account of (9) we obtain. 
= 2C(m) + 2C(m, kiggs) + — — 2)) + 
+ Min, ki, 1 + Mh, — lin i) -3 
= + + — — 1) + — — 1) 2G 21); 
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and since (8) should not be true for x = k;,,, 
That accomplishes the induction, and j; = 7 gives our theorem.” 
Proor of the second theorem: 


In the following a, b, c denote numbers of A, B, C respectively. 
The number n + 1 satisfies the condition (1). Let 


2CB for for r;< 2S 8; =0,1,2,---, 
B B B 


i i 4 


Sin1= 0 8; 82 "1 81 Yo N=8 


4 


From a S n — 7% follows 75) < ¢c = a+ 79 S n; therefore 
C(ro, n) = A(n — 1) = A(nm — 10) + Biro, n). 
Let 
(10) C(z,n) = A(n — x) + Bla, n) 
9 forz = r,. Then (10) is true for all the z with 44: S Sr. For (4) 
wit 


k =n, h=n-2Z 


WIf kj, <2 C then 


(1’) C(z) = Tin) + gi — 1) +1. 
Since in view of (8) 
(2") C@@) = Th) +1, 


it is sufficient to show that the right term of (2’) is not smaller than that of (1’). Thus (1’) 
follows from 


Since, on account of the lemma, the right term of (3’) is not greater than 2C(gj; , 11), we 
have only to show 


But this is evident; for, on account of (7), C(li) = T'(li) and C(g;,) 2 T(gix)- 
The following example shows that there is no estimate analogous to (2’), from which the 
(a, 8)-hypothesis would result for the interval kj, < 2 S gjo+1: 


A = {1,2,---,t—1, 2% %+1,-:>, 8 —1, 4&+1,---, &—1) 
B = {1,2,--+,¢—1, 2, 2@+1,---,3t—1, 4¢+1, 4¢+2,---, 
There has not been found any example showing the same for (1’). 
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gives 
Cz, n) = m) + Cr, n) 2m — A(n — + Bin, n) 
> A(n— n — x) + Bla, + A(n — + Birr, 
= A(n — x) + Bz, n). 
On account of (1) there exists, therefore, a number j; with 1 S j, S 7 such 
that (10) is valid for z = 7, [A = 0,1, ---, j: — 1] but not for z = r;,. Then 


(10) holds especially for z = 8;,. Let m, be the greatest number z with r;, S$ 
x < ;, for which (10) is not true; thus 


A(n — m) + n) > Cm, n) C(m + 1, n) 


2 A(n — m — 1) + Bim + 1, 
Since 
, n) = Bim + 1, n) = B(r;, , n) 
we have 
m+1€0, n—m CA.” 
Furthermore 


(12) C(r;,,m) = A(m, — 7;,), C(n — m+ 17;,,n) 2 A(n — m,n — 
For if r;, ¥ 0, then 7;, C B; 
asm-—r;, gives ,<c=at+r, 
ad n-—m<aSn-—r;, gives n—m+rj,<c=atr;, Sn. 
Thus we obtain: 
C(n— m + 7;,,n) + C(m + 1, = A(n — m,n — + 
+ A(n — m — 1) + Bim + 1, n) [see (11) and (12)] 
2 A(n — — 1 + B(r;,, n) 
= C(r;,, n) [(10) should not hold for z = rj,] 
= C(r;, , m) + C(m , n) 
> A(m, — r;,) + A(n — m — 1) + B(rj,, 7) [see (11) and (12)]. 
Let m, and r;, be already defined, 


ry 
m+1€0¢, n—m CA, 


‘ " By iteraving the step leading to m; a descending sequence can be constructed which 
essentially equivalent to Besicovitch’s ascending one. 
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and let 
(13) C(n — m + x, n) + C(m + 1, n) 
> A(m, — 2) + A(n — 1) + Ble, n) («= 1) 


hold for x = r;,. 

If (13) is true for x = r) , then it holds for all the x with 44; Sz <1r,. Since 
on account of n — m, CA andz C B for 41; < z r, every number n — m, +z 
belongs to C, we have 


Cin — m + 2,2 — m+ 7) = 1 — 2; 
from (13) with r, instead of x and (4) with 
k=™, g=m—Nn, 
we hence derive 
C(n — m + 2, n) + C(m + 1, n) 
m+, + C(m + 1,2) 
2 A(m — m — 2) + B(x, + A(m — + 
+ A(n — m — 1) + B(ry, n) — (x — 1) 
= A(m, — x) + A(n — m — 1) + Ba, n) — (x — 1). 


If we can choose in particular \ = 7, (13) holds for x = 8,4; = 0 and, on ac- 
count of «x S 7 and A(m,) = A(m, + 1), we arrive at the assertion (3) with 
m= ™. 

We suppose now that (13) is not true for z = 0. Then there is a number 
Jer With < S such that (13) holds for z = ry [A = fey je FL 
jer — 1] but not for z = r;,,,. Thus we have 


A(me — Tigg,) + A(n — me — 1) + BCrigg 2) — 
m + n) + C(m + 1, n). 


According to the above-mentioned (13) holds for z = 8;,,,. Let / be the 
greatest x with r;,,, S x < s;,,,, for which (13) does not hold. Then we have 


(14) 


(A(m, — 1) + A(n — m, — 1) + BU, n) — « 
(18) ¢ = C(n — m + 1, n) + C(m, + 1, n) 
= C(n —-m +1+1,n) + C(m + 1, n) 
= A(m —1—1) + A(n— — 1) + BU + 1,0) — 


Bil, n) = BU +1, = Blr;,,,, 0). 
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We put 
= — m + I, 
thus 
Tier SE< (n— m) +1 = = — (Mm — I) <1, 
and (15) can be written 


A(n M41) + A(n — 1) + Bigs; n) 
> C(my1, 2) + C(m, + 1, n) 


(16) 
2 C (mest + 1, n) + C(m, + 1, n) 


Ma +1 Nn — My CA. 


Since 7;,,, = 0 or7r;,,, C B we have in analogy to (12) 


| — + iggy) Me) — Me — Thess) 


| C(n — me + Piggy — M, — 
Therefore 
Cm + 1, 2) + — + iggy 2) 
= C(mai + 1, n) + + 1, n) + C(n — mag + Me) 
A(n — — 1) + A(n — m — 1) + Bigg — 
— («- 1) + A(n — mei, Mm — [See (16) and (17)] 
2 — + A(n — m — 1) + Biggs — 
2 C(n — m+ + C(m + 1, n) 
= C(n me + Mey) + + 1, 2) + C(m + 1, 2) 
A(n = me, mer — + Alt — 1) + Alm me = 1) + 
+ — — 1) 
2 — + A(n — — 1) + 2) — & 


2 A(n M+ — 1) + A(n 1) + n) (x 1). 


1) 
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That finishes the induction.” 


YALE UNIVERSITY. 


12 In analogy to footnote 10 one can prove: Let sj, < 2 < 8j,, 2 CB; then C(n — 83, + 
n) + C(sj,,n) 2 A(n — 8;,;) + A(sj, — 2) + n) +1. From (11) follows 


n) = A(n — mi — 1) + n) = A(nm — m) + B(s;,, n) 1. 

From (13) with « = 1 and (4’) follows ] 
(5’) C(n — m, + 2, n) = A(m — 2) + B(z, 8),). tég 

Furthermore according to (10) with s;, instead of z: 
(6’) C(si,, m) 2 A(n — + 0). 
(4’) and (6’) together give (1) 
(7’) C(m1, S$ A(n — — m) — 1. 
Finally al 
C(n — 83, + — 2) = A(n — 8;,;, n — m) [for z B} liné 
(8’) 2 C(m, +1 [see (7’)] 
= A(m — 2, 83, —z) +1 S(z 
By adding (5’), (6’), and (8’) we obtain the assertion. Sti 
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SUR LE THEOREME DE LEBESGUE-NIKODYM 
Par DigupONNES 
(Received May 16, 1940) 
InrropucTION. Un des théorémes les plus impertants de la théorie de |’in- 
tégrale de Lebesgue est le suivant: si E désigne l’ensemble des fonctions réelles 


continues z(t) dans l’intervalle 0 < ¢ < 1, toute fonctionelle linéaire positive 
L(z) définie dans E peut se mettre, d’une maniére et d’une seule, sous la forme 


4) dt + S(2) 


ou y(t) est une fonction mesurable positive, bien définie dans |’intervalle [0, 1], 
4 l’exception des points d’un ensemble de mesure nulle, et S(x) une fonctionnelle 
linéaire positive singuliére, c’est-A-dire jouissant de la propriété suivante: il 
existe un ensemble de mesure nulle H, contenu dans I’intervalle [0, 1], tel que, 
pour toute fonction mesurable positive z(t), nulle en tout point de H, on ait 
S(z) = 0. Ce théoréme, généralisé par O. Nikodym 4 l’intégrale de Radon- 
Stieltjes’ (od les fonctions intégrées sont définies dans un ensemble queleonque) 
est connu dans la littérature sous le nom de théoréme de Lebesgue-Nikodym. 
Dans un important mémoire sur les Opérations linéaires, publié récemment 
dans ce journal,’ M. F. Riesz a montré l’extréme généralité de la décomposition 
qui apparait dans la formule (1). En prenant comme ensemble £, non plus un 
ensemble de fonctions, mais un ensemble d’éléments de nature quelconque, 
possédant seulement quelques-unes des propriétés des ensembles de fonctions 
réelles intervenant dans le théoréme de Lebesgue-Nikodym (notamment en ce 
qui concerne la structure d’ordre de cet ensemble, et sa structure de groupe 
abélen), il parvient néanmoins & montrer, par des moyens fort simples, que, 
si U est une fonction linéaire positive définie sur E, toute autre fonction linéaire 
positive L sur E peut se mettre, d’une maniére et d’une seule, sous la forme 
L = V + S, ot V joue le réle de la fonctionnelle “absolument continue” 


1 
[ y(t)x(t) dt du second membre de (1), et S celui de la partie “singulitre”, de la 


maniére suivante: S est “disjointe” de U, c’est-A-dire que l’on a inf (U, S) = 0 
(autrement dit, il n’existe pas de fonction linéaire positive, autre que 0, inférieure 
ila fois 4 U et 8); et V appartient a la plus petite “famille compléte” de fone- 
tions linéaires positives contenant U (une telle famille étant un ensemble de 
fonctions linéaires positives caractérisé par les propriétés suivantes: il contient 


‘Voir par exemple S. Saks, Theory of the Integral, New York, G. E. Stechert, 1937. 
; °F . Riesz, Sur quelques notions fondamentales dans la théorie générale des opérations 
linéaires, Annals of Math., 41, (1940), pp. 174-206. 
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la somme de deux quelconques de ses éléments, les minorants d’un quelconque 
de ses éléments, et les bornes supérieures de ses parties majorées). 

Toutefois, la théorie de F. Riesz ne permet pas de donner 4 la partie “absolu- 
ment continue” de cette décomposition une forme aussi précise que dans la 
formule (1); cela est di en premier lieu au fait que le produit de deux éléments 
de l’ensemble # n’est pas défini. 

Dans le méme temps que je prenais connaissance du mémoire de F. Riesz, 
N. Bourbaki a bien voulu me communiquer un travail manuscrit*® sur |’In- 
tégration rédigé en 1939, indépendamment des travaux de F. Riesz, et qui 
contient, entre autres, une généralisation du théoréme de Lebesgue-Nikodym 
ayant beaucoup de points communs avec les résultats de ce dernier. Chez N. 
Bourbaki, les éléments de l’ensemble EF sont des fonctions comme dans le cas 
classique, mais sans les restrictions de “mesurabilité” habituelles; en fait, une 
grande partie de ses résultats n’utilise que les propriétés attribuées par F. 
Riesz 4 son ensemble E. En outre, tandis que les structures d’ordre n’inter- 
viennent, dans le mémoire de F. Riesz, que par les notions de borne supérieure 
et borne inférieure, les méthodes de N. Bourbaki reposent sur un usage pré- 
pondérant des “limites dans un ensemble ordonné filtrant” ;* le résultat fonda- 
mental auquel on aboutit ainsi (et que je reproduis avec l’autorisation de l’auteur) 
est le suivant: appelons partition d’une fonction positive x e E, toute suite finie 
(z;) de fonctions positives appartenant a E, et telles que » x; = x; et ordonnons 


l’ensemble Px) des partitions de x, en posant (2;) < (x}) si, pour toute fonction 
zx; de la premiére partition, il existe une suite finie extraite de la seconde, et qui 
soit une partition de x; ; P(x), ainsi ordonné, est filtrant (& droite). Ceci posé, 
soit o(u, Ue, -++, Up) une fonction de p variables réelles, définie dans tout 
l’espace numérique R”, lipschitzienne (c’est-A-dire telle qu’il existe une constante 
c satisfaisant A l’identité | uw, Up) — (ur, U2, Up)| < 
c-Max | u — uz |) et positivement homogeéne (c’est-d-dire que, pour tout d > 0, 
Ale, +++, AUp) = A-G(U1, Ue, +++, Up)). Soient d’autre part hh, le, 
- , Ip, p fonctions linéaires “relativement bornées” sur E (différences de deux 
fonctions linéaires positives); alors, pour tout z e EZ et > 0, la formule 


(2) J(x) = limg,,, e(Li(ai), In(ai), «++ 


définit une fonction linéaire relativement bornée sur E (la limite étant prise 
suivant le filtre des sections de l’ensemble ordonné filtrant P(x)); cette fonction 
se note In, ---, I,). 


3 Ce manuscrit n’est pas destiné a une publication immédiate, mais constitue un premier 
projet du fascicule des ‘“‘Eléments de Mathématique” de cet auteur, qui sera consacré a la 
théorie de |’Intégration. Signalons A ce propos que nous suivons ici la terminologie de ces 
“Eléments” en ce qui concerne la Théorie des Ensembles et la Topologie générale. — 

* Cette notion de limite n’est autre que celle introduite par E. H. Moore et H. L. Smith 
(‘A general theory of limits,” Amer. Journ. of Math., 44 (1922), p. 102). 

°F. Riesz définit aussi ces “fonctions de fonctions” linéaires, mais d’une maniére tout 
autre et plus détournée. 
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Ce résultat permet 4 N. Bourbaki de définir une topologie d’espace localement 
convere sur l’ensemble F des fonctions linéaires relativement bornées sur £; et, 
4 partir de cette topologie, de donner une nouvelle définition de la “plus petite 
famille compléte” (au sens de F. Riesz) contenant une fonction linéaire positive 
U. De plus, cette définition topologique donne un moyen de préciser la forme 
de la partie “absolument continue” de la décomposition de Riesz, en adjoignant 
de nouveaux éléments & # par une opération de “complétion”, et en définissant 
le produit d’un de ces éléments (qui ne sont plus des fonctions, contrairement 
aux éléments de £), et d’un élément de £; on montre alors que la partie “abso- 
lument continue” de la décomposition de Riesz peut s’écrire U(yx), ot y est 
un des éléments de l’ensemble EF “complété” (U étant convenablement ‘“pro- 
longée” & cet ensemble) ; on arrive ainsi 4 une généralisation parfaite du théoréme 
de Lebesgue-Nikodym.° 

Toutefois, cette derniére partie du travail de N. Bourbaki (dont le point 
capital est la démonstration de l’identité de la partie de F définie par voie 
topologique, et de la “plus petite famille compléte” correspondante) suppose 
essentiellement que les éléments de E sont des fonctions. II restait 4 examiner 
la possibilité d’arriver & des résultats analogues en demeurant dans la voie 
suivie par F. Riesz, c’est-A-dire sans supposer le caractére fonctionnel des 
éléments de l’ensemble E; e’est ce que je fais dans ce qui suit. J’y utilise les 
méthodes topologiques de N. Bourbaki, ainsi que la formule (2) (qui ne suppose 
pas que les éléments de Z sont des fonctions) ;’ quant au raccord avec la théorie 
de F. Riesz, qui reste le point délicat de la démonstration, il se fait en adap- 
tant au cas “abstrait”’ une idée de J. von Neumann, appliquée par ce dernier 
4la démonstration du théoréme de Lebesgue-Nikodym classique, et qui consiste 
4 passer par l’intermédiaire de l’espace des “fonctions de carré sommable.’* 


1. Nous prenons comme point de départ un ensemble £ sur lequel est défini, 
d'une part une structure d’ordre, d’autre part une structure d’espace vectoriel 
par rapport au corps des nombres réels; nous supposons en outre que les condi- 
tions suivantes sont remplies: 

(I) E est réticulé (“lattice”), autrement dit, quels que soient z et y dans E, 
il existe les éléments inf(z, y) et sup(z, y). 

(II) La relation z < y entraine x + z < y + z quel que soit z. 

(III) Les conditions x > 0, > 0 (A réel) entrainent Ax > 0. On pose |z| = 
sup (x, —x); on démontre sans peine les identités |z + y| < |x| + ly], 
= |; si = sup (2, 0), = sup (—z,0) nar 
't|= 2° +2. L’ensemble des éléments > 0 de E sera désigné par E, ; il 


*En ce qui concerne les travaux de N. Bourbaki sur |’ Intégration on pourra consulter 
un article de A. Weil sur la théorie des probabilités (Revue Scientifique (Revue rose), 1940. 

7A l'exception de cette formule, tous les résultats de N. Bourbaki utilisés dans ce travail 
sont donnés avec leur démonstration. 

‘Voir par exemple, J. von Neumann, On rings of Operators, III, Annals of Math., 41 
(1940), p. 127-129, 
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satisfait aux conditions imposées par F. Riesz & son “domaine fondamental” 
(loc. cit., §I). 

Une fonction réelle U sur E est linéaire si U(x + y) = U(x) + U(y), et 
U(Az) = AU (za); elle est positive si U(x) > quel que soit x ; elle est relg- 
tivement bornée si, quel que soit y e E,, | U(x) | est borné pour l’ensemble des 
2eE tels que |x| < y. Toute fonction relativement bornée est la différence 
de deux fonctions linéaires positives (N. Bourbaki, loc. cit.). 

On désignera par F’ l’ensemble des fonctions linéaires relativement bornées; 
si on écrit U > V lorsque U — V > 0, F satisfait aux conditions (I), (II) et 
(III). D’aprés la formule (2), on a pour tout z ¢« E, et tout Ue F, | U |(z) = 
sup p | U(a,) | pour toutes les partitions finies (x;) de x. On désignera par F, 


V’ensemble des fonctions linéaires positives. 

On peut, avec N. Bourbaki, définir sur F une structure d’espace vectoriel 
localement convexe, & l’aide de la famille de pseudo-normes N.(X) = | X |(z) 
(x fixe dans E,); F, muni de cette structure, est complet. En effet, soit F un 
filtre de Cauchy sur F; quel que soit x « E, , il existe un ensemble A « F tel que, 
pour X et Y quelconques dans A, |X — Y |(x) < «, et & fortiori | X(z) - 
Y(x)| < «. Si A(x) désigne l’ensemble des nombres X(x) pour X ¢ A, et 
F(x) le filtre formé par les ensembles A(x) sur la droite numérique R, F(z) est 
un filtre de Cauchy, qui converge done vers une limite, qu’on notera X,(z). 
Montrons que X» est la limite de ¥ dans F; pour tout X ¢ A, et toute partition 
finie (x;) de x, on a 


| — Xa) | = lime, | Ya) — | < sup Va) X(@)| 


< sup |Y — <e 
Yea 


ce qui montre d’abord que — X F, XoeF, puis que | Xo — X| (zx) < 
€, ce qui achéve la démonstration. 

Dans F, tout ensemble majoré A posséde une borne supérieure (F. Riesz, 
loc. cit., §I1), et toute ensemble minoré une borne inférieure; si en outre A est 
ordonné filtrant d@ droite, sa borne supérieure est aussi la limite (dans la topologie 
définie ci-dessus) du filtre des sections sur A; on peut d’ailleurs retrouver directe- 
ment cette propriété en partant du fait que F est complet, et en déduire ensuite 
le résultat de F. Riesz. Si X» est la limite de l’ordonné filtrant A, on a Xo(x) = 
tim X(z), quel que soit E. 


Remarquons encore que, dans F, F', est un ensemble fermé, et que les fonctions 
X*, |X| sont wniformément continues. 


2. Nous supposerons & partir de maintenant que EZ est muni, en outre des 
structures précédentes, d’une structure d’anneau commutatif, c’est-a-dire que 
le produit xy de deux éléments de E est toujours défini, est associatif, commu- 
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tatif, distributif par rapport & l’addition et del que A(zy) = (Ax)y pour A réel; 
enfin, nous faisons l’hypothése suivante: 


(IV) Quels que soient y, z dans E£, la relation x > 0 entraine 


sup (xy, xz) = x-sup (y, z) 


Indiquons d’abord quelques conséquences de cette hypothése. En premier 
lieu, siy < 2, ona zy < > 0; en particulier, siz > 0, y > 0, zy > 0; 
jz>Qour <0,onar = (—z)’>0. Six > Oetyest quelconque, | zy | = 
1-|y |; si done x et y sont quelconques et qu’on pose x’ = |x|, y’ = |y|, on aura 
= — | = — = | ay’ | =2'y, 


e + = + )y’ = a'y’, donc |zy| = 2'y' = 
it|-|y|. De plus az’ = x”; or az’ = (2*)’ — donc xz’ S (2*) + 
mais 2” = + (a + ce qui montre que = 0; on en tire 


que, pour z quelconque, (2) >0. 
Soit alors X e F,. ; quels que soient A et u réels, et x et y quelconques dans E, 
ona X((Ax + > 0, d’od aussitét l’inégalité de Schwartz 


(3) | X(ay) | < 
et, comme conséquence immédiate, l’inégalité de Minkowski 
(X((x + < + 


3. Considérons & présent une fonction linéaire positive U sur Z, sur laquelle 
nous ferons d’abord les hypothéses suivantes: 


(V) La relation U(|2|) = 0 entraine x = 0. 


(VI) Quel que soit y ¢ £, il existe un nombre fini || y || > 0 tel que, pour tout 


(5) | U(yz) | < lly ||-U 


La premiére condition exprime que U(| x |) est une norme sur E£; la seconde, 
que, si on désigne par U, la fonction linéaire x — U(yzx), Uy est continue lorsqu’on 
topologise EZ par la norme U(| x |). 

Pour énoncer notre derniére hypothése, désignons par S l’ensemble des y ¢ Ey. 
tels que, pour tout x « E,, on ait yr < x. Notre hypothése est la suivante: 


(VII) Quels que soient X ¢ F tel que < X < U,etxeE,ona 
(6) X(|x|) = sup | X(yz) | 
lyjeS 


On en déduit que, si U(zy) = 0 quel que soit y > 0, ona x = 0; en effet, on a 
alors, pour tout y « E, | U(ay) | < | U(ey*) | + | U(ay) | = 0, d’od U(zy) = 0; 
('aprés (6) on en tire U(|2|) = 0, et cela entraine = 0 d’aprés (V). 
résulte en particulier que, si z* = 0, on a z = 0, en vertu de V’inégalité 
de Schwartz. 
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4. Soit Fy l’ensemble des U, , lorsque y parcourt E; d’aprés ce qui précéde, 
application y — U, est une application biunivoque de E sur Fy. Elle est 
évidemment linéaire; en outre, c’est un tennant de la structure d’ordre 
de E sur celle de Fy. En effet, il est clair y’ y” entraine Uy < U, 
mais réciproquement, U,, < U, entraine y’ < y’: il suffit de montrer que 
U(yx) > 0 quel que soit x > 0 entraine y > 0. Or cette hypothise entraine 
en particulier U(yy') > 0, e’est-A-dire U(—(y)”) > 0; comme (y~ > 0, ce 
n’est possible que si = 0, d’od = 0, et par suite y = 0, c’est-d- 
dire y > 0. 

A la topologie de Fy correspond sur E celle définie par les pseudo-normes 
N,(z) = U,(| x |) pour y > 0; cela résulte de V’identité | U, | = Uj. , que nous 
allons démontrer en nous appuyant sur l’hypothése (VII), la formule (2), et un 
raisonnement emprunté au mémoire de N. Bourbaki. II suffit évidemment de 
voir que, pour tout x > 0, U(| z| x2) < sup zy | U(zx,) | pour toutes les partitions 


(x;) dex. Or, d’aprés (VII), ona U(|z!z) = sup | U(ezry) |; mais 


| U(exy) | < | Uexy") | + | Ulery) | < | | 


ow (x;) est la partition de x formée des trois éléments 2; = zy", t2 = xy, 23 = 
x — x|y|; d’out la proposition. 
L’application y — U’, se prolonge done par continuité, en une application biuni- 
voque du complété Ey de E, muni de la structure uniforme définie par les pseudo- 
normes N,,, sur l’adhérence Fy de Fy dans F. Pour tout y € Ey , on désignera 
encore par U, l’élément de Fy qui lui correspond; on ordonnera Ey en y trans- 
portant la structure d’ordre de Fy ; cette structure transportée prolonge celle 
de E, d’aprés ce qui précéde; l’ensemble Ei des y > 0 est l’adhérence de Ey. 
dans Ev. En effet, il suffit de voir que, si Gy désigne l’ensemble des U, tels 
que ye E,, Go = Fy N Fy; or, Vensemble Fy NF, étant fermé, contient Gb ; 
et d’autre part, si X > O appartient & Fy , & tout x e BE, et tout « > 0 correspond 
un y E tel que | X — U, < d’ou, puisque | X | = X, et | Uy, | = Umi, 
|X — Uj, | (x) < « ce qui montre que X «Gy. Onen conclut aisément que, 
si X « Fy , | X | e Gu, d’apres la continuité de la fonction | X | dans F. 

Il est clair par ailleurs que la structure d’espace vectoriel de E se prolonge 
& Ev , en une structure isomorphe & celle de Fy ; cette structure et la structure 
d’ordre de Ey satisfont aux axiomes (I), (II) et (IID). En outre, tout ensemble 
majoré dans Evy admet une borne supérieure, car la borne supérieure, dans F 
d’une partie majorée de Fy appartient & Fy : c’est immédiat pour une partie 
, et il en résulte 
que la borne supérieure d’une partie majorée quelconque de Fy est la limite 
d’un ensemble filtrant 4 droite sur Fy , done appartient & Fy (qui est fermé). 


finie (apres la formule sup (X, Y) = 


5. Pour une valeur fize de x ¢ E, l’application linéaire y > yx de E dans E 
est continue; en effet, upon la condition (VI), on a, pour tout ze £,,N (yx) = 
U(| yx | y|z) = ||r||-N(y). 
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On peut done prolonger par continuité cette fonction & Ey ; on a ainsi défini 
le produit yx pour tout y « Ey et tout x « FE (le produit yy’, pour deux éléments 
de Ev , n’est pas défini en général!) Si x et x’ sont deux éléments queleonques 
de E, on a (yx)x’ = y(xx’). En effet, les deux membres sont des fonctions con- 
tinues de y, égales dans #, qui est partout dense dans Ey , donc elles sont encore 
gales dans Ev. On montre de méme les_ propriétés de distributivité 
y = yt + y@ + 2’) = yx + et que, pour d réel, = 
y(Az) = \(yx). Si on remarque que la fonction sup (y, z) est uniformément 
continue dans Ey X Ev , on démontre de la méme maniére que sup (y, y’)-2 = 
sup (yz, y’z), et que y-sup (2, x’) = sup (yz, yz’) en prolongeant l’identité (IV). 

Enfin, les fonctions U(yx) et U,(x), pour z fixe dans £, sont linéaires en y, 
continues dans FE et identiques; elles sont done encore identiques pour tout 


yeEu. 


6. Nous sommes maintenant en mesure d’énoncer le résultat final auquel 
nous voulons parvenir. Désignons par K ce que F. Riesz appelle “la plus 
petite famille compléte contenant U”’; cette famille est une partie de F, qui 
sobtient de la maniére suivante (F. Riesz, loc. cit., $V): on considére l’ensemble 
K' des fonctions linéaires positives X telles que X < AU pour une valeur con- 
venable de \ > 0; K est l’ensemble des bornes supérieures de toutes les parties 
majorées de K’. Nous allons montrer que l’ensemble K est identique a l'ensemble 
Gy. Toute fonction X e Fs se mettant, d’aprés le théoréme fondamental de 
F. Riesz (loc. cit., th. 14) sous la forme Y + Z, ot Y € K et ot Z est disjointe 
de U, on aura Y = U, avec y ¢ Ey , d’aprés ce qui précéde, et on obtiendra ainsi 
lénoncé généralisant entiérement le théoréme de Lebesgue-Nikodym aux fonc- 
tions linéaires abstraites. 

Nous allons commencer par montrer que K C Gy ; comme toute partie ma- 
jorée de Gy admet une borne supérieure appartenant 4 Gy, il nous suffira de 
voir que K’ C Gy. Autrement dit, nous allons démontrer que, si 0 < X < AU 
(\ > 0), al existe un y € Ey tel que X = U,. 

Remarquons pour cela que, d’aprés (V) et les inégalités (3) et (4), (U (a”))! 
est une norme dans E, et que, d’aprés (3), la fonction (y, x) = U(yz) posséde 
les propriétés d’un produit scalaire. Il en résulte aussitét que, si on compléte 
£, topologisé par la norme (U(z”))', on obtient un espace de Hilbert? H. Comme, 
daprés (3), on a, pour tout y > 0, 


< 


la topologie définie sur E par la norme (U(2°))' est plus fine que celle définie 
par les pseudo-normes N;(x); il s’ensuit que l’application identique ¢ de E, 
considéré comme sous-espace de H, sur E, considéré comme sous-espace de Ev , 


*Par “espace de Hilbert,”? nous entendons un espace satisfaisant aux axiomes A, B, E 
énoneés au chap. I du mémoire de J. von Neumann, ‘Allgemeine Eigenwerttheorie Her- 
milescher Funktionaloperatoren,” Math. Ann., 102 (1930), p. 49. Aucune hypothése n’est 
ite sur le nombre de dimensions de ]’espace, qui peut étre, éventuellement, fini ou supé- 
neur au dénombrable. 
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se prolonge en une application linéaire continue de H dans Ey , application que 
nous désignerons encore par g. Remarquons maintenant que toute forme 
linéaire continue sur H est un produit scalaire (y, x), avec y fixe dans H. Or, 
pour tout z fixe dans E, (y, x) est une fonction continue de y dans H, qui coincide 
avec U(yx) = U(¢(y)x) lorsque y e EZ; mais U(yz), considérée comme fonction 
de y, est continue dans Ey , done U(g(y)z) est continue dans H. Par suite, 
(y, x) et U(e(y)x), qui coincident dans la partie partout dense E de H, coincident 
dans H. 

Ceci posé, I’hypothése X < AU entraine, pour tout yeH, | X(yz)|< 
AU(|y|-| = ANjy\(x), autrement dit, l’application x — X(yz), que nous 
désignerons par xX, , est continue dans E, muni de la structure définie par les 
pseudo-normes N, ; a fortiori, elle est continue dans EZ, considéré comme sous- 
espace de l’espace de Hilbert H. Elle se prolonge donc dans H, et par suite, 
il existe z, « Ey tel que X, = Uz, 

Il est immédiat que l’application y — z, de E dans Ez est linéaire. Si y > 0, 
on a z > 0, car alors U,,(x) = X,(x) > 0 pour tout z > 0. Enfin, z, est fone- 
tion continue de y; en effet, pour tout xe on a = U(\z|2) = 
= | Uz, | = | Xy| = Xi < \N.(y) d’apres V’identité démon- 
trée au §4 

Faisons alors décrire 4 y |’ensemble S (§3); d’aprés la condition (IV), cet 
ensemble ordonné est filtrant 4 droite; il est majoré dans Ey , car Uy < U quel 
que soit y e S; son filtre des sections F a done une limite e dans Hy. En vertu 
de la continuité de z,, cette fonction tend vers une limite z, suivant le filtre 
F; pour tout x fixe dans E, , d’aprés la continuité de U(yx) dans Ey , on a donc 


U(e-x) = lime. U(zx) = lime. X (yx); mais, d’aprés (VII), lime X (yx) = X(z), 


ce qui démontre la premiére partie du théoréme. 

7. Il nous reste & voir que Gy C K; d’aprés le théoréme de décomposition de 
F. Riesz, tout X ¢ Gy peut se mettre d’une maniére et d’une seule sous la forme 
Y + Z, ot Y eK et od Z est disjointe de U; comme K C Gy, Z =X -Y 
appartient & Fy, et comme Z > 0, Z Gy ; la proposition sera démontrée si 
on fait voir que toute fonction Z e Gy , disjointe de U, est nécessairement 0. 

Nous utiliserons pour cela le critére suivant: si une fonction X appartient 4 
Gv , 4 tout y e FE, et tout « > 0 correspond un nombre 7 > 0 tel que les condi- 
tions re EH, , x < y, U(x) < 7 entrainent | X(zx) | < e (critére d’“absolue con- 
tinuité”; nous en empruntons l’énoncé et la démonstration au travail de N. 
Bourbaki). En effet, il existe par hypothése z e EZ tel que | X — U.|(y) < 4, 
d’ou, pour la partition (x,y — x) de y, | X(x) — U(ex) | +|X(y — 2) — U(e(y—2))| 
< 6 et a fortiori | X(x) — U(zx) | < 6; par suite | X(x) | < 6 + || z||-U(@), ce 
qui est aussi petit qu’on veut si 6, puis U(x), sont pris assez petits. 

Si Z appartient 4 Gy et est disjointe de U, on a par définition inf (Z, U) = 9; 
et, pour tout x eH, et tout 7 > 0, il existe une partition (y, z) de x telle que 
U(y) + Z(z) < n,”° d’od en particulier U(y) < 7; si 7 < € est choisi de sorte 


10 F, Riesz, loc. cit., p. 183. 
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que les conditions y < z, U(y) < 7 entrainent Z(y) < ¢, on aura done Z(x) = 
Hy) + < et comme est arbitraire, Z(x) = 0, d’od la proposition, 
gui achéve de démontrer le théoréme. 

Le méme raisonnement montre aussi que la condition donnée ci-dessus pour 
que X € Gy , est non seulement nécessaire, mais aussi suffisante. 

8. Siles éléments de E sont des fonctions réelles finies, définies sur un ensemble 
4, les axiomes (II) et (III) sont vérifiés d’eux-mémes, et (I) entraine (IV) (on 
suppose bien entendu que l’addition et la multiplication sont l’addition et la 
multiplication ordinaires des fonctions réelles). L’axiome (VI) est vérifié pour 
toute fonction linéaire positive U si les éléments de E sont des fonctions bornées 
sur A. 

Quant 4 la condition (VII), N. Bourbaki a montré, dans le travail auquel 
nous nous sommes déja plusieurs fois référé, qu’elle est vérifiée dans chacun des 
deux cas suivants: 1° E contient la fonction égale 4la constante +1; 2°si ze F,, 
VzeE. Ilest vraisemblable que ces deux cas ne sont pas les seuls ot la condi- 
tion (VII) est réalisée; mais nous allons voir par contre, sur un exemple, que cette 
condition n’est pas une conséquence des autres, et que, lorsqu’elle n’est pas 
vérifiée, le théoreéme de Lebesgue-Nikodym peut se trouver en défaut. 

Prenons pour A l’intervalle 0 < ¢ < 1, et pour £ |’ensemble des fonctions 
réelles continues dans A, nulles au point t = 0, et dérivables en ce point. I] est 
immédiat que EZ est un espace vectoriel, et qu’il satisfait aux conditions (I), 
(II) et (III); en outre le produit de deux fonctions de EF appartient 4 E, et la 


condition (IV) est évidemment vérifiée. Les fonctions de E sont bornées, 


done (VI) est satisfaite pour toute fonction linéaire positive. 
1 
Prenons alors U(x) = 2’(0) + I x(t) dt;il est clair que (V) est vérifiée. Par 
contre, nous allons voir que (VII) ne l’est pas. En effet, pour tout y eZ, on a 
1 


= y(t)x(t) dt; si | y(t)| < 1 quel que soit A, on a | U(yx)| < 


1 
| | | x(t) | dt, done, pour tout x > 0, | U(x) — U(yz) | > 2’(0), et si 2’(0) ¥ 0, 


(VII) ne peut étre satisfaite. 

Pour montrer que, dans ce cas, le théoréme de Lebesgue-Nikodym, tel que 
nous ’avons énoncé, n’est pas vrai, nous établirons que U n’appartient pas a 
bv. Sinon, en effet, pour tout z e E, et tout « > 0, il existerait y e EZ, tel que 
U,| (x) < 6, e’est-d-dire, pour toute partition (x;) de z, > | U(x) 

1 
U(yas) | < et en particulier, | 2;(0) + (1 — y(t))x.(t) dt| < pour tout 
indice 7, Or, on peut choisir la partition (x;) de sorte que, pour un indice k, 

1 
= 2'(0), et | (1 — y(t))ax(t) dt| < « On aurait done | 2’(0)| < 2e, 
quel que soit ¢ > 0, ce qui est absurde, puisque x a été prise arbitraire dans E. 


Nancy, FRANcE. 


~ 


? 


¥ 
ne 
r, 4 
le 
mn 
e, 
it 
4g, 
) 
d 
t 
1 
i 
| 4 
4 
i] 
| 
i 


ANNALS OF MATHEMATICS 
Vol. 42, No. 2, April, 1941 


ON THE MODULAR CHARACTERS OF GROUPS 
By R. Braver C. NeEssitt* 
(Received, December 15, 1939) 
Part I. Introduction 


§1. Ordinary representations. Group ring. §2. Arithmetical questions, 
§3. Modular representations. §4. Decomposition numbers. §5. Cartan in- 
variants. §6. Characters. §7. The character relations. §8. Corollaries. §9. 
Blocks. §10. Decomposition of FT. §11. Summary of the results. 


Part II. Blocks of highest kind 
§12. Condition for the reducibility of Z;. §13. Blocks of highest kind. §14. 
Vanishing of the character for p-singular elements of G. §15. Example. 
Part III. The elementary divisors of the Cartan matrix 


§16. Computation of the elementary divisors of C. §17. Blocks of type a. 
§18. Ordinary characters which are linearly independent (mod p). §19. Ap- 
plication of the lemma of §18. §20. Blocks of the lowest kind. §21. Alterna- 
tive proof of theorem 2. 


Part IV. On the multiplication of characters 
§22. Relations between the problems of determining the ordinary and the 


modular characters of G. §23. The multiplication of characters. §24. Upper | 


and lower bounds for the degrees of the indecomposable constituents U, . 


Part V. Relations between the characters of a group © and 
those of a subgroup of G 


§25. The induced character. §26. The formulas of Nakayama. §27. On 
the converse of theorem 1. §28. An upper and a lower bound for cu . 


Part VI. Special cases and examples 


§29. Special cases. §30. The groups GLH (2, SLH(2, p’), and LF (2, p’). 
§31. The Cartan invariants and decomposition numbers (for p) of LF (2, p). 


* Presented to the American Mathematical Society, October 30, 1937. 
556 


1. ( 
6 of f 
acters 
numb 
of an 
extent 
Ins 
of the 
consis 
! 
where 
eleme 
multi 
tions 
of vie 
Sif 
of 
class 
class 
strue 
modt 
m ‘epre 
of fin 
paper 
lineal 
| 


ions, 


§9. 


$14. 


a, 


Ap- 
na- 


the 


per : 


On 


ON THE MODULAR CHARACTERS OF GROUPS 557 


I. IntropvuctTion! 


1. Ordinary Representations. Group ring. The representations of a group 
G of finite order g were first treated by Frobenius’ in his theory of group char- 
acters. The coefficients of the linear transformations are taken as complex 
numbers, but it does not make any difference if we take them as the elements 
of an alvebraically closed field K of characteristic 0. The theory has been 
extended by I. Schur® to the case where K is any field of characteristic 0. It 
does not mean an essential restriction, if we take K as an algebraic number field. 

Instead of considering representations of G, we may consider representations 
of the group ring’ of ® with regard to K. This Fr is an associative algebra 


consisting of all symbols 
(I) a = + --- + 


where G,, G2, , G, are the elements of @, and a1, az, -++ , are arbitrary 
elements of K. The equality of two such elements, their addition, and their 
multiplication are defined in a natural manner. The study of the representa- 
tions of I is closely tied up with the investigation of the algebra I. 


2. Arithmetical questions. We may also study I from an arithmetical point 
ofview. Taking K as an algebraic number field, we obtain a domain of integrity 
4 if we take the a; in (1) from the domain 0 of the integers of K. The question 
arises in What manner does a prime ideal p behave when considered as an ideal 
of 3. The behavior of p in & is characterized by the structure of the residue 
dass ring $/p. This ring can be considered as an algebra I over the residue 
dass field K = 0/p of the integers of K taken (mod p). Obviously, I is the 
group ring of @ with regard to the finite ground field K. The study of the 
structure of I then amounts essentially to the same thing as the study of the 
representations of I or of @ by matrices with coefficients in the finite field K. 
We thus are led to the problem of extending Frobenius’ theory to the case of a 
modular field of reference (i.e. a field of a characteristic p ¥ 0). 


3. Modular representations. Modular representations of a group © (ie. 


| ‘presentations of G by matrices with coefficients in a modular field) were first 


‘In §§$4-10 of the introduction, we give a short account of the theory of modular repre- 


@ sentations of a group as developed in our paper: On the modular representations of groups 


of finite order, University of Toronto Studies, Math. Series No. 4, 1937 (we refer to this 
paper as M.R.). We tried to make it unnecessary for a reader, who is familiar with the 
theory of representations in general, to read our former paper. An exception is formed 
perhaps by the proof of formula (5) below, but literature for other proofs of this formula 
are mentioned in footnote 10. 

* For Frobenius’ theory, see the accounts in L. E. Dickson, Modern Algebraic Theories, 
Chicago, 1926, chapter XIV; G. A. Miller, H. F. Blichfeldt, L. E. Dickson, Theory and 
Application of Finite Groups, New York 1916, chapter XIII, H. F. Blichfeldt, Finite Col- 
lineation Groups, Chicago 1917, chapter VI. 

‘I. Schur, Sitzungsber. Preuss. Akad., 1906, p. 164. 

‘Cf., for instance, H. Weyl, The Classical Groups, Princeton 1939, Chapter III. 
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studied by Dickson.’ He proved that Frobenius’ theory remains valid, if the 
characteristic p of the field is prime to the order g of ©. Since the discriminant 
oi T is a power of g, this corresponds to the case that the prime ideal p in §2 js 
not a discriminant divisor. If, however, p divides g, then we must expect re- 
sults which differ from those of Frobenius. This was shown first by a theorem 
of Dickson® concerning the splitting of the regular representation (cf. §8 below). 
A coherent theory of the modular representations was given by the authors in 
a previous paper.’ In the following §§4-9, we shall discuss briefly our former 
results. We prefer, in most of what follows, to use the language of the theory 
of representations (instead of that of the theory of algebras or of the theory of 
ideals). 


4. Decomposition numbers. We choose the algebraic number field K such 
that the absolutely irreducible representations of © in the sense of Frobenius 
can be written with coefficients in K. Let Z,, Z2, +--+ , Zn be the essentially 
different ones among these representations, and let z; denote the degree of Z;. 
Then n is the number of classes of conjugate elements ©, G,---, ©, in @. 

Let p be a fixed rational prime number, and p be a fixed prime ideal divisor 
of pin K. We may assume that the coefficients of all the Z; are p-integers (i.e. 
numbers of the form a/8 where a and £ are integers of K, and 8 is prime to )). 
Let 0, be the ring of the p-integers of K, and K the residue class field of 0, (mod )) 
which is identical with the field 0/p in §2. We denote generally the residue class 
of an element z of K (mod p) by 2. Similarly, replacing every coefficient z in 
a representation Z of © with coefficients in 0, by its residue class 2, we obtain a 
modular representation Z with coefficients in K. In this manner we may form 
Z1, Z2,+--, Zn. These modular representations will, in general, be reducible 
and will then split into irreducible modular representations F, with coefficients 
in K. We indicate by 
(2) Zio 


that F, will appear in Z; with some multiplicity d;. These rational integers 
di« 2 0, and are called the “decomposition numbers” of G. In the sense of §2, 
they describe a connection between the simple invariant subalgebras of I’, and 
the prime ideal divisors of p in 3. 


5. Cartan invariants. Of special importance is the regular representation R 
of © (or I) formed with regard to K as ground field. Since the group ring is 
no longer semisimple in the modular case, the theorem of the full reducibility 
of R does not hold any more. Let U;, U2, +++, Ux be the distinct indecom- 


°L. E. Dickson, Transact. Am. Math. Soc. 8, 1907, p. 389. 

°L. E. Dickson, Bull. Amer. Math. Soc. 13, 1907, p. 477. 

7 For the following, cf. M.R., and also R. Brauer, Nat. Ac. of Sciences 25, 1939, p. 252. 
We refer to this last paper as R.A.’ 
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ble constituents of R. Each U, can still be broken up into its irreducible 
constituents in K. This splitting is of the form 


F, 
(3) U. = ; 


the notation is chosen suitably.° The representations F,, F2,--- , Fy are 
all distinct, and there are no other irreducible representations of G in £z. Fur- 
ther, the F, are absolutely irreducible. 

We denote the degree of F, by f,, that of U, by ue. Then U, appears f, 
times as indecomposable constituent of & and F, appears u, times as irreducible 


constituent of R. 
Let ca be the multiplicity of Fy as irreducible constituent of U, 


(4) CaF). 


Here, the ca are rational integers = 0, the Cartan invariants’ of @ (for p). 
They also can be characterized by means of structural properties of I’; they ex- 
press mutual relations between the different prime ideal divisors of p in 3. 
Between the decomposition numbers and the Cartan invariants, we have the 
following equations” 


(5) ca = (x, = 1,2, k) 
or in matrix form 
(6) C = D’'D 


where C = (ca), D = (di) and D’ is the transpose of D. 
There exists a representation (U,) of © in K which if taken (mod p) becomes 
similar to U,, (U,) = U,. We then have” 


() (U,) dedi. 
2 
6. Characters. Let M be a representation of © which represents the group 


element G by M(G). We denote the trace of the matrix M(G) by x(@). Then 
x(@) is a function of the arbitrary group element G, the character of M. The 


‘See R. Brauer and C. Nesbitt, Nat. Ac. of Sciences 23, 1937, p. 236; C. Nesbitt, Ann. 
of Math. 39, 1938, p. 634. Free places in matrices are to be replaced by 0, the * stand for 
quantities in which we are not interested. 

*E. Cartan, Annales de Toulouse 12B, 1898, p. 1. 

Three different proofs are given in M.R. pp. 9-11; T. Nakayama, Ann. of Math. 39, 
1988, p. 361; R.A. pp. 257-258 

"Cf. R. A. The use of this fact which has not been mentioned in M.R. can be avoided, 
see footnote 13. 
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value of x is the same for conjugate elements of G. We may, therefore, consider 
x as a function of the classes of conjugate elements ©, G:,---, ©, ; we set 
x» = x(G,) = x(@) if belongs to 

Let N be a second representation of © with the character ¢. We consider 
first the case that we have a ground field K of characteristic 0. If the deter- 
minants of M(G@) and N(@) do not vanish, then the characters are equal, x = 9, 
if and only if M and N have the same irreducible constituents. Because of the 
full reducibility, this is the same as similarity of Mand N. If we admit matrices 
of determinant 0 in M and N, we must add the assumption that M and N have 
the same degree. Otherwise, the (0)—representation may appear with different 
multiplicities in M and N.” 

In the case of a ground field K of characteristic p, these theorems are not true. 
However, the method by which they are proved allows one to show that M and 
N have the same irreducible constituents, if and only if M(G@) and N(G) have 
the same characteristic roots for every G in @. 

We may write G as a product AB of two commutative elements where A has 
an order prime to p, whereas B has an order p’, 8 = 0. The characteristic roots 
of M(B) are all 1, being p*-th roots of unity in a field of characteristic p. It 
follows that M(G) and M(A) have the same characteristic roots. It is, therefore, 
sufficient to require above that M(G) and N(G) have the same characteristic 
roots for every G of an order prime to p. Then the same will be automatically 
true for allGin @. We call an element G of © p-regular if its order is prime to p. 

We use the same notations as in §2. We set 


(8) g=p-g (p,g’) =1. 


Let K; be the field obtained from K by the adjunction of the g’-th roots of 
unity 1, 6, &, --- , 6’, let p; be a prime ideal divisor of p in K,, and let Ki be 
the field of integers of K, taken mod p,. Then K; is an extension field of K, 
which contains the modular g’-th roots of unity 1, 4, 5°, .-- , 5’, the residue 
classes of 1, 6, --+ 6, 6" (mod p,). We have a (1 — 1) relation between the 
ordinary and the modular g’-th roots of unity since (mod pi) if 6° # 

If F now is a modular representation of © with coefficients in K or in an ex- 
tension field of K, the characteristic roots of F(G@) will lie in Ki. Let @ bea 
p-regular element of ©. We replace each such root &” by 6’, and define now 
x(G@) as the sum of these 6”. In this manner, the character x(@) is defined as a 
complex number for the p-regular elements G; the original value was the resi- 
due class x(@) of x(@) (mod »). It now follows easily that two modular repre- 
sentations (with coefficients in K or in an extension field of K) have the same 
irreducible constituents if and only if the two characters in the new sense 
coincide for p-regular elements. 


2 G. Frobenius and I. Schur, Sitzungsber. Preuss. Akad. 1906, p. 1906, p. 209. 
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1, The character relations. Let ©, G2, ---, G be the classes of conjugate 
elements which contain the p-regular elements. We denote by 7“ the char- 
acter of U,, by gy that of F, (ef. §5), by ¢ that of Z;. The value of a char- 
acter for the class G, will be indicated by a suffix », e.g. 5°, (v = 1, 2, --- , k’). 
The relations (7) and (2) now give™ 


0) = diet 


(i= 1,2,-++,m;« = 1,2,--+,). From these and (5), or directly from (4) 
we have 


(11) = cag”. 


In particular, for the degrees u,, 2:, fr of U., Z;, Py, respectively, (9), (10), 
(11) for the unit element give 

(12) te = w= 

since = (1), = (1), A = (1). We arrange gy”, in 
matrix form 


2=@° 


(x row index, \ column index in ®, H; 7 row index, \ column index in Z; x = 
1,2,---,k;\ = 1, 2,---, = 1, 2,---, nm). Then relations (9), (10) 
and (11) become 


(13) H=DZ, Z=De, H=C®. 
From the orthogonality relations for the ordinary group characters, we obtain 
(14) Z’/Z = = T 


where g, denotes the number of elements in the class ©, , and where the class 
G+ contains the elements reciprocal to those of ©, so that 1*, 2*,---, k’* isa 
permutation of 1, 2,---, k’. Then (14), (13) and (6) yield 


(15) = = T. 


The equation (15) contains in matrix form orthogonality relations for the 
modular group characters, viz. 


pe 


(see also relations (20), (21) and (22) below). 


* We may avoid the use of (7) here by first deriving (10) from (2) and then (9) from (4), 
(5) and (10), see M.R. 
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8. Corollaries. Since T in (15) is non-singular, the columns of the matrix 
& which is of type (k, k’) are linearly independent, and hence k > k’. On 
the other hand, the rows are linearly independent (mod p) because a linear relation 
would give a linear relation among the characters of Fy , Fe, +++, Fy, the values of 
these characters being understood as numbers of K, as at the beginning of §6. 
Such a relation is impossible, hence k = k’. The number of distinct absolutely 
irreducible modular representations is equal to the number of classes of con- 
jugate p-regular elements in ©." Further the determinant || of © is prime 
to p. Since | | is integral, and, its square is rational according to (15) we see 
that | @| is prime to p. 


(17) (|@|,p) = 1. 


The column of H corresponding to the unit element of © consists of u, ~, 
.,u,. Since here g, = 1, we obtain from (16) and (17) Dickson’s theorem:* 


(18) =0 (mod 1, 2, k). 


We have also now that all matrices which appear in (15) have inverses. Let 
us set, in particular, C"' = (ya). It follows from (15) that 


(19) = (6,) 
which gives the character relations 
(20) = bag (x, A}=1, 2, 


In addition, multiplying (19) through by C™* = (ya) and using (13), we have 
(21) = that is, = Yag (x, 1, 2, k) 


and from (19) multiplied through by C 
(22) HT 'H’ = C, that is, gone = cag (x, = 1,2, 
If (p, g) = 1, then we have full reducibility, U, = F,. The matrix C, and 
then also D, is equal to the unit matrix, and we have Z; = F; (Speiser”). 
9. Blocks. It is well known and easy to prove that the n elements 
(23) 2= > G (vy = 1,2, +++, 


G in, 
form a basis of the centre of the group ring. Each irreducible representation 
of & represents Q, by a scalar multiple of the unit matrix I. We see 


(24) Zi(Q) = wT F «(Q,) 


4 By a matrix of type (a, b), we understand a matrix with a rows and b columns. 

6 See R. Brauer, Actual. Scient. 195, Paris, 1935; M.R. 

16 See footnote 6, also M.R. 

17 Cf. A. Speiser, Theorie der Gruppen von endlicher Ordnung, 3rd edition, Berlin 1937, 
p. 223. 
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where w°” is an integer of K, and vs" lies in K. We say that F, and F, belong 
to the same block, if vy? = y® for y = 1,2,---,n. Then F, and Fy represent 
the centre of I essentially in the same manner. Thus F,, F2, --- , F;, appear 
distributed into s “blocks” B,, Be,---, Bs. 

We also speak of the U, which belong to a block B, by counting U, in B, if 
F, belongs to B,. Each matrix U,(Q,) can have only one characteristic root” 
which necessarily is y{° since F, is a constituent of U,, cf. (3). It follows that 
all the irreducible constituents of U, belong to B,. More generally, if in the 


sequence 


(25) U,, Ua, Up, +++ Ur 


any two consecutive U, have an irreducible constituent in common, then all 
the U, and their irreducible constituents belong to the same block B,. If 
however U, and U, cannot be joined by such a chain (25), then it is easy to 
construct a centre element of f which is represented by J in F, and by 0 in Fy 
so that F, and /, do not belong to the same block. We have here a new char- 
acterization of the blocks. 

Assume now that Z; contains F, as a irreducible constituent. From (24) it 
follows that 


(«) 


where the bar again indicates the residue class (mod p). All the irreducible 
constituents of Z; belong necessarily to the same block B,. We now say that 
Z; also belongs to the block B,. Two ordinary representations Z; and Z; 
belong to the same block if and only if w$” = w” (mod p) for vy = 1, 2, ---, n. 
Comparing the trace in the first formula (24) in a well-known manner, we 
obtain 


where z; is the degree of Z;. Hence, Z; and Z; belong to the same block if 
and only if 


(27) = gt /z; (mod (v = 1,2,-+-,n). 


In what follows we shall always take ¢"”, ¢“ to be the character of the unit 
representation considered as a modular and as an ordinary irreducible representa- 
tion, respectively, of @, and B, to be the block which contains these characters. 

We arrange the F,, F2,---, Fx and Z,, Z2,---, Z, such that we first take 
the representations of B, , then those of B,, etc. Let x, be the number of Z; 
belonging to B, and y, the number of F; belonging to B,. It follows that C 
and D break up 


C, 0 - 0 D, O 0 
(28) 0 --- O 0 D--- 0 

0 C. 0 O D, 


Cf. R. Brauer and I. Schur, Sitzungsber. Preuss. Akad. 1930, p. 209, §2. 
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where C, is a square matrix of degree y, , and D, is of type (z,, y). It is im- 
possible to arrange the representations in such a manner that C,or D, break up 
further. For C, this follows directly from the properties of blocks given above, 
But because of (6), we have 


(29) C, = D:D,. 


A breaking up of D, would imply one of C,. Since C;, is non-singular (ef. (15) 
and (14)), we must have F 


(30) ty 2 Yr. 


We now form the trace of the element F,(@,) in (24) and find g,g°", since Q, 
is the sum of g, elements all of which have the trace 2°” in the representation 
F,. On the other hand, the trace of F,,(Q,) is fv. Tf Fy appears as modular 
constituent of the ordinary representation Z;, then y$°, as we have seen is the 
residue class of w$” (mod p). Moreover, wS” (mod p) depends only on the block 
B, to which F, and Z; belong. We indicate that by setting wS” = 0° (mod p), 
where 6 depends only on r and not on 7. Hence 


(31) gs” (mod »). 


Let us set gC’ = (Fa), that is, 7. = gra. From (21) it follows that the 
4a are algebraic integers; that they are rational comes as a consequence of their 
definition. From (31) and (21) we have 


k 
(32) Fa =f. 0 (mod p) 
v=1 


The sum on the right depends on 7 and \; we denote it by S(r, A). If F also 
belongs to the block B,, then by reasons of symmetry 
(33) Va = f.S(r, = (mod p). 


In particular, if f, or f, are divisible by p, then 7 is divisible by p and hence 
¥a = 0(mod p). If f, 4 0 (mod p), then (33) shows that the value of S(r, «)/fe 
(mod p) depends only on 7. We may, therefore, write 


(mod p) 


where S, depends only on r. We may here take S, as a rational integer and 
have 


(34) (mod p) if F, and Fy in B,. 


If F, and Fy belong to different blocks, then 7, = 0, because of the form (28) 
of C. 

Since y" is the character of the 1-representation and is contained in the block 
B, , then (21) and (34) show 
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(35) N = 4¥u = Si: (mod p) 
where N is the number of all p-regular elements of ©. 


10. Decomposition of ©. The block properties derived in §9 are those which 
we are going to use in the later sections. But the importance of these blocks 
can better be recognized from other facts which we shall describe briefly."° Let 
B, be a fixed block, and consider the elements & of I’, for which U,(a) = 0 for 
every U, except for those of B,. These & form an invariant subalgebra oll 


and we have 


The on cannot be represented as direct sums. 

In close connection with this fact, we have the following ideal theoretical sig- 
nificance of the blocks. The ideal p of $ (cf. §2) can be written uniquely as 
the intersection of s ideals Mt, (# {) any two of which are relatively prime 


p = (Mt, Me, --- , 


and Jt, cannot be written as intersection of relatively prime ideals ~ M,. 
There are exactly prime ideal divisors $1, Be, --- , of pin Here 
can be defined as the set of those elements a of $ for which F,(a) = 0. Two 
representations F, and Fy, belong to the same block if and only if $, and By 
divide the same Me, . 


11. Summary of the results. The principal aim of this paper is the proof of 

the following two theorems. 
TuzoreM 1. Let & be a group of order g = p’g’, pa prime, (g’, p) = 1. An 
ordinary irreducible representation Z; of a degree z; = 0 (mod p*) remains ir- 
reducible as a modular representation, i.e. Z; is equal to one of the F,, and U, = 
F,. Further Z; forms a block B, of its own. The character ¢ of Z; vanishes for 
all elements of an order divisible by p. 

We denote a block B, of this kind as a block of highest kind. In the notations 

used above, we have here z, = y, = 1. We also shall show that for the blocks 
which are not of highest kind, we have x, > y;, in particular, z, > 1. 
TarorEM 2. Let t be the number of classes ©, of conjugate elements in © such 
that (a) the number of elements in G, is prime to p, (b) the elements of ©, have an 
order prime top. There exist exactly ty blocks B, which contain at least one ordinary 
irreducible representation Z; of a degree z; prime to p. 

We denote blocks of the type mentioned in this theorem as blocks of lowest 
kind. We also obtain some results for the blocks of intermediate types a, 
which contain only Z; of degree z; = 0 (mod p*) such that at least one of these 
degrees z; # O (mod p**'). The method which yields theorem 1 can, in a far 
nore elaborate form, be used for a study of the blocks of type a — 1 as will be 


* See R. A, 
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shown in another paper.” In the case a = 1, ie. g = p-g’, (p, g’) = 1, each 
block is either of the highest or of lowest kind, so that the results give some 
information about every block. This can be made the basis for a study of this 
class of groups, which yields a large number of new results.” In order to attack 
the general group of finite order in a similar manner it would be necessary first 
to refine greatly the theory of blocks. 

Two of the most important tools for the computation of the ordinary group 
characters are formed by the method of the multiplication of characters and the 
Frobenius’ method of constructing characters of © from characters of a subgroup 
§ of G. These methods can also be applied to modular characters. In part IV 
we study the former method, and in part V, the Frobenius’ method. In part 
VI we consider a number of special cases and examples. We hope that in the 
results of these latter parts of our paper some justification can be seen for the 
somewhat complicated theory as developed in this lengthy introduction. 


II. or Hicuest Kinp 


12. Condition for the reducibility of Z;. We use the same notations as in 
the introduction. If for one of the Z; (§4) the corresponding modular representa- 
tion Z; becomes reducible, then there exists a non-singular matrix M = (;)) 
in the field K such that M~'Z,M breaks up into at least two constituents 


= 


We choose a matrix M = (m;;) such that m,; lies in the residue class #;; (mod ). 
Then the determinant of M is prime to » and hence different from 0. Forming 
M™”Z,M, we obtain a formula 


(36) Z, =M' - (7 


where all the coefficients in W,, W2, Ws, Ws, are p-integers of K, and those of 
W; are divisible by ) (i.e. each coefficient in W2 is the quotient a/8 of two integers 
of K such that a = 0,8 4 0 (mod p)). Let Z7(@) = (w§(@)). According to 
the formulas of I. Schur,” we have” 


(37) (E") = g/zi 
(38) =0 for i 


In (37) we now take x = ¢ = 1, = p = 2,80 that 6,, = 6, = 1. From the 
form of W2 in (36), we have wiz,(@) = 0 (mod p) for every G, hence g/z: = 9 
(mod p) and consequently g/z; = 0 (mod p). Since g was exactly divisible by 


20 R. Brauer, Nat. Ac. of Sciences 25, 1939, p. 290. 
*1 1. Schur, Sitzungsber. Preuss. Akad. 1905, p. 406. 
22 We set = Ofori j, = 1. 
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vp’ (cf. (8)) we have 2; # 0 (mod p’) if Z; is reducible. This shows that if z; = 0 
seal p’), then Z; is irreducible. This was the first part of theorem 1. 


13. Blocks of highest kind. We now have to show that a Z; with z; = 0 
(mod p*) forms a block of its own. If this were not so, then we would have a 
Z, with i # j such that Z; and Z; have an irreducible constituent in common. 
But since Z; itself is irreducible, Z, would have to occur as constituent of Z; . 
Then there would exist a matrix ZL = (I;;) with coefficients in K such that” 


Wi 0 0 
["ZjL=|W. Z; 0}. 
W: Ws Ws 


Choosing again the element 1;; in the residue class 1;; (mod p), and setting L = 
(I;;), we then have a formula 


Wi We Ws; 
(39) L“ZjL=|Ws Ws We 
Ws Ws 
where 
(40) W; = Z; (mod »). 


We choose now x = A = 1 in (38), for p we take the number of the first row of 
W; in (39), for o the number of the first column of W;. Then (38) yields be- 
cause of (40) and (37). 


0= = DX wi? @ul? = (mod »). 


But this is impossible, because z; = 0 (mod p*). Consequently, noZ; with j # 7 
belongs to the same block B, as Z;. The block B, contains only the one ordinary 
irreducible representation Z;, and only the one modular irreducible representa- 
tion Z;= F,. In (28), C, and D, are matrices of degree 1, 2, = y, = 1, and we 
have D, = 1. Hence C, = 1, because of (29). From (4), we obtain U, = Fre 


14. Vanishing of the character for p-singular elements of @. Let H be a 
fixed element of G the order of which is divisible by p. From the orthogonality 
relations for ordinary group characters, it follows that we have 


=0 


for every p-regular element G, since G and H™ cannot be conjugate in @. Using 
(10), this can be written in the form 


dig (H) = 0. 


ke The first row and column on the right side may be missing, also the last row and 
column, 
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Since (41) represents a linear relation between ¢"(@), ¢®(@), --- , ¢(@) 
which is true for every non-singular element G, the coefficient of each y“ (@) 
must vanish 


= 0 (c = 1,2,.... 8), 


IfZ; = F, asin §13, then d;, = 1, and dj = 0 for 7 ¥ j since F, does not appear 
inZ;. Hence ¢(H) = 0. This proves theorem 1 completely. 

In the case (g, p) = 1, it follows at once from theorem 1 that each ordinary 
irreducible representation Z; remains irreducible when taken as a modular 
representation and so Z; is equivalent to some F,. Then k = n and the ¢ 
are identical with the ¢, 7“. The relations (16) and (20) here become the 
same as the Frobenius relations for group characters (cf. §§3, 8.) 


15. Example. As an example, we mention the simple Mathieu group M1. of 
order 12.11.10.9.8 = 2°.3°.5.11 = 95040, the characters of which have been given 
by Frobenius.” The degree of the ordinary irreducible representations are 


1, 11, 11, 16, 16, 45, 54, 55, 55, 55, 66, 99, 120, 144, 176. 


Of these 15 characters, 8 are of highest kind (mod 11), for instance, the character 
of degree 176. From the table of characters, it follows that this character is 
the product of a character of degree 11 and a character of degree 16. Con- 
sequently the characters of degree 16 must also remain irreducible (mod 11), 
since a splitting would imply a splitting of the character of degree 176. The 
characters of degree 16 are not of highest kind. 

For p = 5 we have 5 characters of highest kind, for p = 3 there is oneof them 
and for p = 2 there is no such character. 


III. THe Etementary Drivisors or C 


16. Computation of the elementary divisors of C. In the following section 
we work in the ring 0, of p-integers of K. If 7 is an element such that 7 = 0 
(mod »),  ¥ 0 (mod p”), then every ideal of 0, is of the form (7)”, and there- 
fore, the theory of elementary divisors holds for matrices with coefficients in 
0». In formula (15), 6’C® = T, the determinant of © is a unit of 0, because 
of (17). Consequently, C and T have the same elementary divisors. But the 
elementary divisors of T can be obtained directly from (14), they are the highest 
powers of p which divide the numbers 


(42) 9/91, 9/925 
We now consider C as a matrix with coefficients in the ring of rational integers, 
and denote the elementary divisors corresponding to this case by ¢1 , ¢2 * » &+ 


It follows that the powers of p which divide these integers are exactly the same 


*4 The ordinary characters of the Mathieu-groups have been given by G. Frobenius, 
Sitzungsber. Preuss. Akad. 1904, p. 558. 
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powers which appear in the integers g/g», v = 1, 2,---, k, if the latter are prop- 
erly arranged. 

In another paper, it will be shown that the determinant of C is actually a power 
of p. Then it follows that the e, are themselves the powers of p which divide 
the numbers (42). For our present purpose this finer result will not be needed. 


17. Blocks of type a. We say that a block B, is of type a, if it contains only 
representations F, of degrees f, = 0 (mod p*), and if at least one of these degrees 
is not divisible by p*”. 

By (12) 


te = (A = 1,2, ---,k). 


Because of the form (28) of C, the corresponding formulas hold, when we restrict 
«and \ to those values for which F, , F, belong to the block B, . 

We can find two unimodular matrices M; and Mz such that c* = M,C,.M:2 
has zeros outside of the main diagonal, and contains the elementary divisors e, 
in the main diagonal.” We have then 


(43) Un 


where the u; are obtained from the u by the linear transformation M,, and 
the f- from the f, by the transformation Mz’; x, \ range over the values cor- 
responding to B,. Since Mz is unimodular, all the f. are divisible by p*, and 
one of them is not divisible by p***. On the other hand, the u; are divisible 
by p’, according to (18). From (43) it follows that at least one of the elementary 
divisors e, corresponding to B, is divisible by p* “. Let sq denote the number of 
blocks of type a, and a, the number of integers g, (v = 1, 2, --- , &) which are 
divisible by p* and not by We consider now the + + + 8 
blocks of type Sa. To each of them corresponds an elementary divisor which 
is divisible at least by p* “ and hence a number g/g, which is at least divisible 
by this number. Then g, will be divisible at most by p*, and we find 


States $8 ta. 


THEOREM 3. Let Gi, G,---, & be the classes of conjugate p-regular elements 
in © and denote by g, the number of elements in G,. If aq of the numbers g, 
are divisible by p* and not by p**", and if G possesses 8q blocks of type a, then (for 
a= 0,1, 2,---, a) 


(44) S + + Sa + 


18. Ordinary characters which are linearly independent mod p. 
Lena: There exist k but not more than & ordinary irreducible characters 
which are linearly independent (mod 


* The elementary divisors of all the C, together are , é:, , (in some arrange- 
ment) because of (28). 
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Proof: If a linear relation 


Dag =0 (mod ») 


with p-integral coefficients holds for the p-regular classes, then it holds for every 
class. This can be seen similarly as in §6. From this remark, it follows already 
that we cannot have more than k ordinary characters which are linearly inde- 
pendent (mod p). 

For the proof that there exist & such independent characters, we use a method 
by which one of us showed earlier the existence of k irreducible modular char- 
acters.” If the maximal number of ordinary irreducible characters, which are 
linearly independent mod p, was smaller than k, then we could find p-integers 
b, such that 


k 
=0 (mod p) 


and the b, are not all divisible by p. Since a reducible character of @ is a sum 
of irreducible character ¢“, we would have 


(45) =0 (mod p) 


for any character ¢ of G. We want to show that this is impossible if the 6’ 
are not all divisible by p. We assume that the corresponding result for al 
proper subgroups § of @ has already been shown. 

Let © be a proper subgroup of G, let ©; , ©, --- , ©; be the classes of con- 
jugate p-regular elements of © and let H, be an element of €}. If w is any 
character of $, we set ¥(@) = 0 if G does not belong to $. We determine a 
(right hand side) residue system P;, P2,---, Pm of @ mod §. According to 
Frobenius.” 


is a character of ©. Since (45) hold for every character of G, it holds for (46). 
The elements G and P,GP;,' are p-regular at the same time. If G, is an element 
of ©, , we have from (46) 


l 
(47) 


where 1,, denotes the number of P, for which P,G,P,’ is conjugate to H, with 
regard to . For each H, there exists exactly one p for which I,, # 0 since one 
class G, in © must contain H,. We denote this p by 7(c). From (45) and 
(47) it follows that 


(48) > b, ve =0 (mod p). 


o=1 \p=1 


26 See footnote 15. 
7 G. Frobenius, Sitzungsber. Preuss. Akad. 1898, p. 501. 
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This must hold for every character y of $. But (48) represents a congruence 
of exactly the same type for §, as (45) has for @. According to our assumption 
concerning , the coefficients of every y, must be divisible by p, 
k 
Pelee = 0 (mod p) fore = 1,2,---,1 


and since only 0 


(49) = (mod p) foro = 1,2,---, 1. 
So far the subgroup has been arbitrary. We now try to determine § for a 
given value p, (oe = 1, 2, --- , &), such that (a) p appears in the form p = 7(a), 


and (b) for this ¢ the number J,, is not divisible by p. Then (49) implies b, = 0 
(mod p), and if this holds for every p, then we have arrived at a contradiction 
with the fact that the congruence (45) was to be not trivial. 

The condition (a) is satisfied when G, belongs to $, we may take G, = H,. 
If we choose § as a subgroup of the normalizer Jt of G,, then G, is only conjugate 
to itself with regard to . Then l,, in (46) can be defined as the number of P, 
for which P,G,P,;' = G,. If © has the order h, then hl,, = N is the order of 2. 
We have only to take care that § contains a p-Sylow group of 9. Then h is 
divisible by the same power of p as N, hence /J,, # 0 (mod p) and, therefore, 
condition (b) is satisfied. 

We can, therefore, satisfy the above conditions (a) and (b) by choosing 
as the subgroup which is generated by G, and a p-Sylow group of the normalizer 
NofG,. Here, however, an exceptional case is possible which must be: treated 
separately. The group defined in this manner can be identical with G. 

In this case, the only p-regular elements of © are 1, G,, G,, --- , G7’, where 
qis the order of G,. We obtain a character of & by associating ¢* with G* where 
eis a g-th root of unity. Then (45) becomes 


1 
> bue’ =O (mod p). 


We multiply here with €° for a fixed 6 and add over all q-th roots of unity. 
Since (¢, p) = 1 we find bg = 0 (mod ») for 6 = 0, 1, 2,---, g — 1, which 
gives a contradiction. 


19. Applications of the lemma. It follows immediately from the lemma in 
§18 that the congruences 


(50) =n, (mod p) (for y = 1, 2, ---, k) 


can be solved with regard to a, d2,-+--, Qn if m, are any given 
bintegers of K. The a; also will be p-integers of K. 

From (10) and (28) the number of ¢” in a given block B, which are linearly 
independent mod p, is at most equal to the number y, of modular characters 
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¢” in B,. But since y: + --- + ys is the full number & of modular irreducible 
characters, this implies that B, contains y, characters ¢ which are linearly 
independent (mod p). It follows that the matrix D, of type (x, , y,) in (28) 
still has the rank y, when it is considered mod p. 

From this remark and (10) it follows that the modular characters ¢“ can be 
expressed by means of the ordinary characters with p-integral rational coeffi- 
cients. For a block of type a, all the f, are divisible by p*. Since by (12), 
zi = >> dif, it follows that all the z; of the block B, will be divisible by p*. 


On the other hand, the z; of B, cannot all be divisible by p*”’, since otherwise 
all the f, of B, would be divisible by p**’, as we see when we express the ¢" 
of B, as linear combinations of the ¢“ (@) of B, with p-integral coefficients and 
set G = 1. We can define a block B, of type a by the fact that the degrees of the 
ordinary irreducible characters of B, are all divisible by p* but not by p*”. In 
the definition in §17 we can replace the modular characters by ordinary char- 
acters. In particular, the blocks of type 0 are the blocks of lowest kind; the 
blocks of type a, the blocks of highest kind (§11). 

If the ¢ of B, are arranged in a suitable order, then the first y, of them will 
be linearly independent mod p. We may then find a matrix V of degree y, 
with p-integral rational coefficients and a determinant prime to p such that 


where M is a matrix of type (x, — y,, yr) and J, the unit matrix of degree y,. 
Using (29), we find 


(51) V'C,V = V'D!D,V = (I,M’) ( i 


We work in the Galois field with p elements, replacing every number by its 
residue class (mod p). If M in this sense has rank m, then we can find y, — m 
linearly independent vectors £ of y, dimensions for which Mé = 0. For these 
vectors, we have (I + M’M)é = £ so that at least y, — m linearly independent 
vectors are obtained in the form (I + M’M)» where 7 is an arbitrary vector. It 
follows that (I + M’M) has (mod p) a rank r = y, — m. Because of (51) 
C, has (mod p) the same rank r._ Then exactly r of the elementary divisors of 
C, will be not divisible by p. But m S x, — y,, since M has x, — yr rows, 80 


r 2 Yr — (Lr — Yr) = Wye — Ie. 


TuEoreM 4. If the block B, contains x, ordinary and y, modular irreducible 
characters, then the corresponding part C, of the Cartan matrix has at least 2y, — 4+ 
elementary divisors which are not divisible by p (and hence equal to 1 according to 
the theorem quoted in §16). 

If 2y, < x, then this theorem does not give anything. 

If for a block we have y, = 2,, then z, of the elementary divisors will be 
prime to p. But this is the total number of elementary divisors of B,. Ac 
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cording to §17, this is impossible if B, is of type a < a. Hence B, is of highest 
type, and then z, = yr = 1 (theorem 1). Using (30) we obtain 
TuzoreM 5: Every block, which is not of highest kind, contains more ordinary 
than modular irreducible characters.” 

This shows that Theorem 1 characterizes the blocks of highest kind. 


20. Blocks of lowest kind. We now come to the proof of theorem 2 (§11). 
Let m, ™,**:, ™ be any given p-integers of K. We solve the congruences 
(50). Let Gnbe these classes of p-regular elements of for which 
the number g, of elements in the class is not divisible by p, then 


(52) m = % 


where a was defined in §17. 

The number ws” = g,¢$”/z; (cf. (24) and (26)) is an algebraic integer. If z; = 0 
(mod p) and (g,, p) = 1, then ¢$? = 0 (mod p). The corresponding terms in 
(50) can be omitted. We have, therefore, 


(53) Lass? =n (mod p) fory = 1,2,-+--,m 


where the sum is extended over such values of 7, for which z; # 0 (mod p). In 
particular, only characters of blocks of the lowest kind appear. We can pick 
out one character ¢ in B, such that 2, 4 0 (mod p). If ¢ is another char- 
acter of B, , then according to (26) and (27) we have 

(i) (h) 


Zh 


= (mod p), (v = 1,2, «++, m) 


since (g,, p) = 1, fory = 1, 2,---, m. We substitute this value in (53) and 


obtain formulae 
(54) =m (mod p), (v = 1,2, --+, m) 


where the ¢” are the characters we selected in the blocks of lowest kind. The 

number of terms on the left side then is the number s% of blocks of the lowest 

kind. The 6, are p-integers which are independent of v. For every given set 

of p-integers m, m2, --+ , 7m the congruences have a solution b,. The number 

eae b, cannot be smaller than the number of congruences, hence, from 
2 


But from (44), it follows that s < a). Consequently, s = a, and this is 
exactly the statement of theorem 2, §11. 


* A second proof for this relation z; > yr is given in §27. It also can be proved by 
considering the representation of the elements of the center of the group ring. 
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In other words this result can be expressed as follows: An elementary divisor 
divisible by p* can appear in C, only if the block B, is of lowest kind. In this 
case there is exactly one such elementary divisor. 

We easily see now that for blocks of type 0, 1, and a there is at least one U, 
of the block whose degree u, # 0 (mod p*”). For a block B, of type a it fol- 
lows from (43) that if all u. = 0 (mod p***) then at least one elementary divisor 
of C, is divisible by p* ***. For a = 0 this would mean an elementary divisor 
divisible by p**’ which is not possible (cf. §16). For a = 1 it means an ele- 
mentary divisor divisible by p* but by the above statement of theorem 2 such 
divisors can appear only for blocks of type 0. In case a = a the remark is 
obvious, since the block is then of highest kind. For values of a intermediate 
to 1 and a we can only as yet say that an elementary divisor of C, is divisible 
at most by p*’, and hence from (43) at least one u is divisible at most by 
where B a — 1. 


21. Alternative proof of theorem 2. We here begin with the components 
(Fa) of the matrix gC (cf. §9), and again work in the ring of all rational p-inte- 
gers. If the matrix C, (cf. (28)) has the elementary divisors p® , (v = 1,2, ---, 
yr), then gC;* has the elementary divisors p* “’. In the case that B, is not a 
block of the lowest kind, then for any pair F, , F, belonging to B, the degrees 
S«, fs are divisible by p, and so from (34) 7. = 0 (mod p). Hence all the a, 
are smaller than a in this case. If B, is of the lowest kind, then since by (34) 
the matrix gC;' = (f,f,S,), (x row index, , column index) the rank of gC;* (mod 
p) is 1 or 0 according as to whether S, # 0 (mod p), or S, = 0 (mod p). The 
considerations in §17 show that for a block of the lowest kind, at least one of 
the elementary divisors of C, is = p*, a = a. It follows that gC;" has one 
elementary divisor 1, and we have 


(55) S, #0 (mod p) (B, block of the lowest kind). 


Since here gC;* has (mod p) one elementary divisor 1, C, has exactly one ele- 
mentary divisor p*. Consequently, the number of blocks of the lowest kind is 
equal to the number of elementary divisors p* of C. This, in connection with 
the result of §16 yields theorem 1. 
We add some remarks about the determination of the numbers S, for blocks 
of the lowest kind. From (12) it follows that f, = g >> Yaua. Combining 
x 


this with (34), we obtain 


1 1 tp 


where \ ranges over all values for which ¢™ belongs to the block B,. If Bis 
of the lowest kind, we may assume f, 4 0 (mod p). Hence 


(56) g = 8, >.’ AS in B,) 
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whence S, (mod p) can be obtained, if only the degrees of the characters are 
known. Using (12) and (5), we easily obtain 


Ky 


where 7 ranges over those values for which ¢“ belongs to B,. Hence 


The numbers S, can also be determined in a different manner from the ordinary 
group characters ¢“° of G. We set 


k 
a) V = = 
We have then, making use of (21) 
k k k k 


v=1 «=1 A=1 
(60) V = gDC"D’ = gD(D'D)"D’. 
Using (34), we obtain 
= (mod p) 


if ¢° and ¢ both belong to B,. But >> dif, = z:, according to (12), and 
hence 
vi; = 2:2;S, (mod p) (¢® and in B,) 


(61) 
v5; = 0 (¢ and ¢” in different blocks). 


IV. On THE MULTIPLICATION OF THE CHARACTERS 


22. Relations between the problems of determining the ordinary and the 
modular characters of G. For any group @ of order g, we have the two problems 
of finding the ordinary irreducible characters ¢“(i = 1, 2,---, m) and the 
modular irreducible characters ¢ (& = 1, 2, --- , k) for a fixed prime p. We 
may assume that p divides g, since otherwise the two types of characters coin- 
tide. We ask now: (a) How much does knowing the ordinary characters help 
in the determination of the modular characters? (b) How much does knowing 
the modular characters help in the determination of the ordinary characters? 
It seems that in general we obtain some valuable information, but that in neither 
case the complete answer can be found. For instance, in the case of a p-group, 
the modular characters become trivial, since there is only the (1)-character, and 
this shows clearly that we cannot expect that the ¢$° are determined uniquely 
by the y}. For both questions (a) and (b), it is of course of great importance 
to find the matrix D (ef. (13)). 
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If the ¢” are known, then (21) permits the determination of the matrix ¢ 
so that we also may find the characters 7 of the indecomposable constituents 
U,. For the determination of D, we have the formulas (5). In certain cases, 
these formulas are sufficient to find D, cf. the example of the group LF (2, p) 
in §31. But, in general, we must expect several possible solutions for D some 
of which may belong to other groups H, K, --- which also have (¢\") as their 
modular characters. There is, of course, only a finite number of possibilities 
for D. If D itself is known, then the values of the ordinary characters ¢“ for 
p-regular elements G of @ can be obtained from (10). There remains then 
the determination of the values of the characters for the other classes. Mod p, 
we can find these values from the values of the characters for the p-regular 
classes (cf. §§6, 18). Further, we obtain conditions from the orthogonality 
relations for group characters. Also the method of multiplying characters can 
be used with advantage. It may be mentioned that in many important cases 
it seems easier to find the modular characters than the ordinary characters. 
For instance, in the case of many simple groups, the analogy with semisimple 
continuous groups can be used in the modular theory. 

Conversely, let us assume now that the ordinary characters ¢“ are known. 
It follows from (13) that D = Z@™”", which shows that each column of D is of 
the form 


k 
(62) d; = > a, 


that is, each column of D is a linear combination of those columns in the tables 
of ordinary characters which correspond to p-regular elements. The a, are the 
elements of a column of &” and, therefore, are not known, but we have some 
information about them. For instance, they are of form 8/g’ where 8 is an 
integer of the field generated by the ¢“ and g = p’g’, (g’, p) = 1. The d; must 
be rational integers = 0. Further restrictions are obtained from (13) and the 
form (28) of D, and from the fact that the determinant of D’D is known. But 
these conditions are not enough to determine D uniquely, several cases will 
have to be considered. If D is known, then the modular characters are known. 
The equations (59) and (60) show that the matrix D(D’D)“D’ can be found if 
the ¢ are known, but this does not provide any new information. 

We may add some remarks in this connection. The condition (62) is, of 
course, equivalent to saying that each column of D is orthogonal to each column 
of Z which corresponds to a p-singular element of G. If a vector x = (21, %; 
-++, %) is orthogonal to all these columns of Z, then z is a linear combination 
of the columns of D. Similarly, if y = (y:, yz, +++, Yn) is orthogonal to all 
columns of D, then y is a linear combination of the columns of Z which cor- 
respond to p-singular elements of ©. 

If a relation 


(63) > ¢°@B6; = 0 (for all p-regular elements G of G) 
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where the 6; are independent of G, then 6 = (61, 6, --- , Bn) is a linear combina- 
tion of the columns of Z which correspond to p-singular elements, and vice 
versa. Hence f is orthogonal to every column of D. We cut (61, Be, «++ , Bn) 


into s pieces corresponding to the s blocks B, , and replace all the 6; by 0 except — 


those which belong to a fixed piece. This modified vector 8 still is orthogonal 
to all the columns of D because of the form (28) of D. Hence the modified 
vector 8 still satisfies (63) 
= 0 
where 7 ranges over only those values for which ¢“ belongs to a fixed block B, . 
TuzorEM 6. If a linear relation between the ordinary characters holds for all 


p-regular elements of ©, then the relation remains true if we leave away all terms 
except those which contain the characters of a fixed block B, . 


23. The multiplication of characters. If F and H are two modular representa- 
tions then G — F(G) X H(G) gives a new representation F X H. Since the 
characteristic roots of the Kronecker product F(G) X H(G) are obtained by 
multiplying each characteristic root of F(G) into each characteristic root of 
H(G), it follows easily that the character of F X H is obtained by multiplying 
the characters of F and H. Applying this to the irreducible characters 9“, 
o” we have that ¢“-y™ is again a character of G, reducible or irreducible, and 
we obtain formulas 


(64) = 


where the a, are rational integers, aa, 2 0. There is, of course some connec- 


tion with the corresponding coefficients appearing in the multiplication of 
ordinary characters. If we have 


then we express ¢ by means of the ¢ (cf. (10)) and obtain 


We derive some further relations for the aa,. Of course, they must satisfy 
the conditions for the constants of multiplication of a commutative algebra 


ad 


To each representation of @ there corresponds a contragredient representation. 
We denote the representation contragredient to F, by F,.. Then 
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where G,+ as in §7 denotes the class reciprocal to ©,. Here 1’, 2’... vk! 
and 1*, 2*,.-- , k* are permutations of period 2 of 1, 2,---,k. From (64) 
we obtain 


(68) Der’ = 


since the contragredient of is Further, the regular representa- 


tion R is self-contragredient. Hence the contragredient of U, is an indecom- 
posable constituent of R, and since its irreducible top constituent is F,, , we see 
that U, and U, are contragredient. This implies 


(69) Cyn = Cerny’ 
From (64) and the orthogonality relations (20) we obtain 


k 
(70) = ge - 


By multiplying the two left hand members through by Yyp" = pr, and adding 
over we obtain 


k 
(x) _() 
v=1 


or 
(x) 
B v=1 


which shows that the left side remains unchanged, when the three indices x, 
A, p are permuted. Thus 


In particular, for « = 1, we have da, = 5,, « = 1, and when we interchange 
p and p’ we have 


which shows that the whole matrix C™ can be found if its first column and 
the constants of multiplication are known. 

If ¢” y”” does not contain a character of the block B,, then the right side of 
(72) vanishes and j,, = 0. 
TuroreM 7.” If the product of a character e™ with the contragredient character 
o”” of e does not contain a character of the first block B, , then the corresponding 
coefficient of gC’ vanishes. 

If the block B, of ¢® contains more than one modular character then because 


of the form (28) of C, 4, = 0, cannot hold for all p # \ such that gy” belongs 


*° This theorem is related to theorem 2 of R. Brauer, Math. Zeitschr. 41, 1936, p. 330. 
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to B,. Further, if ¢” and y” belong to the same block, and if their degrees 
are not divisible by p, then Yr ~ 0 according to (34) and (55). Hence we 


have the 
Coroutary. If two characters ¢® and ¢ belong to the same block and both have 


degrees prime to p, then yg” .y” contains a character of the first block. 
We prove two more formulas connecting the ca , the a, , and the characters, 
and which deserve some interest. Using (9) we derive from (64) 
We first set » = x, and add over x. By (16) we find 


59/9» 


Here, we multiply by gyn$*, add over », and use (20) ‘| 


where the sum on the left extends over those v for which the class G, is self- 


reciprocal, ©, = 
Secondly, we take » = x’ in (73) and apply the same method. We thus obtain 


k 


It can easily be seen from (67) that the number of self-contragredient modular 
characters, g” = ¢®” is equal to the number of self-reciprocal p-regular classes, 
= (v < k). 


24. Upper and lower bounds for the degrees of the indecomposable constit- 
uents U,. The product »“-¢°” can be expressed as a linear combination of 
the y” (ef. (73)), and also, using (11), as a linear combination of the ” 


~ (x) 
= dane”. 


Here it is neither obvious that the coefficients are integers, nor that they are = 0, 
but both these facts will follow from (73). Using (20) we find 
Jan, = Dg” oe? 


and comparing this with (70), and taking (68) into account, we obtain da, = 
Wry = dry. Hence 


* This formula seems to indicate that U, X Fy’ splits completely into Ui , Uz, --- , Ue 
where U, appears ax, times, but we have not been able to prove this. 
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In particular, we have a; 2 1, since F, X F,- contains the 1-representation, 
Hence 


will appear in n°-g. On comparing the degrees, we find Ufc = Uy. 
On the other hand a;,, = 1 and hence 7 
quently S fix . 


© will appear in Conse. 
TueoreM 8. For the degrees f, of the F, and u, of the U, there hold the inequalities 
(77) Uf. 2 Ux 


Since uw = >> caf, (ef. (12)), it follows from (77) that 


Ux 2 Cuhe + Cah (k 
(78) Ca S (Ui — Cex) fe for 


In particular, ¢, < uw since we may assume f, 2 f, , further cu S wu. 
On multiplying (77) by f, and adding, we find 


The middle term here is g, as follows from (16). If the radical of the modular 
group ring I’ has the order m, then )> fr = g — m. Hence 


—-m) 2g 2 kw 
(79) g/k = uw = g/(g — m). 


The multiplication of characters is used to obtain new characters if some 
characters have already been found. It is often convenient to determine the 
n° at the same time with the ¢. Here formula (76) can be used. Formulas 
(77) and (79) can sometimes be used, if we want to show that a character 1, 
which we have obtained, is an 7“ and not a sum of several such *. 


V. ReLtations BETWEEN THE CHARACTERS OF A GRouP @ AND THOSE 
oF A SuBGRouP § 


25. The induced character. The second important method of Frobenius for 
the construction of characters assumes that the character x of a representation 
V of a subgroup § of Gis known. This representation ‘“induces”’ a representa- 
tion V* of © whose character x* can be obtained. The method of forming V* 
remains valid in case we start with a modular representation, and so does the 
formula for x*, but this last formula requires a somewhat different proof here, 
due to the modified definition of the character of a representation. 

Let h be the order of ©, and let Q, (u = 1, 2,--- ,m; m = g/h) be a com- 
plete residue system of © (mod §) 


© = $0: + GO + GOn. 
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We set V(@) = 0 if @ does not belong to § so that F(@) is defined for all ele- 
ments of @, and define 

(80) V*(@) = (VQ.GQ")) 
It is easily seen that this is a representation V* of @ of degree tm = tg/h where t 
is the degree of V. 

We shall determine the character of V*. Let G be an arbitrary element of ©. 
The element Q,G belongs to some residue class $Q,,:,, and the permutations 
Po: — = 1, 2,---, m) form a representation Pg of G. 

We split P< into cycles. The length of each cycle is a divisor of the order 
of G. If Gis p-regular, then the length of each cycle is prime to p. Let, for 
instance, (1, 2, --- , a) be the first cycle of Pe for a p-regular element G. Then 
V*(G) breaks up completely into the matrix 


(x row index, A column index). 


V(QiGQ3") 
0 0 V(Q:GQ5") 0 
0 0 0 eee V(Q.-1GQ2) 


and analagous matrices, corresponding to the other cycles of Pe. We have to 
determine the characteristic equation of W. We set W, = V(Q,GQru 
 =1,2,---,a@—1), Wa = V(QaGQi'). We multiply the th column of (81) 
on its right side by WawWr.::- Wy; , and the rth row on its left side by 
(v = 2, 3,---,a). Then W,, We, ---, in (81) are re- 
placed by the unit matrix, whereas we have 


WiWs Wa = (QaGQr') 
= V(QG"Qr') 


at the place of W, in the last row, first column. Obviously, our changing of W 
amounts to a similarity transformation so that the characteristic polynomial 
remains unaltered. For the new form of W, the characteristic polynomial can 
be easily computed, and we find f(x*) where f(x) denotes the characteristic poly- 
nomial of Q,G°Q;' = H. As product of the elements Q,GQr11 (v = 1, 2,---, 
«— 1) and Q.GQ;z", this element H belongs to $. It is p-regular, since it is 
conjugate to G* in @. Hence we obtain the characteristic roots of W by taking 
all the a" roots of the characteristic roots of V(H). This is still valid if we 
replace the characteristic roots (which lie in the modular field K) by the corre- 
sponding complex roots of unity. Since a and the order of H are prime to p, 
no difficulty arises. It follows easily that if a > 1 then the sum of these complex 
roots of unity must vanish. If a = 1, then W = V(Q,GQi'), and the sum in 
this case is the character x(Q:GQz"). Dealing with the other cycles of P¢ in 
the same manner, we obtain > x(Q,GQ;") for the value of the character x*(@) 


ul 
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of V*. Here » ranges over all values for which Q,GQ,;" lies in ©. If we set 
x(@) = 0 for elements G outside of 5 we may write 


(82) x°@) = 


This is exactly the formula of Frobenius, only the trace argument by which it is 
ordinarily derived from (80) could not be used because of our modification in 
the definition of the modular characters (§6). 

The splitting of the regular representation of into its indecomposable con- 
stituents corresponds to a decomposition of the group ring of © into a direct 
sum of right ideals f,. The products h,Q, (u = 1, 2, --+,m) of Q, with the 
elements of f, generate a right ideal f, of the group ring I, and TI is the direct 
sum of the f; . If f, corresponds to the representation V, of © then it is known 
that {7 corresponds to the representation V; of G. It follows that the regular 
representation of & breaks up completely into the v; , corresponding to the 
different values of p. Each V> itself consists of one or several of the indecom- 
posable constituents U, . 

We use for © the same notations as for @ but with a ~ sign, so F* are the 
modular irreducible representations of etc. It follows now that UO; breaks up 
completely into some of the U, . 


26. The formulas of Nakayama. We now can prove easily that we have 
formulas” 


= (for p-regular elements of 


(83) 
eg” = Vang” (for p-regular elements of $) 


where the a are rational integers, a, = 0. Obviously, the only point which 


requires a proof is that the same coefficients a appear in both formulas. But 
from the orthogonality relations for the modular group characters (cf. (16), (20)) 
it follows for the coefficients a of the first equation (83) that 


gon = 


where the sum extends over all the p-regular elements G of G. Using (82) we 
obtain 


and after a simple rearrangement of the terms 


han = a° 


3t The formulas (83) and (85) are equivalent to those given in theorem 9 of T. Nakayama, 
Ann. of Math. 39, 1938, p. 361. 
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where H ranges over all the p-regular elements of §. This shows that a, is 
exactly the coefficient appearing in the second formula (83). This is exactly 
the method by which it is shown for ordinary characters that we have formulas 


= (for elements of @) 


where the 1;; are rational integers, 1;; 2 0. 
Finally, we have formulas 


g°* = > Bag (for p-regular elements of @) 
85 
no” =D Baa” (for p-regular elements of $) 


with rational integers 8, 2 0, as can be shown in the same manner, or also be 
derived from (83). 
We set A = (aa), B = (Ba), L = (lij). On comparing (84), (85) and (83) 
we obtain 
DB = LD, DA' = L'D 
AC = CB, 


where D, C have the same significance for § as D, C have for G. 

The second formula (83) shows that ay = 1, aa = 0 for «x ¥ 1 if the index 1 
always refers to the 1-representation. Hence 7” appears in the character 7°"* 
of degree ii-g/h. Hence 


(86) S tiyg/h. 


In particular, if has an order prime to p, we have %, = 1, and obtain 
TurorEM 9. The degree of the indecomposable constituent of the regular repre- 
sentation of @ which corresponds to the 1-representation, is at most equal to the 
index of the maximal subgroup © of an order prime to p. 

In particular, if © has a subgroup © of index p’*, then wu; S p*, and since m4 
is divisible by p*, we have u. = p*. It follows that in this case U, is identical 
with the representation of @ by permutations which corresponds to the sub- 
group of index p* (ef. the remark at the end of §25). 

In the general case, it follows from (83) that every 7” appears in at least 
one Hence 


(87) uw (g/h)-max (t%). 
If again has an order prime to p, then & = % = f,, and we have wm S 


(g/h) max (fr). 


27. On the converse of theorem 1. We consider now the case that § is the 
Sylow subgroup of order p* of ©. The character ¢°* has here the value 
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g’ = g/p* for the unit element and the value 0 for all the other p-regular ele. 
ments. Hence | 


A) Ur 
v=1 


p* 


Using the orthogonality relations (16), we obtain w/p* as multiplicity of o” 


k 
From (84) we have 


For p-regular elements, these two characters are identical. By (12) and (10) 
we have = daz, ¢° = day™, and thus obtain 


for all p-regular elements of ©. Hence, on comparing the coefficients of o” 


(90) (A = 1,2,---,h). 
Assume now that we have a block B, which contains the same number of ordinary 
and modular representations, x, = y,. We choose the index A in (90) such 
that o™ belongs to B,. Then it is sufficient to let 7 range over those values for 
which ¢“ belongs to B, , since for other values of z, dn = 0. We may consider 
(90) as a system of y, linear homogeneous equations for the z, = y, quantities 
z:/p° —1;. Since the determinant is D; and has the rank y,, all the (z:/p*) — li 
vanish. But J; is an integer, hence z; = 0 (mod p*). This shows again, that if 
x, = y, then B, is a block of highest kind (converse of the middle part of theorem 
1, ef. §14). 

Using (84), we see that 1; in (89) is also the coefficient with which ¢”’ appears 


in¢. Hence 


91 
(91) l; (H) 


where H ranges over all the elements of the Sylow group © of order p*. The 
first term here is z;/p*. Combining this formula with the results of §22, we 
easily can obtain (90) again. 

The formula (91) shows that if ¢‘(H) vanishes for all elements of an order 


* This formula shows Dickson’s theorem, p*| ua (cf. footnote 6), and this is essentially 
‘the way by which Dickson proved his result. 
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yf with » > 0, then 1; = 2;/p*. Hence in this case ¢ must be a character of 
the highest kind. 

TuzorEM 10. If an irreducible character 2 vanishes for all elements of an order 
vu > 0, then ¢ is a character of the highest kind. 

This is a converse to the last part of theorem 1. It even would be sufficient 
to assume that all the ¢“(H) are divisible by p’, if H is an element of order 
y',u > 0. If all these ¢ (A) are divisible by p*, then p*|z;. This result can 
easily be improved when we take into account the multiplicity with which the 


terms ¢\” (H) appear on the right side of (91). 


98. An upper and a lower bound for c;,. We now consider two arbitrary 
subgroups and of of orders h andj. Let a(G) and be the ordinary 
characters of ©, induced by the 1-representations of § and & respectively. 
From (82) we obtain easily that a(G)h is the number of elements M in @ for 
which G lies in M~*M, and similarly 8(G)j is the number of elements N for 
which G lies in NSN. Then G will lie in hja(@)8(G) of the intersections 
= NSN). 

If Du,w has the order ty,w then 


(92) hj a(G@)B(G) = = »» tun-1,1 = 


On the other hand, we split © into residue classes modd § and &. 
(93) S = 2 SB3. 


The number of elements in HR, is equal to hj/tw,; where M is any element of 
§R,3. Hence, if M ranges over the elements of $R,3, >>’ twa = hj, and from 
(92) it follows that 


hi = g-rhi 
= 


G 


(94) 


where r is the number of residue classes of G (modd §, 3). 
We assume now that § and & have orders prime to p. We may restrict the 
summation on the left hand of (94) to p-regular elements since for the other 


elements a(@) = 0, and may consider a(G) and 6(G) as the modular characters 


of G, induced by the 1-representations of and 3. We may set 
= B@ = 
where according to (83), a, and b, are rational integers = 0, and a = 1,6; = 1. 
a(G) = (G). 
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It is easily verified by use of (82) that 8(@) = 8(@") and so combining (94) and 
the orthogonality relations (20), we obtain 


k 


In particular, 


(96) Cy <r. 


THEOREM 11. If $ and 3 are two subgroups of ©, whose orders are prime to p, 
then the first Cartan invariant cy, is at most equal to the number of residue classes 
of & (mod §, 3). 
If, for instance, & is a doubly transitive permutation group of order p’, then 
we may take = 3 as subgroup of index p*. Here r = 2, and hence cy = 2. 
Since C is the matrix of a positive definite quadratic form, the coefficient in 


the first row and first column of C~ is at least = , and the equality sign is pos- 
11 


sible only if c:, = 0 for all s > 1, i.e. if the modular 1-representation forms a 
block of its own. In this exceptional case, we have C; = (cn), cu = p’, since 
p’ is the only elementary divisor of C;. Then © contains a normal subgroup 
of index p’, (ef. §29 below). 

In any case, we find from gC™' = (ya) and (35) 


N = 2 g/eu 
(97) Cy = g/N. 


THrorEM 12. The first Cartan invariant cy is at least equal to g/N where N is 
the number of elements of an order prime to pin ©. The equality sign holds only 
af these elements form a normal subgroup, necessarily of index p’. 

From (96) and (97) it follows that rN > g, except for the case that G contains 
a normal subgroup of index p*. . If, for instance, g is divisible by three distinct 
primes g = p"pi p2_, then we can take for © and $ the Sylow-groups of orders 
pi, and p2 and have r = p’.. Hence N > g/p’, except when © contains a 
normal subgroup of index p*.™ 


VI. SpectaL Cases AND EXAMPLES 


29. Special cases. We first consider the case that @ is a direct product, 
G@ = AX B. If A > F(A) isa representation of A, and B — K(B) is a repre- 
sentation of 8, then A X B— F(A) X K(B) (Kronecker product) is a repre- 
sentation of % X B. This representation F x K is irreducible, if F and K are 
irreducible, and conversely, every irreducible representation of % X 8 is of 


8 This is a very special case of an unproved conjecture of Frobenius which states that 
when there are exactly r elements X an order dividing r in a group of these elements form 
a subgroup. 
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this form." This implies that the D-matrix of © is the direct product of the 
D-matrices of %& and of %, and that the C-matrix of @ is the product of the 
C-matrices of & and of B. 

We next consider the case that © contains a normal subgroup © of index 
og = Po’ with (g’, p) = 1). Since n” = ¢@°* (ef. §26). we see that 7"? has 
the value p* for every p-regular element. It follows that 9 = p’g”, Ci = 
(p'), and ¢" is the only irreducible modular character in the first block By. 
Conversely, let © be a group for which the first block B, contains only one ir- 
reducible modular character. Denote by § the normal subgroup whose elements 
are represented by the unit matrix J in each ordinary irreducible representation 
Z, of the first block. Then Z; is a representation of @/H, and the index g/h 
is at least equal to the sum of the squares of the degrees z; of these Z;. This 
sum is equal to wf; 2 p*, hence g/h = p*. On the other hand, each p-regular 
element of © is represented in Z; by a matrix whose characteristic roots are all 
1, and which then is equal to J. This shows that h is divisible by every prime 
power dividing g/p". Hence h 2 g/p*, so h = g/p*. We see that © contains 
anormal subgroup of index p*, if and only if, the first block contains only one 
irreducible modular character. 

Let us assume now that @ contains a normal subgroup § of order p*, (g = 
vg’, (g', p) = 1). Every representation of @/ defines a representation of 
@. In particular, the regular representation of G/ has the character x, 
x(1) = g/p’, x(@) = 0 for a p-regular element G # 1. This is the character 
°* of §27. From (88), it follows that this character contains ¢” exactly 
w/p" times. In particular, ¢® must represent the elements of $ by the unit 
matrix.” Further, since the regular representation of @/$ contains each of its 
irreducible constituents ¢™ exactly f, times, we have f, = u/p*. The degree 
his prime to p, since g™ is a representation of G/¥ of order g’, so each block is 
of the lowest kind. We do not know whether the converse is true. 

Finally, let © be a group in which every p-regular element commutes with 
every element of a p-Sylow group. Then we have k blocks of the lowest kind. 
Each of them can contain only one modular irreducible constituent, and C 
necessarily has the form 


The converse is also true. 


In the same manner as for ordinary characters, it follows that every linear 
character of any group @ is actually a character of G/R where & denotes the 


* The first part follows easily from Burnside’s theorem, Proc. London Math. Soc. (2) 3, 
1905, p. 430; the second from A. H. Clifford’s theorem, Ann. of Math. 38, 1937, p. 533. 

* This follows from the fact that Fy appears as a constituent in a representation for 
which this is true. 
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commutator group of ©. Hence, the number of linear modular characters of 
® is equal to the largest factor of the index of the commutator group which is 
prime to p. For a linear character yg, the formula (77) shows that UW = %. 
This can also be shown directly, as U, may be expressed as the direct product 
of U, and y™ (ef. (76), (64)). The linear character gy” will belong to the block 
B, , if and only if g¢® = 1 for every p-regular element G which commutes with 
every element of a p-Sylow group. The block B, of ¢” is obtained from the 
block B, by multiplication with ¢. 


30. The groups GLH (2, p*), SLH(2, and LF (2, p*). As first examples we 
My, My 
Mai , 
with coefficients in the Galois field GF (p*) with p* = qelements. The rth power 
matrices form a representation for any fixed r = 0, 1,2, ---. Further, 
if is a modular representation with coefficients in GF(q), we obtain a new 
representation by applying an automorphism 6 of GF(q) to all coefficients; we 
denote this representation by °. Let 6, now be the automorphism a — a”” of 
GF(q) (v = 1, 2,---,a@— 1). We form the representation 


(98) H(re, 171, »%e-1) = K 


(r, = 0,1, 2,---, p — 1). We thus obtain p* modular representations, and 
state that these are all the irreducible representations. In order to prove this, 
we first notice that there are exactly p* classes of p-regular conjugate elements 
in @ since each such class corresponds in a (1 — 1) manner to a polynomial 
x’ — tr(G) x + 1, the characteristic polynomial of its elements, and tr(@) can 
be any element of GF(q). Secondly, we prove that the representations (98) 
are irreducible. Let x,, y, undergo the transformation G”, (v = 0, 1, 2, ++, 
a — 1). Then (98) belongs to the vector-module ¥% of all polynomials in 2, 
Yo, +++, Ya1 Which are homogeneous of degree 7, in z,, (v = 0, 1, 
-+»,a@— 1). We have to show that & is irreducible, when the elements of G 
are taken as operators. If F now is any element of %, the module M(F) gen- 
erated by F will contain all the polynomials F, which are obtained from F by 
applying > x + ty, y—y for any tinGF(q). Then + yy 
Obviously, F; is of the form 


Ap th "Apa, 


where H, depends on x,, y,. We now take for ¢ the q different elements of GF’(q). 
It follows easily that each H, is a linear combination of the F; , and hence lies 
in M(F). The last H, which is not zero obviously is a single power product 
Ayo’yi' and hence yp°y;' --- lies in M(F). We replace now 
by this polynomial, apply the transformation 2 —> 2, y > tx + y, and use the 
same argument. We thus see that every power product of 2, Yo, °** » %e-1) 
yas of the correct degrees liesin M(F). Hence M(F) = &, i.e. (98) is irreducible. 


treat the group SLH(2, p*) of all matrices = G of determinant | 


%6 The coefficients of these polynomials can be taken from any extension field of GF(q)- 
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Finally, the representations (98) are all distinct. In order to show that, 
assume 


ry < p—1, and r; = r; does not hold for all 7. We arrange 
the H(ro, T1, » Ta-a) in lexicographical order by taking H(r, 71, , rat) 
as lower than H(so , 81, +++ » 8a-1) When the first difference s — ro, 8: — m1, +--+ 
&-1 — Ta-1 Which does not vanish, has a positive value. We may assume that 
Hiro, "1, °** » Tet) is the lowest representation (98) which is similar to another 
of these representations. Certainly not all the r can be equal to p — 1. But 
if all the r, were equal to p — 1 then the right side in (99) would have the maxi- 
mum degree p’ which would imply that all the 7; = p — 1 = r,. This case is, 
therefore, also excluded. 

Assume fo = = = 0,7; ¥ 0,2 = 0. We multiply (99) by (Kron- 
ecker product). We can express both sides as sums of representations (98) again 
when we use repeatedly the relations 


After the multiplication, H(ro, ---, ria, Ts — 1, Tiga, +++, Toa) Will appear 
on the left side of (99), whereas this term cannot appear on the right side. 
Because of the uniqueness of the irreducible constituents, we obtain a contradic- 
tion. This shows that the representations (98) are all the modular irreducible 
representations of 

In the case of GLH (2, p*), we have to add a factor Ss Sq—2,A= 
mum — mi, on the right side of (98), in order to obtain all the irreducible 
modular representations. 

On the other hand, if (98) is to give a representation of the factor group 
LF(2, p*) of SLH(2, p*) modulo its centrum, then —J must be represented by 
Tin (98), ie. the number ro + 7: + r2 + «++ + 7e-1 must be even.” 


31. The Cartan invariants and decomposition numbers (mod p) of LF (2, p). 
We restrict ourselves to the case LF(2, p), p an odd prime. The irreducible 
modular characters are here G6, G”, ..., G”, the degrees are 1, 3, ---, p. 
This shows, in particular, that the degree of the irreducible modular representa- 
tions need not be a divisor of the order of the group. For the order of the 
radical we obtain 


— 1) _ (p+ 2)(p+ Vp _ + — 5) 
2 6 6 


The modular characters of GLH (3, p), SLH(3, p) and LF (3, p) have been determined 
by C. Mark in his Toronto thesis (to appear in the University of Toronto Studies). 
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There is no difficulty in computing the modular characters, and if they are 
arranged in the order 6°, GP”, GP? or GPM 
we have 


(100) Ci = (1) * 
1 3) 
for the C parts corresponding to the two blocks. (The coefficients not filled 
in are 0, there is just one 3 in the main diagonal of C;). The first and the last 
u, both have the value p, all the other u, have the value 2p. 

Using formula (100) we can find D without any ambiguity. There must be 
two 1’s in the first column. Beside them, we must have a 0 and a 1 in the 
second column etc. We thus find 


D, 


Dz = (1) 


In this manner, we may obtain the values of the ordinary characters of LF (2, p) 
except for the two p-singular classes. There is no difficulty in obtaining these 
missing values.” 


UNIVERSITY OF TORONTO, 
UNIVERSITY OF MICHIGAN. 


%8 The determination of C according to this method is rather complicated, and we do 
not give the details of the computation. Using the methods sketched in op. cit. in footnote 
20, C and D can be determined easily. 

3° These characters were first given by G. Frobenius, Sitzungsber. Preuss. Akad. 1896, 
p. 1013; the ordinary characters of the binary groups in GF(p*), a > 1 were first given by 
I, Schur, Jour. reine angew. Math. 132, 85, 1907, and independently by H. E. Jordan, Am. 
Jour. of Math. 29, 1907, p. 387. 
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